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Introduction

Dear students,

Physical Chemistry is generally considered to be a difficult subject. We thought long
and hard about ways to make its study easier, and this text is the result of our endeavors.
The book provides accurate definitions of terms, definitions of major quantities, and a
number of relations including specification of the conditions under which they are valid. It
also contains a number of schematic figures and examples that clarify the accompanying
text. The reader will not find any derivations in this book, although frequent references
are made to the initial formulas from which the respective relations are obtained.

In terms of contents, we followed the syllabi of “Physical Chemistry I” and “Physical
Chemistry II” as taught at the Institute of Chemical Technology (ICT), Prague up to
2005. However the extent of this work is a little broader as our objective was to cover all
the major fields of Physical Chemistry.

This publication is not intended to substitute for any textbooks or books of examples.
Yet we believe that it will prove useful during revision lessons leading up to an exam in
Physical Chemistry or prior to the final (state) examination, as well as during postgrad-
uate studies. Even experts in Physical Chemistry and related fields may find this work
to be useful as a reference.

Physical Chemistry In Brief has two predecessors, “Breviary of Physical Chemistry I”
and “Breviary of Physical Chemistry II”. Since the first issue in 1993, the texts have been
revised and re-published many times, always selling out. Over the course of time we
have thus striven to eliminate both factual and formal errors, as well as to review and
rewrite the less accessible passages pointed out to us by both students and colleagues in
the Department of Physical Chemistry. Finally, as the number of foreign students coming
to study at our institute continues to grow, we decided to give them a proven tool written
in the English language. This text is the result of these efforts. A number of changes have
been made to the text and the contents have been partially extended. We will be grateful
to any reader able to detect and inform us of any errors in our work. Finally, the authors
would like to express their thanks to Mrs. Flemrova for her substantial investment in
translating this text.
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Chapter 1

Basic terms

A good definition of basic terms is an essential prerequisite for the study of
any physicochemical processes. Some of these terms may be also used beyond the
field of physical chemistry, but their meaning is often slightly different. In this chapter
we will therefore sum up the major basic terms that will be used in the subsequent parts
of this book.

1.1 Thermodynamic system

The concept (thermodynamic) system as used in this book refers to that part of the
world whose thermodynamic properties are the subject of our interest, while the term
surroundings is used for the remaining part of the universe.

Note: Both a certain part of the real space and a certain part of the imaginary (abstract)
space forming a simplified model system, e.g. an ideal gas, may be chosen as a system.

Systems are classified as isolated, closed and open, based on their inter-relations with
their surroundings.

1.1.1 Isolated system

A chemical system exchanging neither matter nor energy with its surroundings is an
isolated system.

1.1.2 Closed system

A chemical system exchanging energy but not matter with its surroundings is a closed
system.

1.1.3 Open system

A chemical system exchanging both energy and matter with its surroundings is an open
system.

Example

Differences between individual types of chemical systems may be demonstrated using the
example of making coffee. The pot on the heater represents a (practically) closed system until
the water is brought to the boil. At the boiling point, when steam is leaking from the pot, it

15
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becomes an open system. The ready-made coffee kept in a thermos bottle represents a simple
model of an isolated system.

1.1.4 Phase, homogeneous and heterogeneous systems

The term phase is used for that portion of the investigated system volume in which its
properties are constant or continuously changing in space. If a system behaves in this
way throughout all its volume, we call it a homogeneous system. If a system contains
more phases, we call it a heterogeneous system.

Example
Let us imagine a bottle of whisky. How many phases does this system consist of?

Solution

If we are, from the thermodynamic point of view, interested solely in the liquid content of the
bottle, the system is homogeneous. It contains one liquid phase (a mixture of water, ethanol
and some additives). If, on the other hand, we are interested in the entire content of the
bottle but not the bottle itself, the system is heterogeneous. In this case it consists of two
phases, liquid and gaseous, with the latter containing air and whisky vapour. If, however, we
focus our attention on both the bottle content and the bottle itself, we have a heterogeneous
system again, but this time it also contains other phases in addition to the gaseous and liquid
ones, i.e. the glass of the bottle, its cap, label, etc.

1.2 Energy

There are two basic forms of energy exchange between a system and its surroundings,
heat and work. A positive value is assigned to such energy exchange during which the
system gains energy (work or heat) from its surroundings, i.e. energy is added to the
system. A negative value indicates that the system passes energy (work or heat) to its
surroundings, i.e. energy is subtracted from the system.

1.2.1 Heat

When the energy of a system changes as a result of a temperature difference between the
system and its surroundings (e.g. transfer of kinetic energy of disordered movement of
molecules), we speak about exchanged heat.

@ Main unit: J.

1.2.2 Work

Other forms of energy exchange, which are usually driven by some forces acting between
the system and its surroundings, are called work. Based on the type of interaction
between the system and its surroundings, we distinguish volume work [see 3.1.2], electrical
work, surface work, etc.

@ Main unit: J.
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VI Vi Vi

Figure 1.1: The volume of a system as an extensive quantity. The volume V is the sum of the
volumes of the individual parts (i.e. sub-systems) I, IT and III, i.e. V = V| + Vi1 + Vip1.

1.3 Thermodynamic quantities

Observation of any system allows us to determine a number of its properties. The prop-
erties in which we are interested from the thermodynamic point of view are called ther-
modynamic quantities, or, briefly, quantities. Typical thermodynamic quantities are
temperature, pressure, volume, enthalpy and entropy. Neither heat nor work rank among
thermodynamic quantities.

Note: Terms such as thermodynamic function, thermodynamic variable, state quantity

(i.e. a quantity determining the state of a system, see 1.4), state function, or state

variable are used as synonyms of the term thermodynamic quantity.

1.3.1 Intensive and extensive thermodynamic quantities

Let us consider a homogeneous system without any external force fields present. We
distinguish between extensive and intensive thermodynamic quantities of a system.
Intensive quantities are those whose values do not change when the system is divided into
smaller sub-systems. Extensive quantities are those whose values are proportional to the
amount of substance of the system at a fixed temperature and pressure (see Figure 1.1).
Temperature, pressure, and composition expressed by mole fractions are typical intensive
quantities. Volume, mass and the number of particles are typical extensive quantities.

Note: Some quantities, e.g. the system surface, are neither extensive nor intensive.

Every extensive quantity may be converted into an intensive one if we relate it to
a certain constant mass of the system. We then obtain specific or molar quantities (see
3.2.5). For every extensive quantity X and the respective molar and specific quantities
Xm and z we may write

X = nXy,
X = mu,
where n is the amount of substance and m is the mass of the system.

E Symbols: We will use the subscript ,, to denote molar quantities and small letters to
denote specific quantities.
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1.4 The state of a system and its changes

Any system may be in any moment characterized using a certain number of quantities.
These quantities define the state of a given system. The degree of generality at which
we observe a given system has to be taken into account at the same time. In terms of
a microscopic scale, the state of a system is defined by the position and velocity of all
its particles. In terms of thermodynamics, however, it is enough to know only a few
quantities, e.g. temperature, pressure and composition.

1.4.1 The state of thermodynamic equilibrium

The state of thermodynamic equilibrium (equilibrium state, equilibrium) is a state in
which no macroscopic changes occur in the system and all quantities have constant values
in time.

Note: In the state of thermodynamic equilibrium, changes take place at the micro-

scopic level. For instance, when the liquid and vapour phases are in equilibrium, some
molecules continuously move from the liquid to the vapour phase and others from the

vapour to the liquid phase. However, the temperature and pressure of the system do

not change.

The state of thermodynamic equilibrium embraces the following partial equilibria:

e mechanical (pressure) equilibrium—the pressure in all parts of the system is the
same !,

e thermal (temperature) equilibrium—the temperature in all parts of the system is
equalized,

e concentration equilibrium—the concentration of the system components is the same
in all parts of each phase of the system, but the composition of individual phases
is usually different,

e chemical equilibrium—mno changes in composition occur as a result of chemical
reactions,

e phase equilibrium—if a system is heterogeneous (see 1.1.4), the components of its
phases are in equilibrium.

Note: If a system in the state of thermodynamic equilibrium occurs in an external
force field, e.g. the gravitational field, the pressure is not the same in all parts of the
system but it changes continuously. The concentration of the system components also
changes continuously in each phase, with a discontinual change occurring at the phase
boundary.

1.4.2 System’s transition to the state of equilibrium

If a system is not in the state of equilibrium, its properties change in time in such a way
that it tends toward equilibrium. Thermodynamics postulates that every system under
invariable external conditions is bound to attain the state of thermodynamic equilibrium.
The time needed for a system to attain equilibrium varies considerably, ranging from
fractions of a second needed for pressure equalization up to hundreds of years needed for
glass transition to the crystalline state. A measure of the velocity of a system’s transition
to equilibrium is called the relaxation time.

1The osmotic equilibrium is an exception.
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Example

If we immerse several crystals of copper(ll) sulphate pentahydrate (CuSO,-5H20) into a closed
vessel containing water, the system thus created will be in a non-equilibrium state at the
beginning. There will be neither a phase equilibrium between the crystals and the liquid phase
nor a concentration equilibrium. After some time the crystals will dissolve (phase equilibrium).
If we do not mix the system, the dissolved copper(ll) sulphate pentahydrate will slowly diffuse
through the solution from the bottom up to the surface, and after many weeks (relaxation
time), concentration in all parts of the system will become equal as well (thermodynamic
equilibrium).

1.4.3 Thermodynamic process

If the properties of a system change in time, i.e. if at least one thermodynamic quantity
changes, we say that a certain thermodynamic process takes place in the system. The
term process relates to a very broad range of most varied processes, from simple physi-
cal changes such as, e.g., heating, various chemical reactions, up to complex multistage
processes. Individual kinds of processes may be classified according to several criteria.

1.4.4 Reversible and irreversible processes

The course of any process depends on the conditions under which the given system
changes. If we arrange the conditions in such a way that the system is nearly at equi-
librium in every moment, and that, consequently, the direction of the process may be
reversed by even a very slight change of the initial conditions, the process is called re-
versible or equilibrium. A reversible process is thus a sequence of (nearly) equilibrium
states of a system.

However, processes in the real world are mostly such that the system is out of equi-
librium at least at the beginning. These processes are called irreversible or non-
equilibrium (the direction of the process cannot be reversed by any slight change of
external conditions, and the process is a sequence of non-equilibrium states). An equilib-
rium process is thus actually a limiting case of a non-equilibrium process going on at an
infinitesimal velocity.

Example

Infinitely slow heating or infinitely slow compression of a system may serve as an example of
equilibrium processes which cannot be carried out in practice. In contrast, water boiling at
a temperature of 100°C and pressure of 101 325 Pa is an example of an equilibrium process
which may take place in practice. If we lower the temperature slightly, the direction of the
process will be reversed and boiling will be replaced by water vapour condensation.

1.4.5 Processes at a constant quantity

In most investigated processes, one or more thermodynamic quantities are maintained
constant during the whole process. These processes are mostly termed using the prefix iso-
(is-), and denoted using the symbol [X], with X indicating the given constant quantity.
The following processes are encountered most often:
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Name of the process | Constant quantity | Symbol
Isothermal temperature (T
Isobaric pressure [p]
Isochoric volume V]
Adiabatic heat [ad]
Isentropic entropy [S]
Isenthalpic enthalpy [H]
Polytropic heat capacity [C]

Example

In the initial state, a system of a constant volume has a temperature of 300 K and a pressure
of 150kPa. A certain process takes place in the system, and in the final state the system’s
temperature is 320K and its pressure is 150 kPa. Does the process take place under a constant
thermodynamic quantity?

Solution

The initial and the final temperatures of the system are different. Consequently, the process
cannot be isothermal. Both the initial pressure and the final pressure are identical. In this
case it may be, but not necessarily is, an isobaric process. The specification does not allow
us to find out whether pressure changes in any way in the course of the process. However,
the process is definitely an isochoric one because the system has a constant (i.e. unchanging)
volume.

1.4.6 Cyclic process

A cyclic process is such at which the final state of the system is identical with its initial
state. In a cyclic process, changes of thermodynamic quantities are zero.

Note: Heat and work are not thermodynamic quantities and therefore they are not
zero during a cyclic process.

Example

Let our system be a cube of ice with a mass of 1g, and the initial state be a temperature of
—10°C and a pressure of 100 kPa. The sequence of processes taking place in the system was
as follows: the cube was heated to 0°C at which it melted. The liquid water was electrolyzed
at this temperature. The resulting mixture of hydrogen and oxygen was expanded to 200 Pa
and ignited. The water vapour resulting from the reaction had a temperature of 500°C at
the end of the reaction. It was then cooled to —10°C and compressed to 100 kPa. In the
course of compression desublimation (snowing) occurred, and the system returned to its initial
thermodynamic state. A cyclic process took place.

1.5 Some basic and derived quantities

1.5.1 Mass m
@ Main unit: kg.
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1.5.2 Amount of substance n

@ Main unit: mol. 1 mol is N of particles (atoms, molecules, ions...), where Na =
6.022025 x 10?® is the Avogadro constant.

1.5.3 Molar mass M

@ Main unit: kgmol!. The molar mass is the mass of one mole of particles. The relation
between the amount of substance, mass and molar mass is

n=m/M. (1.3)

This relation applies to both a pure substance and a mixture. The molar mass of a
mixture can be calculated using the relation

k
M=> z;M;, (1.4)

=1

where M; is the molar mass of component ¢, and z; is its mole fraction [see 1.6.1]

1.5.4 Absolute temperature T’

(U] Main unit: K.
Note: Temperature given in °C is denoted ¢ (¢t = T — 273.15)

1.5.5 Pressure p

@ Main unit: Pa.
Older units: bar (1 bar = 10° Pa), atm (1 atm = 101 325 Pa), torr (760 torr = 101 325 Pa).

1.5.6 Volume V

@ Main unit: m?®.
Older units: litre (11 = 1dm3).

1.6 Pure substance and mixture

We speak about a pure substance (chemical individual) when only one kind of molecules
is present in a system. When a system contains more kinds of molecules, we speak
about a mixture. The substances of which a mixture is composed are its components.
According to the number of components we distinguish binary mixtures consisting of only
two components, ternary mixtures consisting of three components, quarternary mixtures
consisting of four components, etc. In addition to thermodynamic quantities used to
describe pure substances (temperature, pressure, volume), the description of a mixtures
also requires knowledge of the composition of all its phases, which may be expressed using
one of the quantities listed below.
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1.6.1 Mole fraction of the " component z;
Definition

T
T, = —, 1.5
=1 (15)
where n; is the amount of substance of component %, n is the total amount of substance

of all components

k
n=> nj (1.6)
j=1

and k is the number of components in the mixture.
@ Main unit: dimensionless quantity.
It follows from the definition (1.5) that the sum of mole fractions equals one

Note: Instead of mole fractions, the expression mole percent is often used, meaning
100-times the mole fractions.

Example
A binary mixture contains 4 moles of substance A and 6 moles of substance B. Express the
composition of the mixture using mole fraction and mole percent.

Solution

According to (1.6), the amount of substance in the mixture is n = 44+6 = 10 mol. From
(1.5) we get x4 = 4/10 = 0.4, zp = 6/10 = 0.6. The mixture contains 40 mole percent of
substance A, and 60 mole percent of substance B.

A mixture in which mole fractions of all components have the same value is called an
equimolar mixture.

Example
Calculate the mole fractions of an equimolar mixture of hydrogen and oxygen, and the mole
fractions of an equimolar mixture of nitrogen, oxygen and argon.

Solution
It follows from the definition of an equimolar mixture that

-THQ =.T02 = 5

and 1
IEN2 :LE02 = Tar = g
1.6.2 Mass fraction w;
Definition
w; = (1.8)

3
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where m; is the mass of component ¢, and m = Zle m; is the mass of the mixture.

@ Main unit: dimensionless quantity.

]
s

The sum of mass fractions of all components equals one

k

dw;=1. (1.9)
We convert mole and mass fractions using the relations:

_wi/ My wy = A (1.10)

ok
> ziM;
=1

€Tr; =

- — ,
> w;/M;
=1

Example
A mixture contains 5g of substance A with a molar mass M, = 25 gmol™!, and 15g of
substance B with a molar mass Mp = 75 gmol~!. Calculate the mass fractions and the mole
fractions.

Solution
Substituting into (1.8) gives

5 15
=%  _—025 = _075.
YA 5 ’ T

We calculate the mole fractions using the first of equations (1.10)

B 0.25/25 B
©0.25/25+0.75/75

B 0.75/75 B
©0.25/25+0.75/75

TA 0.5, IB 0.5.

1.6.3 Volume fraction ¢;

Definition
¢ o ‘/;. ‘,'Ei VT;,Z

~ & ~ &
2V7 Vi,
j=1 j=1

where V;* and V7 ; are the volume and the molar volume of a pure substance ¢ in the same

state of matter as the mixture.
Main unit: dimensionless quantity.

, (1.11)

Symbols: The symbol X7 will be used to denote thermodynamic quantity X of a pure

substance j at the temperature and pressure of the mixture, with the pure substance

being in the same state of matter as the mixture (i.e. if the mixture is liquid, X 5 will be a

thermodynamic quantity of a pure liquid substance). If the mixture is in the solid state,

the symbol * will denote a pure substance in the same crystalline form as the mixture.
The sum of the volume fractions of all components equals one.

> di=1. (1.12)
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Note: For a mixture of ideal gases, the volume fraction equals the mole fraction

¢i = T; .

Example
Calculate the volume fractions in a solution prepared by mixing 40 cm?® of ethanol and 160
cm?® of water. Is it possible to calculate the volume of the solution based on this data?

Solution
From (1.11) we obtain

160 40
08 = =0.2
160 + 40 ’ Pethanol = 760 + 40

¢Water -

The volume of a solution cannot be calculated using the volumes of pure substances, but it
has to be measured. In the considered mixture of ethanol and water it will be smaller than
160 + 40 = 200 cm3.

1.6.4 Amount-of-substance concentration c;

Definition

where V' is the total volume of the mixture.
@ Main unit: molm~3. In a pure component this quantity is identical with the amount-of-
substance density.
Note: The expression amount-of-substance concentration is usually abbreviated to
amount concentration or substance concentration. The same applies to the expression
amount-of-substance density. When there is no risk of ambiguity, the word concentra-
tion may be used alone. In older literature, the term molarity may be found indicating
the same quantity (using the unit moldm 3).

Example
A mixture of substances with a volume of 5dm?® contains 56 g of nitrogen. Calculate its
concentration.

Solution
The amount of substance of nitrogen is

26
nn, = 2 = 2mol.
From equation (1.13) we obtain
cn, = — = 0.4moldm—3.

1.6.5 Molality m;

Definition

m; = ni/msolvent (114)
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@ Main unit: molkg='. This quantity is used mainly in connection with aqueous solutions
of electrolytes.

Example
A total of 58.5 g of NaCl has been mixed with 500 g of water. Calculate the molality of sodium

chloride given that you know its molar mass to be M = 58.5gmol!.

Solution
By substituting into (1.14) we obtain

58.5/58.5

Mac — 0500 2 mol kg_l.

The molality of the obtained solution is 2 mol kg™!.
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State behaviour

The temperature, pressure, volume and amount of a pure substance are not independent.
In a homogeneous system, any three of these quantities may be chosen, with the fourth
being implicitly given. For instance, we may choose the amount of a given substance, the
volume in which it is enclosed, and its temperature. The pressure as the fourth quantity
is then implicitly given. The state behaviour of a substance (or, more accurately, the
description of its state behaviour) is expressed by the relation between its temperature,
pressure, volume and amount of substance. We obtain this relation either experimen-
tally (i.e. we measure the state behaviour) or theoretically (i.e. we calculate the state
behaviour).

The state behaviour of a homogeneous mixture is expressed by the relation between
the temperature, pressure, volume and the amount of substance of its components. In
a k-component mixture, we may choose any (k + 2) of the (k + 3) quantities, with the
(k + 3)™ quantity being implicitly given. We may, e.g., choose the amount of a given
mixture, its composition (i.e. kK — 1 data), temperature and pressure. The volume is thus
implicitly determined.

2.1 Major terms, quantities and symbols

2.1.1 Molar volume V,, and amount-of-substance (or amount)
density c

Definition
Vi =V/n, c=1/V,. (2.1)

Main unit: m®mol ! for molar volume, and molm 3 for amount density.

Example
A system containing 10 moles of nitrogen occupies a volume of 5dm3. Calculate the molar
volume of nitrogen and its amount density.

Solution
According to (2.1), the molar volume of nitrogen is 5 X 1073/10 = 5 x 10"*m?® mol ™!, its
amount density is 2 x 10% molm 3.

26
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2.1.2 Specific volume v and density p

Definition
v=V/m, p=1/v, (2.2)

where V' is the volume of a system and m is its mass.
@ Main unit: m®kg=! for specific volume, kgm=2 for density.

Example
A system containing 500 g of carbon monoxide occupies a volume of 5dm3. Calculate the
specific volume and density of carbon monoxide.

Solution
According to formula (2.2), v =5 x 1072/0.5 = 1072 m?kg™!, and p = 1/v = 100 kgm 3.

Molar and specific volumes and densities may be mutually converted using the relations
Vin=Mv, c=p/M, (2.3)

where M is the molar mass.

2.1.3 Compressibility factor 2

Definition v
p
z=——, 2.4
nRT (24)
where R is the universal gas constant, R = 8.314 Jmol ' K!.
@ Main unit: dimensionless quantity. The compressibility factor of a pure substance is a
function of temperature and pressure or temperature and molar volume. In mixtures, the

compressibility factor is also a function of composition.

Example
At a temperature of 100°C and a pressure of 27.6 MPa, two moles of carbon dioxide occupy
a volume of 140.06 cm3. Calculate the compressibility factor.

Solution
From equation (2.4) we get

_27.6x10° x 140.06 x 10~°

= 0.6230.
2 x 8314 x 373.15 0-6230

z

2.1.4 Critical point

The term critical point relates to a group of three values T¢, p., V., where

T, is the critical temperature,

pe 1s the critical pressure,

V. is the critical volume.
At the critical point the properties of liquid and gas (vapour) coincide. The critical
temperature is the highest temperature at which a pure substance may exist in the liquid
state.
Note: The critical volume is the molar volume at the critical point, with the subscript
m usually left out for the sake of greater simplicity.
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ps( 1,)

ps( T))

Figure 2.1: Dependence of pressure on the molar volume at a fixed temperature. The curves
denoted 77 through T3 are isotherms. Isotherm T3 is supercritical, extending over the whole
region of gas. Isotherm T, is critical, point C is the critical point, p. is the critical pressure,
and Vin . = V. is the molar critical volume. The critical point C is an inflection point of the
isotherm T,. In addition, the tangent to the isotherm going through point C is parallel to the
axis V. Isotherms 77 and 75 are subcritical, each of them consisting of a portion extending in
gas and a portion extending in liquid. The curve L LoCG2G; separates the gaseous and liquid
regions. Points G; and G- indicate the saturated vapour at temperatures 77 and T> and at
corresponding saturated pressures p(77) and p*(T,) Points L; and L, indicate saturated liquid
at the same temperatures and pressures.

At the critical point we have

o\ ’p\ . .
(ﬁ)‘r =0, (a—VHQ)T =0, [critical point]. (2.5)

El Symbols: Equations (2.5) are to be understood as follows: p = f(7, Vi) is differentiated
with respect to V,, at a fixed T'. The text in square brackets specifies the conditions under
which the equations apply. In the above case, the equations apply at the critical point.

2.1.5 Reduced quantities

Definition
T
reduced temperature T, = T (2.6)
reduced pressure pr = 2, (2.7)
Pc
VinPe
reduced volume Vi = Pe (2.8)
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@ Main unit: dimensionless quantities.

Note: Note the different definition of the reduced volume (the definition (2.8) is used
in a generalized diagram of compressibility factors).

2.1.6 Coefficient of thermal expansion o,

1 (Vi H1n Vi,
_ L (D) . 2,
Y@=y, <6T>p ( aT )p (29)

Definition

@ Main unit: K1

Example
Derive the relation for the coefficient of thermal expansion from the equation of state of an
ideal gas (2.15).

Solution
From (2.15) it follows that V;,, = RT/p and

p R 1

“TRTp T
2.1.7 Coefficient of isothermal compressibility [r

5y = _VL (%) __ (aln Vm) _ (2.10)
m T T

Definition?!

@ Main unit: Pa~!.

Example
Derive the relation for the isothermal compressibility coefficient from the equation of state of
an ideal gas (2.15).

Solution
From (2.15) we have V, = RT'/p, and

2.1.8 Partial pressure p;

The partial pressure p; of component 7 in a mixture of gases is defined by the relation

pi = Tip, (2.11)

where z; is the mole fraction of component 7 and p is the pressure of a mixture of gases.
@ Main unit: Pa.

1Sometimes the symbol k7 is used.
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2.2 Equations of state

2.2.1 Concept of the equation of state

The term equation of state is used for the relation between temperature, pressure, volume
and amount of substance in an analytic form, i.e.

F,V,T,n) =0. (2.12)

Given that volume is an extensive quantity (see 1.3.1), we can write the equation of state
as a relation between three variables

¢(p; Ve, T) = 0. (2.13)
Equations of state are usually written in the form

p=f(T\Vm) or z=f(T,Vm) or z=f(T,p). (2.14)

2.2.2 Equation of state of an ideal gas
p=nRT/V —or p=RT/V,, or z=1. (2.15)

Note: If we use other than base units for p, V', T', n, then the gas constant R may have
a value other than 8.314 Jmol ! K.

The following laws, historically preceding the equation of state of an ideal gas, led to
relation (2.15).

e Boyle’s law—at constant temperature and constant amount of substance we have

pV = const [T,n]. (2.16)

e Gay-Lussac’s law—at constant pressure and constant amount of substance, the
volume of a system is proportional to its absolute temperature

V = const T, [p,n]. (2.17)

e Avogadro’s law—molar volumes of different gases at the same temperature and
pressure have the same values.

Vi = const , p,T]. (2.18)
@ Symbols: The symbol [X,Y,...| denotes that the equation applies at constant X, Y] ...

2.2.3 Virial expansion

The virial expansion is an equation of state in which the compressibility factor is expressed
in the form of a power series of 1/V},, or in the powers of ¢

z = 1+B(T)/Va+C@T)/Va+--
1+BT)c+C(T)c+--- . (2.19)

Quantities B, C, ... are called virial coefficients; B is the second virial coefficient, C
is the third virial coefficient, etc.

@ Symbols: By writing B(T), C(T) we indicate that in a pure substance, the virial co-
efficients are functions of temperature only (while in a mixture they also depend on
composition).
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2.2.4 Boyle temperature

The temperature at which the second virial coefficient is zero, B = 0, is called the Boyle
temperature, 75. At this temperature and in its vicinity, the approximation z = 1 (the
equation of state of an ideal gas) is fulfilled with a high accuracy even at relatively high
pressures. At temperatures T' < Ty, B < 0;at T > Ty, B > 0.

Example
Calculate the Boyle temperature if the dependence of the second virial coefficient on temper-
ature is B = a — b/T, where a,b are constants.

Solution
Given that B = 0, we have T3 = b/a.

2.2.5 Pressure virial expansion

The pressure virial expansion is an equation of state in which the compressibility factor
is expressed in the form of a powers series of p

p

t+ o [B'(T) +C'(Dp+ -] (2.20)

z=1
Quantities B', C",... are termed the pressure virial coefficients, and they are functions of
temperature. The relation between the virial and pressure virial coefficients is given by

B = B, (2.21)
C' = (C-B*/(RT), (2.22)

Example

The second virial coefficient of ammonia at 298.15K is —261 cm? mol~!. Calculate the molar
volume and the compressibility factor of ammonia at this temperature and a pressure of
0.5MPa. Assume that at the given temperature and pressure, the terms with higher virial
coefficients in equation (2.20) are negligible.

Solution
According to the specification, equation (2.20) rearranges to

p
—1+B-L.
z + RT
Substituting the specified values (according to (2.21), B’ equals the second virial coefficient)

yields

5x 108
s =149261x10 6 22X 9473
8.314 x 298.15

The molar volume of ammonia is then calculated using equations (2.1) and (2.4)

_ zRT _ 0.9473 x 8.314 x 298.15

%107 = 4.6966x103m3 mol~!.
P )

Vi
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2.2.6 Van der Waals equation of state

nRT (n)2 RT a

Vb “\V) TVa-b V2’
Vin a
— . . 2.9
* T Va—b RIV, (2.23)

Parameters a and b are the constants of the van der Waals equation of state. Their values
depend on the kind of gas being described. They can be obtained from experimental data
on state behaviour, or they can be estimated from the critical quantities of substances
using the relations

2 T,)? 1 RT,
a:—7(R ) , b:—R : (2.24)
64 pc 8 pC
which follow from equations (2.5) and (2.23).
For the second virial coefficient, the van der Waals equation yields
a 1 RT, 27 T,
B=b——=- = 1———C>. 2.25
RT 8 p. ( 8 T ( )
For the Boyle temperature, the van der Waals equation of state yields
a 27
Tg = —=—"T.=3.375T,. 2.2
B=pp = g Lo 3.375 T, (2.26)

Example

Using the van der Waals equation of state calculate the pressure and compressibility factor
of a substance whose critical temperature is 800K and critical pressure is 8.314 MPa, at a
temperature of 1000 K and a molar volume of 1100 cm? mol~!.

Solution
We first estimate the constants a and b from the specified critical quantities, using equations
(2.24)

27 (8.314 x 800)? 8.314 x 800
a=— ( s 6) = 2.2448 Pam®mol 2, b= X
64 8.314x10

- = 1x10~*m? mol!.
8 x 8.314x 10° m"mo

The pressure is calculated from the first of equations (2.23)

8.314 x 800 2.2448

- - — 6.4588 % 10° Pa.
P IIx103—1x10 % (L.1x10 %) ?

The compressibility factor can be calculated from the second of equations (2.23), or from
the definition (2.4). The result is z = 0.8545.

2.2.7 Redlich-Kwong equation of state

nRT an’? RT a

P Yy o T TRV b)) Va—b  TVVa(Vm +0)
z = - (2.27)

Ve a
Vim—b RT32(Vy+b)
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Parameters a and b are the constants of the Redlich-Kwong equation of state. Their
values are different for every substance. They can be obtained from experimental data on
state behaviour, or they can be estimated from the critical quantities of substances using
the relations

1 R’T?/? R’T?/?
T 0.42748 — =, (2.28)
2!/ — 1 RT, RT,
b= — = 0.08664 , (2.29)
pC pC

which follow from equations (2.5) and (2.27).

Note: The constants of the Redlich-Kwong’s equation of state are not identical with
the identically denoted constants of the van der Waals equation.

For the second virial coefficient, the Redlich-Kwong equation yields

T T 3/2
B = 0.08664R < [1 —4.93398 (T) ] : (2.30)
Pe

For the Boyle temperature, the Redlich-Kwong equation gives

Ty = 2.8987T, . (2.31)
2.2.8 Benedict, Webb and Rubin equation of state

RT RTB RTC aa c(1+7/V2) )
=yt tyr Yyt om0V,
B C aa  c(1+v/V3)
= 1 = — tad N 7 mJ

¢ .ttt T Rev2

exp(=7/Vm) (2.32)

where
B =By — Ay/(RT) — Cy/(RT?), C =b—a/(RT).

The equation contains eight adjustable constants Aq, By, Co, a, b, ¢, «, vy, which are
obtained from experimental data on state behaviour.

2.2.9 Theorem of corresponding states

The theorem of corresponding states says that the compressibility factor is a function of
reduced quantities T}, p, or Ty, V; which is independent of the substance

&= f(Trapr) or z = f(Tra ‘/r) : (233)

Based on experimental data on state behaviour of gases, a diagram of the compress-
ibility factor dependence on reduced variables has been drawn allowing for convenient
and generalized (i.e. independent of the substance) estimation of state behaviour. The
theorem of corresponding states may be also applied in such a way that the sought for
compressibility factor zo of a substance A is determined using the compressibility factor
zr of a reference substance R whose state behaviour is known

ZA(Trapr) = ZR(Tr:pr) .
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The compressibility factor of a reference substance for a given 7, and p, is most often
calculated using an equation of state. The results of this procedure are the better the
more similar is the reference substance to the one under investigation.

Example

The compressibility factor of butane at a temperature of 523.15 K and a pressure of 13.25 MPa is
z = 0.6093. At which temperature and pressure has butadiene the same compressibility fac-
tor? Data: the critical quantities of butane are T, = 425.14K, p. = 3.784 MPa. The critical
quantities of butadiene are T, = 425.0K, p. = 4.33 MPa.

Solution
We calculate the reduced quantities of butane using equations (2.6) and (2.7)

_523.15 13.25

r = = 12 s r — T - = . 1 .
425.14 309, pr = 3= 1g = 35016

The reduced quantities of butadiene at the same compressibility factor are the same. The
temperature and pressure at which the compressibility factor of butadiene equals 0.6093 are

T = T,T. = 1.2305 x 425.0 = 522.9K, p = pp. = 3.5016 x 4.33 = 15.162 MPa.

2.2.10 Application of equations of state

e The equation of state of an ideal gas (2.15)—This equation is commonly applied for
gases at low reduced pressures and high reduced temperatures. Its strengths consist
in its simplicity and universal character (no constants characterizing the substance
are needed). The accuracy of the equation depends on the kind of substance,
temperature and pressure. For gases at a normal boiling point (pressure 101 kPa),
e.g., the error in volume determination is about 5 percent.

e Virial expansion (2.19)—This is a theoretically grounded equation of state, which
means that accurate relations between the virial coefficients and intermolecular
forces are known. In practice it is applied in such a way that the virial coefficients
are substituted by empirical relations (usually polynomials in 1/7"). With a large
number of constants this equation allows for a good description of the behaviour
or both gases and liquids.

e Pressure virial expansion (2.20)—This equation is usually applied only with the
second virial coefficient. In this case it is used in the same range as the equation
of state of an ideal gas, but it provides more accurate results.

e Van der Waals equation of state (2.23)—Its importance is only historical, it is
usually not applied in practice. Its simplicity predetermines it for use in teaching.

e Redlich-Kwong equation of state (2.27)—One of the most popular equations of
state for gases. Some of its modifications are applied in current practice.

e Benedict, Webb and Rubin equation of state (2.32)—One of the best equations of
state for the gas range. However, it is little accurate in the range of liquid, where it
is substituted by its modifications with a larger number of constants (20 and even
more).

e The theorem of corresponding states (2.33)—The two-parameter theorem presented
here (the two parameters are T, and p.) allows for estimating state behaviour with
an error of about 5 percent.
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2.3 State behaviour of liquids and solids

The above equations of state offer little accuracy in describing the state behaviour of
liquids. Equations of state with a large number of constants (20 and more) are used to
describe the behaviour of fluids in a broad range of temperatures and pressures. When we
are interested only in a liquid at not very high pressures, it is easier to use the following
procedures.

2.3.1 Description of state behaviour using the coefficients of
thermal expansion o, and isothermal compressibility Sr.
For not very great differences in temperature and pressure, we may consider o, and Sr

for liquids and solids to be constant, and by integrating the definitions (2.9) and (2.10)
we obtain

Inym2 op(Ty — T) (2.34)
Vm,l
Vin
In v == Br(p2—p1). (2.35)
m,2

Example

The molar volume of liquid heptane at a temperature of 20°C and a pressure of 101 325 Pa
is Vin = 146.6 cm® mol~!, and its isothermal compressibility is S = 1.4x107°Pa~!. What is
the molar volume of heptane at the same temperature and a pressure of 2 MPa?

Solution
Substituting into equation (2.35) gives Vi, o = 146.6 exp[—1.4x107%(2x 10° — 101325)] =
146.2 cm3 mol 1.

2.3.2 Rackett equation of state

VO = v 0-T/IT"  [saturated liquid] (2.36)

where z. is the compressibility factor at the critical point.
Symbols: The superscript (1) denotes the liquid phase.

Note: This equation is suitable for estimating the temperature dependence of the molar
volume of a saturated liquid. Saturated liquid is such that at a given temperature is
in equilibrium with its vapour (i.e. at boiling, for more information see 7.1.4). The
pressure of a saturated liquid (see 7.1.7) is the lowest pressure at which a substance
may be in the liquid (equilibrium) state at a given temperature. If we want to find the
molar volume of a liquid at a pressure higher than that of a saturated liquid, we may
use the isothermal compressibility coefficient 7 for the conversion (see (2.35)).

Example
Using the Rackett equation estimate the molar volume and density of liquid methane when
boiling at a temperature of 150 K. Data: T,= 190.55K, p. = 4.604 MPa, V, = 99 cm® mol 1.

Solution
Substituting into (2.36) yields

= 44.45x107*m?® mol~!.

4.604 x 108 x 99 x 106) (1-150/190.55)2/7

O — 10—
V' = 9910 ( 8.314 x 190.55
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The density is calculated from (2.3) and (2.1)

M 16x10-3
= XY 360kgm 3.
P = Y T aaa5x106 - oo0kem

2.3.3 Solids

The volume of a solid substance is little dependent on temperature and pressure. This
dependence is usually ignored, or the volume is calculated using equations (2.34) and
(2.35).

2.4 State behaviour of mixtures

We may estimate the state behaviour of gaseous mixtures based on the knowledge of the
state behaviour of their pure components using the following methods.

2.4.1 Dalton’s law

According to Dalton’s law, the pressure of a k-component mixture at temperature 7
volume V', and amount of substance n = Zle n; equals the sum of the pressures of its
individual pure components

k
p(T, ‘/7 n) = ZP(T, V7 nz) = p(T, Vva nl) +p(T, V’ nQ) T+ +p(Ta V’ nk) ) (237)

=1

where p(T,V,n;) is the pressure of n; moles of a pure substance i at temperature 7" and
volume V.

Dalton’s law applies exactly for an ideal gas. The pressure of a pure substance equals
the partial pressure p; of component 7 in the mixture.

p(T,V,ni) = p; = p;. (2.38)

Dalton’s law applies only approximately for real gases.

Example

At a certain temperature, the pressure in an autoclave (a system of a fixed volume) containing
2 moles of substance A equals 2.55 MPa. At the same temperature, the pressure in the same
autoclave containing 3 moles of substance B equals 4.05 MPa. Using Dalton’s law estimate
the pressure in the same autoclave containing a mixture consisting of 2 moles of substance A
and 3 moles of substance B.

Solution

It follows from the specification that p(7,V,na) = 2.55 MPa, and p(T,V,ng) = 4.05 MPa,
where V' is the volume of the autoclave and T'is the considered temperature. For the pressure
of the mixture we have from equation (2.38) p = 2.55 + 4.05 = 6.60 MPa
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2.4.2 Amagat’s law

According to Amagat’s law, the volume V| the molar volume V,,, and the compressibility
factor z of a mixture are given by

k k
V=3V, Vo =2V, 2= z;2, (2.39)
j=1 7j=1

where V* = V(T p,n;) is the volume, V3; ; = Vi3 (T, p) is the molar volume, and 2§ =
z*(T, p) is the compressibility factor of a pure substance j at the temperature and pressure
of the mixture and in the same state of matter as the mixture.

If pure gases obey the equation of state of an ideal gas, we must have

‘/;.. = V.’I/‘i, (2.40)

where V' is the volume of the mixture and z; is the mole fraction of substance 7 in the
mixture.

Example

At a temperature of 25°C and a pressure of 101 325Pa, the molar volume of water is
18.07 cm3 mol~!, and the molar volume of methanol is 40.73 cm® mol~!. Using Amagat’s law,
estimate the molar volume of a mixture containing 2 moles of water and 5 moles of methanol
at the same temperature and pressure.

Solution
The mole fractions of the components in the mixture are

2 2 3

= — = — :L‘m n = — .
TH,0 2+5 7 ethanol 7

We estimate the molar volume of the mixture using the second of equations (2.39).

2
Vo, = 7 18.07 + 240.73 = 34.26cm3mol!.

2.4.3 Ideal mixture

A mixture that obeys Amagat’s law at all temperatures and pressures is defined as an
ideal mixture. It often serves as a standard state used to calculate thermodynamic
quantities of real mixtures. [see 6.1].

Note: Amagat’s law can be applied to both gaseous and liquid mixtures, and to mix-
tures in the solid state.

2.4.4 Pseudocritical quantities

The theorem of corresponding states 2.2.9 can be also used for mixtures if we substitute
the critical quantities by pseudocritical quantities. Pseudocritical quantities of a mix-
ture are calculated from the critical quantities of its components. The simplest relations
were suggested by Kay:

k k k
To=3 2Te;, D= TibPej, Vi=> 2RI ;/pe; - (2.41)
j=1 7j=1

Jj=1
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Example

The critical temperature and pressure of substance A are given as T, = 400K, p. = 4 MPa, and
those of substance B as T, = 200K, p. = 6 MPa. Calculate the pseudocritical temperature,
pseudocritical pressure and pseudocritical volume of a mixture containing 40 moles percent of
substance A.

Solution
We substitute into equations (2.41), where the mole fraction of substance A is 0.4, and that
of substance B is 0.6.

T! = 0.4 x 400 + 0.6 x 200 = 280K,

p.=04%x4+0.6x6=052MPa,
8.314 x 400 , 8:314 x 200

V!=04———+06

. 1 = 498.84 cm3mol ! .

2.4.5 Equations of state for mixtures

The state behaviour of mixtures can be described using the same equations of state as
those applied when describing the behaviour of pure fluids. In this case, the constants
in the equations depend on composition. These constants are usually estimated using
the constants of pure substances. This procedure is called the method of constants
combination.

The following estimates are used for the constants a and b in the Van der Waals (2.23)
and the Redlich-Kwong (2.27) equations:

k 2 k
a= (Z x]-a;ﬂ) , b= z;b;, (2.42)
7j=1 7j=1

where ajand b; are the respective constants of pure substances.

Example
Let the constants in the van der Waals equation for a pure substance A be:
as = 0.36 Pam®mol~2, by = 40x10~%m3 mol~!, and for a pure substance B
ag = 0.64Pam®mol=2, bg = 70x 1075 m3 mol~".
Calculate the constants of an equation for an equimolar mixture of substances A and B.

Solution

An equimolar mixture contains the same amount of substance A and B. Hence, the mole

fractions of the mixture are z4 = 5, zp = 5. The constants of the mixture are calculated

using equations (2.42)

1 1 2
o= (5 0.3612 + 0.641/2) — 0,49 Pa m® mol 2

1 1
b= 3 40.10x 107 + 3 70.10x107°% = 55.10x 10 * m® mol !

2.4.6 Liquid and solid mixtures

The volume or density of these mixtures can be estimated relatively easily and with a
relatively good accuracy (an error around 1 percent) using Amagat’s law (2.39).
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Fundamentals of thermodynamics

3.1 Basic postulates

Thermodynamics is a branch of science based on six postulates which ensued from the
generalization of observed and experimental facts. The first postulate relates to the
transition of a system to the state of equilibrium [see 1.4.2]. The second postulate
states that the internal energy of a system is an extensive quantity. The remaining four
postulates are, for historical reasons, called the laws of thermodynamics.

3.1.1 The zeroth law of thermodynamics

When two systems are in thermal equilibrium, i.e. no heat flows from one system to the
other during their thermal contact, then both systems have the same temperature. If
system A has the same temperature as system B and system B has the same temperature
as system C, then system A also has the same temperature as system C.

Note: The zeroth law of thermodynamics is sometimes called the postulate on the
existence of temperature as a thermodynamic quantity. It allows us to find out whether

two systems that are not in thermal contact have the same temperature.

Example

Let us consider two students and call one of them system A and the other system C. Find
out whether both of them have the same temperature without bringing them to any thermal
contact.

Solution
We use a thermometer as system B. We bring student A and student C in thermal contact
with the thermometer one by one, and then compare the measured values.

3.1.2 The first law of thermodynamics

There is a function of state called internal energy U. For its total differential dU we

write
dU = dQ + dw, (3.1)

where the symbols d@) and dW are not total differentials but represent infinitesimal values
of heat ) and work W supplied to the system.
Main unit: J

Note: Equation (3.1) does not apply to open systems. Extension of the first law to
these systems is covered in section 6.4.1.

39
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The integral form of equation (3.1) is
U=Q+W + const (3.2)

Neither the integration constant nor the value of U in a given thermodynamic state can
be obtained by any experimental method. Experimentally available are only changes in
the internal energy AU on the system’s transition from one state to another [see 3.2.8].

AU=Q+W. (3.3)

Example
A closed system performed work of 400 J, with 1000 J of energy in the form of heat supplied
to it. How did the system’s internal energy change?

Solution
If the system performed work, then, according to usage 1.2, the work W = —400 J. Hence
the change in the internal energy is

AU = Q+ W = 1000 + (—400) = 600J .

If a system exchanges only reversible volume work with its surroundings during a
thermodynamic process [see 4.1.1], then

dU = dQ — pdV . (3.4)

If this process is isochoric, dV = 0. The change in the system’s internal energy then
equals the heat exchanged between the system and its surroundings

AU =Q, v]. (3.5)

It follows from the first law of thermodynamics that it is impossible to construct any
perpetual motion machine of the first type—a hypothetical machine doing work
cyclically without receiving any energy from the surroundings. There is a simple proof of
this fundamental assertion: since the first law of thermodynamics postulates that internal
energy is a function of state, we must have for a cyclic process

j[dU:o.

If a system does not exchange any heat with its surroundings (dQ = 0), we obtain from
equation (3.1)

W= 7{ dW = 0.
Hence, the work done is zero.

El Symbols: The symbol ¢ is used to denote a loop integral (the initial and the end point are
identical).
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3.1.3 Second law of thermodynamics

There is a function of state called entropy S. For its total differential dS we write

ds = % , [reversible process|, (3.6)
ds % , [irreversible process] . (3.7)

Main unit: J K1

Entropy is defined by equation (3.6) up to the integration constant. The second law of
thermodynamics can be used only to calculate entropy changes during reversible processes
and not values in a given states.

It follows from the second law of thermodynamics that it is impossible to construct a
perpetual motion mechanism of the second type—a hypothetical cyclically working
machine that receives heat from its surroundings and converts it into work without any
losses.

Example
Prove that entropy increases during irreversible processes in an adiabatically isolated system.

Proof
In an adiabatic process dQ = 0. By substituting for dQ into the inequality (3.7) we obtain
dS > 0. This shows that entropy increases.

Note: Entropy is the degree of disorder in the movement of molecules making up a
thermodynamic system. The higher the disorder, the higher is the system’s entropy.
For example, the entropy of a gas is higher than the entropy of a crystal at the same
temperature and pressure.

3.1.4 The third law of thermodynamics

At a temperature of 0 K, the entropy of a pure substance in its most stable crystalline
form is zero
limS =0. (3.8)

T—0
This postulate supplements the second law of thermodynamics by defining the natural

referential value of entropy. Equation (3.8) allows for the calculation of entropy in a given
thermodynamic state of a system [see 3.2.8 and 3.5.5].

Impossibility to attain a temperature of 0 K

The third law of thermodynamics implies that a temperature of 0 K cannot be attained
by any process with a finite number of steps.

3.2 Definition of fundamental thermodynamic
quantities
T, p, V, n, U, S as defined in the preceding sections represent basic thermodynamic

functions. In this section we will define further basic thermodynamic functions: enthalpy,
Helmholtz energy, Gibbs energy, heat capacities and fugacity.
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3.2.1 Enthalpy
Enthalpy H is a function of state defined by the relation

H=U+pV. (3.9)

Main unit: J.
Note: Similarly as internal energy, enthalpy is defined up to the additive constant.

If a system exchanges only heat and reversible volume work with its surroundings
during a thermodynamic process [see 4.1.1], we have

dH = dQ + Vdp. (3.10)

If this process is isobaric (dp = 0), the change in the enthalpy of a system is equal to the

heat supplied to the system
AH=Q, ). (3.11)

Example

A system containing 5 moles of an ideal gas was heated from temperature 77 = 300 K to
temperature T, = 400 K. The internal energy of the gas increased by AU = 800 J. How did
the enthalpy of the system change?

Solution
It follows from the definition (3.9) that

AH = AU + A(pV),
where A(pV') = paVo — p1V1. For an ideal gas pV = nRT. Then

AH = AU +nRAT = 800 + 5 x 8.314 x (400 — 300) = 4957 J.

3.2.2 Helmholtz energy

The Helmholtz energy F'is a function of state defined by the relation
F=U-TS. (3.12)

Main unit: J.
Note: The Helmholtz energy is defined up to the additive constant, just like internal
energy.
The change in the Helmholtz energy AF' during a reversible isothermal process is equal
to the work supplied to the system

AF =W, [T, reversible process] . (3.13)

Example

During a certain isothermal process, internal energy changed by AU and entropy by AS.
Derive the relation for the change in the Helmholtz energy. Is it possible to calculate the
change in the Helmholtz energy during a non-isothermal process if in addition to AU and AS
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we also know the initial and final temperatures?

Solution
For an isothermal process we obtain from (3.12)

AF =AU — A(TS) = AU - TAS, [T].
For a non-isothermal process we have

Since the values of entropy in the initial and final states, S;, .S>, are not specified and we only
know that AS = S, — 51, the change in the Helmholtz energy cannot be calculated.

3.2.3 Gibbs energy
The Gibbs energy (or the Gibbs function) G is a function of state defined by the relation

G=H-TS. (3.14)

Main unit: J.

Note: The Gibbs energy is defined up to the additive constant, just like internal energy.
Example

During a certain thermodynamic process, a system passed from its initial state defined by the

values of volume V; and pressure p; to its final state defined by the values ps and V5. The
change in the Helmholtz energy was AF'. Calculate the change in the Gibbs energy.

Solution
From the definitions (3.9), (3.12) and (3.14) for H, F, and G we obtain

G=H-TS=U+pV -TS=F+pV,
from which it follows:

AG=AF +A(pV) = AF +pVo —pi V3.

The change in the Gibbs energy AG during a reversible isothermal and isobaric process
is equal to other than volume work, Wyiner, supplied to the system

AG = Weiher =W — Weo = W + pAV [T, p, reversible process].  (3.15)

Example
The change in the Gibbs energy during the oxidation of one mole of glucose, according to the

reaction
C6H1206 + 6 02 = 6 COQ + 6 HQO

is AG = —2870 kJ mol~. How high can a person weighing 75 kg climb if he or she has
eaten one mole (186 g) of glucose? The biological efficiency is 25%.

Solution
In our example, Wiiner is equal to mechanical work needed for lifting a load to a height A

Wother = _mgha
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where m is the mass of the load and g is the gravitational acceleration. If we project a human
body as an isothermal and isobaric system in which reversible processes occur and which does
not perform any volume work, then equation (3.15) leads us to

AG 2870000

AG = —mgh h=—
mgn = mg 75 x 98

=3905m.

We obtain the real height by multiplying the result by the biological efficiency,

3905 x 0.25 =976 m.

3.2.4 Heat capacities
The heat capacity C' for a given process is defined by the following relation

_ (99
C - (dT>process . (316)

Main unit: J K1,
The isochoric heat capacity, Cy, and the isobaric heat capacity, C,, are defined by the

relations
d@ oU
- == == 1
CV (dT>izochoric <8T)V ’ (3 7)
d@ OH
— [ 2= = [ = . 1
Co (dT). bari <8T> (3.18)
1Zz0obaric p
For Cy and C), we have
Cy >0, 71}3%0\/ =0, (319)
c, >0, %11% ¢, =0. (3.20)
—

The relations between Cy and C), are given in section 3.5.1.

Example
The enthalpy of argon at room temperature and pressure obeys the relation

H = gnRT + const

where n is the amount of substance. What is the heat capacity of argon at constant pressure?

Solution
From the definition (3.18) we obtain

Cp,=-nR.

Example

A heat of (Q = 100 J was supplied to a system for isochoric heating of a substance from T; =
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300 K to T, = 305 K. Estimate the value of C'y,. Do the given data also allow us to estimate
C), if we know that the substance is an ideal gas?

Solution
We can approximate the derivative of the function by the ratio of differences. From the

definition (3.17) we thus obtain
o (U) L AU
"= \or),” AT

It follows from the specification and from equation (3.5) that the supplied heat equals the
change in internal energy AU. Hence

100

~—— =90 JK'.
305 — 300

Cv

For an ideal gas
H=U+pV=U+nRT — AH=AU+nRAT.

From the definition of C), we have

=20+8314 xn.

o OH\ _ AU+nRAT 100+ n x 8.314 x (305 — 300)
P\ ar p” AT - 305 — 300

In this case it does not matter that C, is a derivative with respect to temperature at constant
pressure, or that the studied process is not isobaric (in an ideal gas, the heat capacities depend
on temperature only [see 3.5.1]). However, we cannot calculate the value of C), because we
do not know the amount of substance n.

3.2.5 Molar thermodynamic functions

All the thermodynamic functions defined above are extensive quantities [see 1.3.1]. In
chemistry we work most often with intensive, molar quantities, which are denoted using
the subscript . It holds, e.g., that

Un=U/n, Sm=S5/n, Cpm=Cy/n.

Example
A thermodynamic process took place in a system containing 5 mol of nitrogen during which
the Gibbs energy increased by 100 J. What was the change in the Gibbs molar energy?

Solution

A 1
AGm:—G:@:QOJmol—P
n 5
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3.2.6 Fugacity
Fugacity is defined by the relation

(3.21)

m(T,p) — G, (T, p™*
f:pstexp<G( p) — Gau( p))’

RT

where p* is the standard pressure (usually p* = 101 325 Pa), and Gp,(T), p) is the molar
Gibbs energy at temperature 7" and pressure p, and G°(T, p**) is the molar Gibbs energy
of a system in an ideal gaseous state at temperature 7" and pressure p*.

@ Main unit: Pa.

E Symbols: Symbol X° denotes thermodynamic quantities of an ideal gas at the chosen
standard pressure [see also 6.1.2].
Fugacity is a thermodynamic quantity which is useful when solving phase and chemical
equilibria.

Note: For an ideal gas, fugacity equals pressure [see 3.5.8].

3.2.7 Fugacity coefficient
The fugacity/pressure ratio is called the fugacity coefficient ¢

p=" (3.22)

@ Main unit: dimensionless quantity.
Note: For an ideal gas ¢ = 1.

Example

Knowing the values of the molar Gibbs energy of carbon dioxide G.,,(T,p) = —53 183 J/mol
at T =350 K and p = 10 MPa, and G2,(T, p*) = —65675.14 J/mol, where p** = 101.325
kPa, calculate its fugacity and the fugacity coefficient at 350 K and 10 MPa.

Solution
By substituting into the definition (3.21) we obtain

—53183 — (—65675.14)
8.314 x 350

A1
) =7.415MPa, ¢ = A5 07415,

=0.10132
f 0035><exp< 10

3.2.8 Absolute and relative thermodynamic quantities

If a numerical value can be unambiguously assigned to a thermodynamic quantity of a
system in a given state, we say that the quantity is absolute. If a numerical value can
be assigned only to a change in a thermodynamic quantity during the system’s transition
from one thermodynamic state to another, we say that the quantity is relative.
Temperature, pressure, volume, amount of substance, fugacity, and heat capacities
represent typical absolute quantities. For these quantities there exist natural and universal
(independent of the substance) referential states. Such referential states are temperature
0 K, volume 0 m3, pressure or fugacity 0 Pa. Internal energy, enthalpy, the Helmholtz
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energy and the Gibbs energy represent typical relative quantities. There do not exist any
universal referential states for these quantities.

Entropy represents an interesting case. The second law of thermodynamics defines
entropy as a relative quantity, but the third law transfers it to the group of absolute
quantities. In order to accentuate this fact, the expression absolute entropy is sometimes
used instead of the word entropy.

3.3 Some properties of the total differential

3.3.1 Total differential

Let us consider functions M (z,y) and N(z,y) continuous and differentiable (to the second
order) on a simply connected region (for details, see a basic course of differential calculus).
The necessary and sufficient condition for the differential form

dz = M(z,y)dz + N(z,y)dy (3.23)

to be the total differential of the function z = z(x,y) is the equality of the derivatives

oM ON
— | = |5 3.24
< 0y ) (036 >y ’ 529
at all points of the region, where

v () we (%)
ox dy
y T
Hence for the total differential of the function z = z(x,y) it holds
0z 0z
dz=|+—| dz+ (=] dy. 3.25
= (52), 2 (3), 62
Note: Equation (3.24) requires that the mixed second partial derivatives should be

independent of the order of differentiation, i.e. that

0%z B 0%z
0zdy  Oydz

(3.26)

Example
Is the differential form
dz = (10zy® + 7)dz + 152%y%dy

the total differential of function 27

Solution
By comparing with (3.23) we obtain

M = <%> =10xy® +7 and N = <%> = 15222,
ox v oy ).

It holds that

oM 0%z 0 ON 0%z )
<8—y> = ey 30xy” and (%) = By 30xy” .
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The mixed second derivatives are identical and consequently function z has a total differential.

Sometimes we need to know the derivative of x with respect to y at a fixed z. Equation

(3.25) rearranges to
0z 0z
_ (9= oz 2
0 <am>ydx+<ay>wdy, 2] (3.27)

and from this relation we obtain
0z
o\ __\ay),
oy ), 0z\
ox
y
This formula is identical with that for the differentiation of an implicitly defined function
z(z,y) = 0 (see a course of differential calculus).

(3.28)

Example
Using the van der Waals equation of state

RT _a
Vm—b V2

p:

calculate the derivative of molar volume with respect to temperature at constant pressure.

Solution

It is rather difficult to express explicitly molar volume using the van der Waals equation (it is
an algebraic equation of the third order, see the basic course on algebra). We therefore use
relation (3.28)

op R
(%) _ Ny Vb
or J, o __RT 2
ov T (Vm_b)2 Vrg

3.3.2 Total differential and state functions

All state functions (p, V, T, n, U, H, S, F, G, C,, Cy, f, ...) have total differentials. Heat
and work are not state functions and they do not have any total differential.

Example
Prove that condition (3.26) holds for the pressure of an ideal gas as a function of temperature
and volume at a constant amount of substance.

Proof
According to the equation of state for an ideal gas (2.15), pressure is
_ nRT
=

For the total differential of pressure it holds [see (3.25)]

op op nR nRT
dp=|=] dT — | dV = —dT — dv.
P <8T> v i <8V> T v |4 & v
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The condition (3.26) is fulfilled here:
R o(1/V) _ nR (0T
ov ), vz \ar

dp is thus a total differential and pressure is a function of state. A similar proof can be
established for pressure calculated using any equation of state.

Example
By substituting the expression T°'dS following from (3.6) for dQ into equation (3.1) we obtain

dW =dU - TdS.
Prove that work W is not a state function.

Proof
Comparison with (3.23) shows that M =1, N = =T, x = U, and y = S. Hence

().~ (@), (a2), = (&),

T
because <g—U> is generally different from zero. This shows that A1V is not a total differential
s

and therefore work is not a state function.

3.3.3 Total differential of the product and ratio of two
functions

Similar rules as those governing differentiation hold for the total differential of the product
and the ratio of functions = and y.

1
T O P

For example, according to (3.29) we have for the total differential of the product of volume

and pressure
d(pV) = pdV + Vdp.

3.3.4 Integration of the total differential

The integral of the total differential from point (z1,y;) to point (x9,y2) does not depend
on the path between these points. We can, e.g., first integrate with respect to x at a fixed

y1, and then with respect to y at a fixed x4
v2 [0
dz + / (—z> dy, (3.30)
w \0Y/,_,,

T2 a
2(12,12) = 2(x1,71) +/ <£>

or we can first integrate with respect to y at a fixed x; and then with respect to = at a

fixed yo
v2 [ Oz T2 [0z
s _— - . ].
2(x2,2) = 2(w1, 1) + . <6y>m:w1 dy‘i‘/wl (‘%)y:yz dz , (3.31)

Y=y
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or we can choose any other path linking points (x1,y1) and (z2,y2) in the plane z,y.

ox
(x,y) with respect to z at constant y at the value y = y;.
It is often necessary to integrate dz with one fixed independent variable. For the
integration from x; to x, at constant y it applies that

0z
E Symbols: The expression (—) denotes the partial derivative of the function z = f
y=u

o) ==+ [ (5) o b 3:3)

3.4 Combined formulations of the first and second
laws of thermodynamics

In this section we will assume (if not otherwise stated) that every system referred to is
closed and homogeneous, that it exchanges only volume work with its surroundings, and
that all the occurring processes are reversible. For the sake of simplicity, we will not
explicitly indicate these assumptions.

3.4.1 Gibbs equations

By combining equations (3.4) and (3.6), and the definitions (3.9), (3.12) and (3.14) of
the thermodynamic functions H, F, G we obtain relations which are called the combined
formulations of the first and second laws of thermodynamics, or the Gibbs equations:

AU = TdS —pdV, (3.33)
dH = TdS+ Vdp, (3.34)
dF = —SdT —pdV, (3.35)
dG = —SdT + Vdp. (3.36)

In equation (3.33), internal energy is a function of variables S and V. Variables S and
V will be called the natural variables of function U. The natural variables of enthalpy
are S and p, those of the Helmholtz energy are T" and V', and those of the Gibbs energy
are T and p.

Note: Extension of the Gibbs equations to open systems is dealt with in section 6.4.1.

3.4.2 Derivatives of U, H, F', and G with respect to natural
variables

If we consider the internal energy U as a function of S and V, its total differential according

to (3.25) equals
oUu ou
w= () a5+ () . .

By comparing (3.33) and (3.37) we obtain
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In a similar way we obtain for H = f(S,p), F = f(T,V), G = f(T,p)

-
(- |
(-

3.4.3 Maxwell relations

=V, (3.39)

)
) - -» (3.40)
)

= V. (3.41)

By applying the equalities of mixed derivatives (3.26) to the Gibbs equations (3.33)
through (3.36), i.e. to the total differentials of the functions U, H, F, G, we obtain
the so-called Maxwell relations

) - -(2).
(%)S _ (%) (3.43)
<g_§>v _ (%) (3.44)

() - (%),

Maxwell relations, in particular (3.44) and (3.45), rank among the major thermodynamic
relations. They are used to derive many other equations.

3.4.4 Total differential of entropy as a function of 7, V and T', p

The total differential of entropy as a function of temperature and volume, S = f(7,V),
is

oS oS
= | = T — | dV. A4
ds <8T>Vd +<6V>T Vv (3.46)
At a fixed volume it follows from (3.6) and (3.17)
05\ _1(aQ)  _1() _cCv
<8_T)V <dT>1sochoric N T <8T>V - T (347)

For the differentiation of entropy with respect to volume, Maxwell relation (3.44) applies.
Equation (3.46) can be rearranged to

CV 6p
= —dT V. 3.48
ds = dT + ( 8T> d ( )
In the same way we obtain for entropy as a function of temperature and pressure
oS d 1 (OH C
_1(d@ _ (o) _ % (3.49)
or dr bari T \oT T
P isobaric V4
and using Maxwell relation (3.45) we get

_C,, oV
dS = 24T — ( a:r) dp. (3.50)
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3.4.5 Conversion from natural variables to variables 7', V or T,
p

Internal energy may be converted from the function of natural variables to the function
of variables T', V using equation (3.33), into which we substitute relation (3.48) for dS.
Hence we have 5
dU=CydT+ |T (22} —p|av. (3.51)
ar ).,
In the same way, H = f(S, p) may be converted to H = f(T,p). By combining equations
(3.34) and (3.50) we arrive at

dH =C,dT+ |V -T ov dp. (3.52)
aT ),
According to (3.25), the total differential of the function U = f(T,V) is equal to the
expression
oUu oU
dU=|=—| dT — | dV. 3.53
(ar), o+ (5v), 659
By comparing (3.51) and (3.53) we get
ou
@) - . -
oU op
— T =] —p. .
(&), - (), 539

Note: The derivative of internal energy with respect to volume is called cohesive pres-
sure.

Similarly we obtain the respective partial derivatives of the dependence H = f(T,p)

(g_fzf)p _ o, (3.56)

0H ov
— =— T — ] . )
<5p)T +V <8T)p (3.57)
Example

Prove that the internal energy of an ideal gas is only a function of temperature, i.e. that at a
fixed temperature it depends neither on volume nor on pressure.

Proof
For an ideal gas we have

op nR
T|—| —-p=T——-p=0.
<6T>V P v r

ou
It follows from equation (3.55) that (W) = 0. Hence the internal energy of an ideal gas
T

does not depend on volume. In order to prove the independence of the internal energy of an
ideal gas on pressure, we first write its total differential as a function of 7" and p. By combining

the equation
ov oV
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with equation (3.51) we get

o= fer b (), A G o B G, A (),

From this expression it follows that

(), [ GF), (%),

As was shown above, the expression in brackets for an ideal gas is zero. Hence the internal
energy of an ideal gas is independent of pressure.

3.4.6 Conditions of thermodynamic equilibrium

The state of thermodynamic equilibrium is defined in 1.4.1. From the second law of
thermodynamics [see equations (3.6) and (3.7)] it follows that during irreversible processes
the entropy of an isolated system increases

dS >0, [isolated system, irreversible process] (3.58)
and that it has its maximum in the state of thermodynamic equilibrium
dS =0, [isolated system, reversible process| (3.59)

From this we arrive at the following conditions of thermodynamic equilibrium for the
thermodynamic functions S, U, H, F, and G

function condition of extreme  kind of extreme
entropy dS=0 [U,V] maximum
entropy dS=0 [H,p] maximum
internal energy dU =0 [S,V] minimum
enthalpy dH =0 [S,p] minimum
Helmholtz energy dF =0 [T,V] minimum
Gibbs energy dG =0 [T,p] minimum

The conditions of the functions extremes given in the table above are called the extensive
criteria of equilibrium, and they may be used to derive the so-called intensive criteria
[see 7.2].

Note: Note the connection between the equations in the above table and the Gibbs
equations (3.33) through (3.36). It follows from equation (3.33), e.g., that at [S, V],
dU = 0, and at [U,V], dS = 0.

Example
Ascertain the change in the Helmholtz energy during reversible and irreversible processes at
constant volume and temperature.

Solution
From the condition dF' = 0 at [T, V'] we obtain by integration

AF =0, [reversible process, T, V|



CHAPTER 3. FUNDAMENTALS OF THERMODYNAMICS 04

Since at [T, V] the Helmholtz energy has its minimum at equilibrium, it holds that during all
irreversible processes occurring at constant temperature and volume, the Helmhotz energy of
the system decreases

AF <0, [irreversible process, T', V].

Analogous relations can be obtained for other thermodynamic functions.

The criteria of thermodynamic equilibrium are applied in calculating phase and chemi-
cal equilibria. The choice of criterion depends on the conditions of equilibrium. Equilibria
at constant temperature and pressure are studied most often, in which case the criterion
dG =0, [T, p] is applied [see (7.1)].

3.5 Changes of thermodynamic quantities

Only two of the three state variables p, V, T are independent at a constant amount
of substance n, while the third is determined by an equation of state [see equations
(2.12)]. The thermodynamic quantities Cy, U, F' are usually considered to be functions
of temperature and volume, while the quantities Cy,, H, G are considered to be functions
of temperature and pressure. Entropy is considered to be the function of 7,V or T\ p.
When deriving the function dependence of thermodynamic quantities, we proceed from
the knowledge of the equation of state and of the dependence of heat capacity (C, or Cy)
on temperature.

If a phase transition occurs during a change of state variables [see 7.1.3], the cor-
responding changes of thermodynamic functions have to be considered. During phase
transitions, changes of enthalpies and volumes are usually known experimentally while
the changes of other thermodynamic functions are calculated from them.

3.5.1 Heat capacities
Temperature dependence

A number of empirical relations are applied in calculating the temperature dependence of
the heat capacities of gases, liquids and solids, e.g.

Com(T,p) = a+bT +cT?, [p], (3.60)
Cym(T,V) = o +0T+T?, V1, (3.61)

where the constants a, b, ¢, a, V', ¢’ are determined using the measured data.

Note: This and other similar empirical relations can be used reliably only in the tem-
perature interval for which the constants were determined.

For crystalline substances in the vicinity of absolute zero, T € (0,7}), where T} ~ 15K,
the Debye relation applies

Cy = Cym = const T3 . 3.62
P

C, dependence on pressure

O, (T, ps) = Cy (T, p1) —/fT(%) dp, [T]. (3.63)
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Cy dependence on volume

Va 62p
Cy(T,Vs) =Cy(T, Vi) + | T <W>v av,  [1]. (3.64)

Relations between heat capacities

- au\ 1(ov\ _ ap\ (aV
& = ar (o), | (or), =<7 ar), (or),

v\’ 2
or), ., ), »
(%),

o
Vi )

The following relation applies between heat capacities and the coefficients of isothermal
compressibility 8 [see 2.1.7] and thermal expansion « [see 2.1.6]

= Cy—-T

012

Cp=Cy +TV

(3.66)

Ideal gas

The heat capacities of an ideal gas are functions of temperature only. Relations (3.65)
rearrange to the Mayer relation

C5,.(T) = C3,(T) + R. (3.67)

Example
Derive the relation for the calculation of the C,m (7', p) pressure dependence in a gas that
obeys the equation of state
TR L S
RT?
where a, b are constants independent of temperature and pressure.

Solution
2 . .
We calculate (M) from the given equation of state
p

aT?
V) _ _ 6a
or? ), RIT*
We divide equation (3.63) by the amount of substance n in order to obtain the relation between
molar quantities, and we choose p; = 0. Thus we obtain

. P (Vn
P

where Cp (T) = Cpm(T,0), because a substance at zero pressure behaves as an ideal gas.
We substitute for the second derivative of volume with respect to temperature, and integrate

o P 6a o 6a
Com(T,) = Con(T) =T [ (— ) 0 = Coa(T) + 2.
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3.5.2 Internal energy
Temperature and volume dependence for a homogeneous system
By integrating the total differential (3.51) with respect to the general prescription (3.30)

we obtain

T 14
ur,v)y=uT,Vi)+ [ Cy(T,V1)dT+ [ |T 9% —p| dV. (3.68)
T1 Vi oT v

The volume V; is often chosen as large as would allow for a system in its initial state to
behave as an ideal gas. In the limit V; — oo at a constant amount of substance, equation
(3.68) rearranges to

T 1% o
U(T,v) =U(T) +/ e dT+/ T(Z2) —p|av. (3.69)
Th [S) oT v
If the volume is constant, equation (3.68) simplifies to

T
ur,v)=U(T,V)+ Cy(T,V)dT, [V]. (3.70)
T
For an isothermal process, equation (3.68) becomes

U(T, V) = U(T, V) + VIV [T <g—§)v _ p] . (1. (3.71)

Ideal gas

For an ideal gas, the partial derivative of internal energy with respect to volume is zero,
as follows from (3.55) [see also the example in section 3.4.5]. The internal energy of an
ideal gas is thus a function of temperature only (isothermal processes in an ideal gas are
processes at constant internal energy). Equation (3.70) for an ideal gas is

U(T) = U°(Th) + /T " oo (). (3.72)

Changes at phase transitions

The changes of internal energy during a crystalline transformation, melting and boiling
(AerystU, AgsU and Ay,pU) are calculated as follows

AU =AH —pAV, [T,p|, (3.73)

where AH and AV are changes of enthalpy and volume at the respective phase transition.

Example
Derive the relation for the dependence of the internal energy of an ideal gas on temperature

and amount of substance if
Cp = a+bT + T7.
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Solution
In equation (3.72) we take into account that C},(T) = nCY,,, where n is the amount of
substance, and that for an ideal gas the Mayer relation (3.67) applies. We obtain

U(T) = U(T1)+n/TT(C;m—R) T

_ mnywﬁm—mawﬂn+gﬁ—fb+gﬁ—Tb

3.5.3 Enthalpy
Temperature and pressure dependence for a homogeneous system

By integrating the total differential (3.52) with respect to the general prescription (3.30)

we obtain
151%
T
v-r(5r)

If p; = 0, the system in its initial state behaves as an ideal gas, and equation (3.74)

rearranges to
ov
T
vor(ar),

If pressure stays unchanged during a thermodynamic process, equation (3.74) simplifies
to

H(T,p) = H(T1, p1) +/ Tpl)dT"‘/

P1

dp. (3.74)

H(T,p) = H(T)) + C°( dT+/ dp. (3.75)

T
H(I,p) = H(Tip) + [ G(Tp)dT,  [o]. (3.76)
1
For an isothermal process, equation (3.74) becomes
v
HEp) = BT+ [ |V -7 ()

p1

dp,  [T]. (3.77)

Ideal gas

For an ideal gas, the partial derivative of enthalpy with respect to pressure is zero, as
follows from (3.57). The enthalpy of an ideal gas is thus a function of temperature only
(isothermal processes in an ideal gas are identical with processes at constant enthalpy).
Equation (3.76) for an ideal gas is

HO(T) = H*(Ty) + [ C3(T)dT. (3.78)

T

Changes at phase transitions

Enthalpy changes at phase transitions are usually known experimentally.

Example
Derive the pressure dependence of enthalpy at constant temperature for a gas obeying the
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pressure virial expansion with the second virial coefficient [see equation (2.20)], i.e. the equation
of state

1+ B
z= —
RTp’
where B = f(T') is the second virial coefficient.
Solution
We use equation (3.75) which at constant temperature simplifies to
)%
H(T,p) = H*(T / VT dp.
(T,p) = )+ < aT) p
From the given equation of state we express the volume
RT
V= n +nB,

its derivative with respect to temperature
oV\ _nR _ dB
oT » P dT

ov dB
v (%) (o2,

which we substitute into the relation for the pressure dependence of enthalpy, and integrate

H(Tap)=H°(T)+/0pn< 3?) dp = (T)-l—n(B Tjﬁ)

and the expression

3.5.4 Entropy
Temperature and volume dependence for a homogeneous system

By integrating the total differential (3.48) with respect to the general prescription (3.30)
we obtain

T 14
S(T,V) = 5(T, W) + W) 4p ; <@) dv'. (3.79)

T T or /).,
Volume V; is often chosen as large as to allow for a system in its initial state to behave

as an ideal gas. In the limit V; — oo at constant amount of substance, equation (3.79)
rearranges to

S(T,V) =51, v + [ o YET) dT +nR1n % +f ' [(3—5,) ”ﬂ v, (3.80)
where V' = nRT /p™, and p** is a standard pressure.
If the volume stays unchanged during a thermodynamic process, equation (3.68) sim-
plifies to
T Cy(T,V)
T T
For an isothermal process, equation (3.79) becomes

S(T,V) = S(T1, V) + ar,  [v]. (3.81)

S(T,V)=S(T,V;) + v1V (g—;) dv, [T]. (3.82)
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Temperature and pressure dependence for a homogeneous system

By integrating the total differential (3.50) with respect to the general prescription (3.30)
we obtain

_ Tpl) P (OV
S(T,p) = S(T1,p) + / ar - [ ( 8T>p dp. (3.83)

If p; = 0, the system in its initial state behaves as an ideal gas and equation (3.83)

becomes
nR ( )
where p* is a chosen standard pressure.
If the pressure stays unchanged during a thermodynamic process, equation (3.83)
simplifies to

S(T,p) = S°(Tv, p™) + Co( )

T

dT — nRIn —+/p dp, (3.84)

T C,(T,
st =s@p+ [ PLPar (3.85)
For an isothermal process, equation (3.83) becomes
P (OV
S(Tp) = STp) - [ (5] o, (7], (3.86)
pP1 aT p
Ideal gas
For an ideal gas equation (3.79) simplifies to
T Co (T %4
savy=savy+ [ G ar s nrm L (3.87)
nn T Vi
Equation (3.83) becomes
G(T) P
= — In —. .
S(T,p) = S(Ty, p1) + /T AT —nRIn” (3.88)

Changes at phase transitions

Entropy changes at a crystalline transformation, melting and boiling, A¢ystS , AgysS and
Ay,pS at reversible phase transitions are calculated using the relation
AH

AS = 5 [T, p, reversible phase transition] (3.89)

where AH is the enthalpy change at the given phase transition. For irreversible phase
transitions, we have the inequality

AH
AS > T [T, p, irreversible phase transition] (3.90)

In this case the entropy change is calculated using the procedure described in 3.5.9.

Example
Derive the relation for the dependence of entropy of a gas on temperature, volume and amount
of substance. Assume that the gas obeys the van der Waals equation of state [see 2.2.6]

a
<p+ W) (Vm—b) :RT,
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and that the temperature dependence of the molar isochoric heat capacity of an ideal gas can
be approximated using the relation

Cym=A+BT.

Solution
We use equation (3.80) and rewrite it to the relation between molar quantities. Thus we get

vm(T)

TCVm
T dT + RIn +/ l( ) m]dV

From the van der Waals equation we have

Y _ R
), Vm—b

We substitute for the derivative and for Cf,,, and integrate:

Su(T, Vi) = S2 (T, V) +

m

TA 4 BT Vo |
Son(T, Vi) = 52Ty, VoY + [ 2 dT+R1n—+R/ ( - V)dvm
T - m
T Voo gy Vo=
_ o St

Finally, the dependence on the amount of substance is, according to 3.2.5,

S(T, Vin,n) = nSm(T, Vi) -

3.5.5 Absolute entropy

This term is understood as the value of entropy in a given state (7, p) [see 3.2.8]. To
calculate it we proceed from the state (7" = 0, p** = 101.325 kPa), and by way of a
sequence of thermodynamic processes we arrive at the state (7,p) while summing the
entropy changes during the individual processes

S(T,p) = S(T1,p™) + AS® + ApsS + ASY + A, S + AS® (3.91)

where S(T7,p*) is the entropy of a substance at a sufficiently low temperature 77, such
that the Debye relation (3.62) holds for 7' < T}

Ti const T3 const T3

S(Tl,pSt):n/ ———dT =n
0 T
AS® is the entropy change on heating the substance from 7; to the normal melting

temperature Tf,s,
as® = | T OO (T0")
Ty T
AgysS is the entropy change on melting
AfusI—I
Tfus .

AfusS =
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ASW is the entropy change on heating a liquid substance from the normal melting
temperature to the normal boiling temperature,

1
ASD = /Tvap MdT.
Tfus T
Ay,pS is the entropy change on boiling

AvapH
Tvap '

AvapS =

AS® is the entropy change of a gaseous substance on its transition from the point

(Tvap, ™) to (T,p)
T O, (T, p*") p (OV
(&) — P\ _ 7
AS /T T /p o7 pdp.

@ Symbols: The superscripts ), O ) are used to denote quantities in a solid, liquid and
gaseous phase.

Note: If a substance in the solid state transforms from one crystalline form to another
(e.g. rhombic sulphur— monoclinic sulphur), the entropy change at this phase transition
has to be included in the formula.

Example

Calculate the absolute molar entropy of liquid sulphur dioxide at 7" = 200 K and at the
standard pressure 101.325 kPa. Data: 77 = 15 K, C’I(,fr)l =377Jmol 1Kt at T}, ASG) =
84.2 Jmol™ K™, Tyys = 197.64 K, AgeH = 7403 Jmol~!, C{) = 87.2 Jmol™ K~'. Sulphur
dioxide exists in only one crystalline form.

Solution
We determine the constant in the Debye relation (3.62) from the condition

constT> =C® at T =T.

pm

Individual entropy contributions have the following values:

Ti const T tT3 377
S(T1)=/0 %dT:COHZ L= 200 = 1257 Jmol 'K
AnsH 7403 e
ApsS = —05 — — 37.457 Jmol 'K~ |

Trs  197.64

T CWO 200
(1) = _pm = = —1 -1
AS /T T dT = 87.2In T 1.035 Jmol ' K.

The absolute molar entropy of liquid sulphur dioxide is Sy, (7, p*) = 1.257 + 84.200 + 37.457
+ 1.035 = 123.949 J mol~ 'K 1.

3.5.6 Helmholtz energy
Dependence on temperature and volume

The Helmholtz energy is calculated from the definition (3.12), and from the dependence
of internal energy (3.68) and entropy (3.79) on 7" and V/

F(T,V) = F(, W) +[UTV) -TS(T, V)] = [U(T, V) - TuS(T, Vi)l - (3.92)
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The change in the Helmhotz energy with volume at constant temperature can be
calculated by integrating equation (3.35) with respect to the general prescription (3.31)

F(T,Vy) = F(T,V) — [ pdv,  [1]. (3.93)

1%

Changes at phase transitions

The changes of the Helmholtz energy at crystalline transformations, melting and boiling,
Acryst Iy Aps ' and Ay, F' during reversible phase transitions are calculated from the
relation

AF = —pAV [T, p, reversible phase transition], (3.94)

where AV is the respective change in volume.
For irreversible phase transitions, we have the inequality

AF < —pAV [T, p, irreversible phase transition] . (3.95)

In this case the change in the Helmhotz energy is calculated using the procedure described
in 3.5.9.

Example

Calculate the change in the Helmholtz energy during reversible evaporation of 1.8 kg of liquid
water at 7' = 373.15 K and p = 101.325 kPa. Assume that in the given state the equation of
state of an ideal gas holds for water vapour, and that the volume of liquid water is negligible
as compared with that of vapour.

Solution

The assigned values T and p correspond to the normal boiling point [see 7.1.5] of water,
i.e. to a reversible phase transition. Hence we use relation (3.94). The change in volume on
evaporation, based on the specification, is:

AV = v _y0 =y - MRT
b
where the amount of substance of water is n = 2% = 100 mol. Then

18

AF = —-AV = —100 x 8.314 x 373.15 = —310.24 kJ.

3.5.7 Gibbs energy

Temperature and pressure dependence

The Gibbs energy is calculated from the definition (3.14), and from the dependence of
enthalpy (3.74) and entropy (3.83) on 7" and p

G(T,p) = G(T1,p1) + [H(T,p) = TS(T,p)] — [H(T1,p1) — T S(T1,p1)] - (3.96)

The change in the Gibbs energy with pressure at constant temperature can be calcu-
lated by integrating equation (3.36) with respect to the general prescription (3.31)

G(T,ps) = G(T, p1) + / “vdp, 1] (3.97)

p1
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Changes at phase transitions
The Gibbs energy does not change during reversible phase transitions

AG =0, [T, p, reversible phase transition]. (3.98)
For irreversible phase transitions, we have the inequality

AG <0, [T, p, irreversible phase transition] . (3.99)

and the change in the Gibbs energy is calculated using the procedure described in 3.5.9.

3.5.8 Fugacity

Dependence on state variables for a homogeneous system
The following equations follow from the definition (3.21)

Pz—1
f=pexp [/ dp] , (3.100)
o p
and RT " .
f= Ve lz —1- /oom Zv_;n dvm] , (3.101)

where z is the compressibility factor. Relation (3.100) and (3.101) in particular are used
to calculate fugacity from equations of state.

Ideal gas

For an ideal gas, fugacity is equal to pressure

f=p, [ideal gas] . (3.102)

Changes at phase transitions

At reversible phase transitions, fugacity does not change. If, e.g., the liquid phase is in
equilibrium with the gaseous phase, we have

=59, [T, (3.103)

Note: According to the theorem of corresponding states [see 2.2.9], the fugacity coef-
ficient ¢ = f/p is the function of reduced temperature 7, and reduced pressure p,. To
estimate fugacity, we use generalized diagrams of the fugacity coefficient as a function
of T, and p,.

Example

Calculate the fugacity of ethane at temperature 270 K and pressure 1000 kPa. For ethane at
this temperature and pressure under 1200 kPa, the equation of state z = 1 — 1.1359 - 10~*p
applies, with pressure given in kPa.

Solution
We substitute for the compressibility factor z from equation (3.100) and integrate

f=pexp(—1.1359 x 10™* x p) = 1000 x exp(—0.11359) = 892.7 kPa .
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3.5.9 Changes of thermodynamic quantities during irreversible
processes

Some formulas presented in this chapter cannot be directly applied to irreversible pro-
cesses as they apply only for reversible processes. On the other hand, a change in a
thermodynamic quantity depends solely on the initial and final state of the system, but it
does not depend on the path from the initial to the final state. In calculations, the irre-
versible path from the initial to the final state is therefore substituted by an appropriately
chosen reversible path. We present two examples of this procedure.

Example
Determine the entropy change during an irreversible adiabatic transition of a system from the
state (77,p1) to the state (75,po).

Solution

If the adiabatic process were reversible, we would have AS = 0 because equation (3.6) would
apply and d@) would be equal to 0. We substitute the irreversible adiabatic process by a
reversible isobaric and a reversible isothermal process. Then

Ts 2
CP(T’ pl)dT _ P (%) dp .
p,T=T>

T T D1
Note: Note that when calculating AS in the above example we did not use the in-
formation that the process was adiabatic. To determine changes of thermodynamic
quantities, it is enough to know the initial and final state of the system (73,p1) and
(T3,p2), respectively.

AS =

Example
Calculate the changes AH, AS, and AG during the solidification of a supercooled one-
component liquid at 1" < T§,s and p = prys, Where 1§, is the temperature of solidification and
Prus IS the pressure of solidification. (Note that the temperature of melting and solidification
are the same for pure substances. However, enthalpy of solidification is minus enthalpy of
melting).

Solution

For an irreversible phase transition, we have the inequalities (3.90) and (3.99) from which
the changes of S and G cannot be calculated. Hence we substitute the irreversible process
with a sequence of three reversible processes: the heating of the liquid from T to T}, the
equilibrium (i.e. reversible) change of the state of matter, and the cooling of the solid from
the temperature of solidification to temperature T'. We thus obtain:

Trus T
AH = ["C0dr - Ayt + [ cP T,
T

Tfus
Tras O'D) As H T O
AS = / g — S 24T,
T T 1w, T

AG = AH-TAS

T T
= —ApsH [1 - ] / C(s) — C(l) dT
f ﬂus + Tfus( P )
T 06 — O
_T / M MY
Tfus T




Chapter 4

Application of thermodynamics

4.1 Work

4.1.1 Reversible volume work

The reversible volume work, W, is connected with a change of the system volume from
the initial value V; to the final value V5. We have

Va
Wvol = - pdV, (41)
|4
where p is the pressure of the system.
Main unit: J
Note: It follows from the equation that during compression p > 0,Vy < Vi, Wy > 0

(work is supplied to the system), during expansion p > 0,Vs >V}, Wy, < 0 (work is
done by the system), which is in compliance with the usage 1.2.

Work is not a state function [see 3.3.2] and its value does not depend on the initial
(p1,V1) and final (p,V3) state only, but also on the path. In terms of mathematical
expression it means that in (4.1) we need to know the dependence of the integrand on
the integration variable, p = f(V'). Several examples of the specification of p = f(V') and
calculation of Wy, are given below.

e Isobaric process
p=const = Wyq=—-p(Vo—-W). (4.2)

Isochoric process
dV =0 = W, =0. (4.3)

Isothermal process, the equation of state of an ideal gas

p=nRT/V = W,q=—-nRTIn(V2/V1). (4.4)

Isothermal process, the van der Waals equation of state

i VW,

2 —
nkl _na Wyot = —nRT In Vo mb +n’a ( ! = ) .

- — 4.
V—nb V2 = Vi —nb (4.5)

p:

Adiabatic process for which Poisson’s equations [see 4.2.1] apply

const

p=constV " = Wy=— (V) =Cv(Ty - T1).  (4.6)

— K

65
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4.1.2 Irreversible volume work

In this case the external pressure pey is different from the system pressure p. During
expansion it is lower and during compression higher than the system pressure. We have

Va

Wvol = - DPex dV (47)

1

To calculate work we need to know pe; = f(V'). The simplest case is a constant external
pressure. Then
Pex = const = Wi = —pex(Vo — V1) (4.8)

Note: Irreversible volume work is always higher than reversible volume work. Two
cases may occur:

e During irreversible compression, we have to supply more work to the system for
compression from the initial volume V7 to the final volume V5 than in the case
of reversible compression,

e During irreversible expansion, the work done (Wygne = —Wyo1) is smaller than

during reversible expansion, and consequently the supplied work is greater.

Example
Determine work during expansion into vacuum.

Solution
In this case pex = 0. According to relation (4.8), W,, = 0.

4.1.3 Other kinds of work

e Surface work—work connected with a change of the system surface from the initial
value A; to the final value A,. We have

Az
Wsurf = A deA, (49)

where v is the surface tension.
e Electrical work—work connected with the transfer of electric charge () across the
potential difference £. We have

Q
Wy = —/0 EdQ. (4.10)

4.1.4 Shaft work
Shaft work Wy, is defined by the relation

P2
Wi = / Vdp. (4.11)
p

1

Using the relation for the total differential of the product of two functions (3.29) we obtain

Vdp =d(pV) — pdV
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and after integration we arrive at the relation between shaft work and volume work
Vo
Wan = paVo —p1 Vi — /V pdV = poVo — p1Vi + Wy (4.12)
1

Shaft work is applied for machines with a steady flow of the substance [see 4.3.3].

Note: Do not let yourself be mistaken by the name of the quantity Wg,. In contrast
to volume, surface or electrical work, shaft work is not a kind of work W embraced by
the first law of thermodynamics.

Example
If a system exchanges only volume work with its surroundings during an adiabatic process,
shaft work is equal to the enthalpy change. Prove this assertion.

Proof
It follows from the specification and from the first law of thermodynamics (3.3) that

AU = Wvola [Q = 0] .
From the definition of enthalpy (3.9) and relation (4.12) we then obtain

AH = AU + A(pV) = Wvol +p2‘/2 _pl‘/l = Wsh :

4.2 Heat

That portion of internal energy which can be exchanged between a system and its sur-
roundings only when there is a difference in temperature (while passing from a warmer to
a cooler place) is called heat. Heat is not a state function [see 3.3.2], and consequently
its value does not depend on the initial (p;, V) and final (py, V2) state only, but also on
the path. It is usually calculated from the change of internal energy and work using the
first law of thermodynamics (3.3).

Q=AU-W. (4.13)

In the case of reversible processes, the Second Law of thermodynamics [see equations
(3.6)] may be also used to calculate heat, provided that we know the dependence between
temperature and entropy

So T>

S1 Th

Several typical examples of heat calculation are given below.

e Adiabatic process
Q=0. (4.15)

e Isochoric process, no work done
Q=AU =U(T5,V)-U(T1,V). (4.16)
e Isobaric process, only volume work done

Q =AH = H(Ty,p) — H(Ty,p) . (4.17)
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e Isothermal reversible process, ideal gas

Q= -W=nRTIn"2 = —nRTIM. (4.18)
Vi j2l
e Isothermal reversible process, the van der Waals equation of state

Vo —nb

=nRT1 i 4.1
Q=nRTIn Vi b (4.19)
e General reversible isothermal process
Sa
Q=T : dS =T(Sy,—S1) =TAS. (4.20)

4.2.1 Adiabatic process—Poisson’s equations

During an adiabatic process [see 1.4.5], the system does not exchange heat with its sur-
roundings, i.e. @ = 0. Work during an adiabatic process (both reversible and irreversible)
is equal to the change of internal energy

W =AU, (4.21)

Provided that the following conditions are fulfilled during an adiabatic process, i.e. that
e the process is reversible,
e the system exchanges only volume work with its surroundings,
e the system is an ideal gas,
e the heat capacities C'y and C, do not depend on temperature,
the following relations, called Poisson’s equations, apply between 7', p and V:

pV* = const | p!/*V = const , (4.22)
TV* ! = const , VTY# =Y = const , (4.23)
Tp(l—n)/n = const , pT"i/(lf'C) = const (424)
where C C
- _ “pm 4.25
K== o (4.25)

Note: The curves defined by relations (4.22) through (4.24) are called reversible adia-
batic lines or isentropic lines.

Example

An ideal gas expanded adiabatically from temperature 77 = 300 K and pressure p; = 1 MPa
to pressure p, = 100 kPa. Provided that Poisson’s equations hold and that Cpm = gR, find
temperature 15, after the expansion.

Solution
It follows from equation (4.24) that

(1-k)/k
P
TQ = T1 <—1) .
D2
We calculate « from the Mayer relation (3.67) and from relation (4.25)
Cpm 5

K= — — —

Com—R 3



CHAPTER 4. APPLICATION OF THERMODYNAMICS 69

and after substituting into the relation for 75 we calculate

106\ (1-5/3)/(5/3)
0 ) =1193K.

T, = 300 <1—05

Example
Prove that a reversible adiabatic process is identical with an isentropic process.

Solution

During an adiabatic process, d@ = 0, and relation (3.6) holds for reversible processes. Hence
dS = 0, and consequently entropy does not change during this process, (AS = 0). The
process is thus isentropic.

4.2.2 Irreversible adiabatic process

A typical example is an irreversible adiabatic expansion against a constant external pres-
sure pex completed at pressure equalization (p = pex). For the volume work, relation (4.8)
applies

Wia = _pex(‘/Z - Vl) . (426)
If the heat capacity Cy is constant, we also have [see (4.6)]
Wi = Cy(Ty = Th) . (4.27)
If a system behaves as an ideal gas, we may write (4.26) in the form
RT: RT;
Wiol = —Pex (n 2 T 1) . (4'28)
Pex p1

Note: Equations (4.26) — (4.28) do not serve only for the calculation of work. If we
know the initial state of a system, i.e. T1,p1 (V1 = nRT}/p1), and peyx, we can ascertain
the final state, i.e. T5, V5 by solving the equations.

Example

An ideal gas expanded adiabatically from temperature 77 = 300 K and pressure p; = 1 MPa
to pressure p, = 100 kPa. Provided that the external pressure was constant for the whole
time of expansion and equal to pressure p,, and that Cp, = gR, find the temperature after
expansion, T5. Is it possible to calculate volumes V; and Vj; at the beginning and end of the
expansion?

Solution
We rewrite equation (4.27) to the form

Wvol = n(Cpm - R) (T2 - Tl) )
compare it with (4.28)

nRT: nRT;
n(Cym — R)(T, — T1) = —py ( ? _ 1)
b2 P1
and after rearrangement we obtain
R _
T, =T, <1+—u> — 192K
Cpm Y4l

The volumes cannot be determined from the specification because we do not know the
amount of substance of the expanding gas.
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Figure 4.1: The Carnot cycle in variables p — V;,. The curves a and c¢ are the isotherms [T%]
and [ T], curves b and d are adiabats.

4.3 Heat engines

A heat engine is a device that cyclically converts heat into work. According to the Second
Law of thermodynamics, this conversion cannot be complete [see 3.1.3]. In the strict sense
of the word, a heat engine means a device that cyclically receives heat Q5 (Q2 > 0) from the
warmer reservoir of temperature 715. It converts part of it into work Wyone = —W, which it
supplies to the surroundings. At the same time it supplies heat Qsuppliea = —Q1 (@1 < 0)
to the cooler reservoir of temperature 77, and returns to the initial state. During this
cyclic process, the change of internal energy is zero, and consequently we have

Qi+W+Q2=0.

Example
A heat engine received 600 J of heat from the warmer reservoir, supplied 500 J of heat to the
cooler reservoir, and returned to the initial state. Ascertain the work performed by the engine.

Solution
It follows from the specification that @); = 600 J, Q; = —500 J, Q@ = @, + Q> = 100 J.
Since the system returned to its original state, AU = 0. From equation (4.13) we thus have

W=-Q=-100J.

The work performed by the engine is Wyope = —W = —(—100J) = +100J.

4.3.1 The Carnot heat engine

Let the temperature of the warmer reservoir be T, and that of the cooler reservoir be T7.
One cycle is comprised of four partial reversible processes:

(a) isothermal expansion at temperature T5

(b) adiabatic expansion from temperature 75 to temperature 73

(c) isothermal compression at temperature 7T}

(d) adiabatic compression from temperature 7 to the initial point.

Figure 4.1 shows a diagram of the Carnot cycle in the pressure—molar volume coordi-
nates, Figure 4.2 shows it in the temperature—molar entropy coordinates. The Carnot
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Sm

Figure 4.2: The Carnot cycle in variables T' — S;,. The line segments a and ¢ running parallel
to the axis Sy, are the isotherms [T3] and [T7]. The line segments b and d running parallel to
the axis T" are adiabats (all processes in the Carnot cycle are reversible, the reversible adiabats
are isentropic lines).

engine efficiency 7 is defined by the relation

_ work done W
~ heat supplied from the warmer container Qs

n (4.29)

It also holds that
=T
77 - /1'!2 -

This equation is called the Carnot formulation of the Second Law of thermodynamics.

(4.30)

Note: A reversibly operating heat engine cannot exist in practice because, among other
reasons, the processes in such an engine would progress at an infinitesimal rate.

The following inequality holds for the efficiency of two engines operating reversibly
and irreversibly between the same reservoirs:

Tlreversible engine > Tirreversible engine - (431)

This inequality is called the Clausius formulation of the Second Law of thermodynamics.

Note: The inequality (4.31) has nothing to do with mechanical losses (e.g. by friction).
It is based on the fact that irreversible work is smaller than reversible work.

Example

The Carnot heat engine received heat ()2 = 100 J from a heat reservoir of temperature T, =
600 K, performed work, delivered heat —(); to the cooler reservoir of temperature 17 = 300
K, and returned to the initial state. Calculate the engine’s efficiency, the performed work and
the supplied heat.

Solution

From relation (4.30) we have

=T
T, 600 2"

600 — 300 1

n

Using relation (4.29) we calculate the work performed by the engine

1
Waone = =W = Qo =100 x =50
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Since the initial and final state are identical, the internal energy change is
AU =0.
We substitute this result into (3.3)
0=Q+W=Q+Q:1 +W
and calculate the supplied heat
Q1 =—Qy— W =-100 — (—50) = —50J.
The Carnot engine supplied —(); = 450 J of heat to the cooler reservoir.

Example
Prove that the Carnot engine efficiency can never equal one.

Proof

It follows from relation (4.30) that n = 1 only when 77 = 0 K or 7o — oo. According to
the Third Law of thermodynamics (3.1.4), however, temperature 0 K cannot be attained. An
infinitely high temperature 75 cannot be attained, either.

4.3.2 Cooling engine

A cooling engine is a device that cyclically absorbs heat )y from the cooler reservoir of
temperature 7} and transfers it to the warmer reservoir of temperature 7;. The work W
is needed for this transfer.

The cooling engine efficiency (economy) is defined by the relation

heat taken from the cooler reservoir Q)
work needed for this heat transfer ~ W '

(4.32)
The efficiency of a reversible cooling engine operating between the temperatures 77 and
T, is always higher than that of an irreversible engine [compare with (4.31)], and it is

T, -T

B (4.33)

Example

A refrigerator is a device consisting of a cooling engine and a cooler reservoir (i.e. the space
in which foods are kept) of temperature 77. The room in which the fridge is placed represents
the warmer reservoir of temperature 75. If we neglect the losses, the work W needed for the
transfer of heat from the space of the fridge to the room equals the amount of electric energy
consumed from the electric network. If 77 = 275 K, and 75 = 300 K, assess the amount of
electric energy needed for the transfer of 1100 J of heat from the cooled space to the room.

Solution
According to (4.33), the cooling engine efficiency is:
275
=—7—=11.

P 300 — 275

We calculate the work needed for the heat transfer from (4.32)
1100
W= @ =——=100J.

B 11
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A total of 100 J of electric energy is needed to transfer 1100 J of heat.

A Heat pump is a device consisting of a cooling engine and a warmer reservoir of
temperature 75. The surroundings represent the cooler reservoir of temperature 7. A
heat pump serves for the heating of a room using heat absorbed from, e.g. a cooler stream.
Both in the case of a refrigerator and in the case of a heat pump, work is consumed on
heat transfer from the cooler to the warmer place. The difference between the two devices
rests only in the purpose to which they serve.

Example

Let us imagine a cottage whose temperature inside is 75 = 290 K, and a nearby stream of
temperature 17 = 277 K. The cottage is not adiabatically insulated from its surroundings,
and consequently the heat () has to be supplied per a time unit in order to maintain constant
temperature in the rooms. Prove that it is cheaper to heat the cottage using a heat pump
than using an electric storage heater.

Proof
When using a heat pump, the heat () supplied to the cottage equals the sum of work W and
heat Q1 supplied to the pump, Q@ = W + Q1. From this and from (4.32) and (4.33) it follows

that
- _ Q
T, 22.3°
When a heat pump is used, the electric energy needed for heating equals W. In the case of an

electric storage heater converting electric energy into heat, it equals ). In terms of electric
energy consumption, a heat pump comes 22.3x cheaper under the given conditions.

T.
W=Q"

4.3.3 Heat engine with steady flow of substance

A heat engine with a steady flow of substance is a device that exchanges shaft work Wy,
with its surroundings at the cost of the energy of the working medium flow.

From the energy balance applied to a steady state (while neglecting the potential and
kinetic energy of the current) we have

U +piVi+Wa+Q=Us+poVs. (4.34)
This relation may be written in the form
Hy — H = Q + Wa, (4.35)

which may be considered the formulation of the first law of thermodynamics for heat
engines with a steady flow of the working medium [compare with relation (3.3)].

In the event that no heat is exchanged with the surroundings (the engine works adia-
batically), the shaft work equals the loss of enthalpy in the medium passing through the
engine.

The shaft work Wy, [see 4.1.4] may be understood as volume work corrected for work
needed to drive the working medium in and out of the engine.

Note: It is important to realize the difference between the Carnot heat engine [see
4.3.1] and a heat engine with a steady flow of substance. In the Carnot engine, the
working medium is part of the engine, and this engine exchanges only heat and work
with its surroundings. In a heat engine with a steady flow of substance, the working
medium passes through the engine. A steam turbine or a petrol engine are typical
examples of the latter.
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Example

Water steam of temperature £; = 500°C and pressure p; = 10 MPa flows into a steam turbine
converting shaft work into electric energy. For this temperature and pressure, the following
values of molar enthalpy and molar volume can be found in tables: H,,; = 60705 J/mol, V,;
= 0.6039 dm3/mo|. After leaving the steam turbine, the steam has a temperature £, = 160°C
and pressure p, = 0.5 MPa (H,, = 49800 J/mol, V;,» = 7.056 dm?3/mol). What amount of
electric energy can be obtained from one mole of steam provided that the turbine operates
adiabatically? How much is accounted for by volume work? Why cannot volume work be fully
converted into electric energy?

Solution
From equation (4.35) and from the assumption that the process is adiabatic it follows that

Wan = AH = 49800 — 60705 = —10905 J.

The obtained electric energy is —Wg,= 10905 J.
We calculate the volume work from (4.12)

Wiol = Wan + p1Vi — paVo = —10905 + 7.056 x 500 — 0.6039 x 10000 = —13416 J.

The volume work W, = —13416 J cannot be used to the full to generate electric energy.
Part of this work, 13416 — 10905 = 2511 J, is consumed on pushing water steam through
the turbine.

4.3.4 The Joule-Thomson effect

When a fluid passes through a barrier that offers resistance to it (e.g. porous glass or a
throttle), a change in temperature and pressure occurs in the fluid. This fact is called
the Joule-Thomson effect. If the fluid passing through the barrier does not exchange heat
with the surroundings, the transfer through the barrier is an isenthalpic process

H(Ty,p1) = H(T2, p2) (4.36)

where the subscripts ; and 5 indicate the state of the system before and after the barrier.
- T

The ratio of the temperature and pressure difference, L , 1s called the integral
P2 — D1

Joule-Thomson coefficient.

Note: There is a connection between an engine with a steady flow of substance and
the Joule-Thomson phenomenon. If an engine with a steady flow operates adiabatically
and does not exchange any shaft work with its surroundings, equation (4.35) rearranges
to (4.36), i.e. the Joule-Thomson effect occurs.

4.3.5 The Joule-Thomson coefficient

The differential Joule-Thomson coefficient, pu;r, is defined by the relation

.. -1y (0T
Hr = ”ll—%l p2—Dp1 (%)H ’ (4.37)

Main unit: K Pa™'.
It follows from relation (4.36) that H = H (T, p) = const. From this and from equations
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(%),

pyr = ——~—4L (4.38)
<8H>p

(3.27) and (3.28) we get

T

Substituting for the partial derivatives from (3.56) and (3.57) leads us to the relations
which are used for the calculation of the Joule-Thomson coefficient from the equations of

state av
TZ=] =
(5) -

Cp

MHiT = (439)

Example
Derive the relation for the Joule-Thomson coefficient as a function of temperature and molar
volume for an ideal gas and for a gas obeying the van der Waals equation of state (2.23).

Solution
From the equation of state of an ideal gas we obtain

vy _nR_V
oT p_ p T

By substituting into (4.39) we can see that pyr = 0.
From the van der Waals equation we obtain (see the example in 3.3.1)

R
(3_‘/) - s
- RT a
or), o7 T 273

and substitute into (4.39)

_ 3
o Wy — Voo Vi 2a(Vin — b)> — RTHV2

Com " Cym RTV3E —2a(Ve — b)?

HyT =

4.3.6 Inversion temperature

From the definition of the Joule-Thomson coefficient (4.37) it follows that a fluid passing
through a barrier cools on expansion when pyr > 0, and heats up when pyr < 0.

P2 < P1 and Myt > 0 — Ty < Ty [H] , (440)
P2 < P1 and mit < 0 — T2 > Tl [H] . (441)

The temperature at which uyr = 0 at a given pressure is called the inversion temper-
ature, 7},,. The dependence of the inversion temperature on pressure is schematically
drawn in Figure 4.3.

Example
From the van der Waals equation derive the relation for the inversion temperature at zero
pressure.
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7

p

Figure 4.3: Dependence of the inversion temperature on pressure. The Joule-Thomson coeffi-
cient is positive inside the curve delimiting this dependence and negative outside this boundary.
T? is the inversion temperature at zero pressure. C is the critical point. The weak line end-
ing in the critical point is the dependence of the saturated vapour pressure on temperature.
The pressure corresponding to the point F is the highest pressure at which the Joule-Thomson
coeflicient can be positive

Solution
We proceed from the formula used in the preceding example for uyr of a van der Waals gas.
For pyr = 0, the numerator in the formula is zero

RTbHV? —2a(Viu —b)2 =0

CZ—7inv:2_a Vm_b 2-
Rb Vn

and

At zero pressure is V,, = 0o, and hence

. . .2 (Vm—b\" 2
}jl_r)%ﬂnv—vilinooﬂnv_vilinoom< Vm ) _ﬁa [p—O]

Example

Using the relation following from the van der Waals equation, estimate the inversion tempera-
ture at zero pressure for several common gases given that you know the critical temperatures
of the gases. Which gases cool and which heat up during isenthalpic expansion at room tem-
peratures and low pressures?

Data: helium, 7, = 5.3 K; hydrogen, T, = 33.2 K; nitrogen, 7. = 126.3 K; oxygen, T.=
154.6 K; carbon dioxide, T, = 304.2 K.

Solution
The constants a, b of the van der Waals equation can be estimated using the critical temper-
ature and pressure from relations (2.24). By substituting these relations into the equation for
the inversion temperature from the preceding example, we get

2 27

ﬂnv:—:_Tca = .
= 1 [p=0]
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The estimated inversion temperatures are as follows (experimental values are given in brackets):
helium, 35.8 K (40 K); hydrogen, 176 K (202 K); nitrogen, 852 K (621 K); oxygen, 1043 K
(764 K); carbon dioxide, 2053 K (1500 K).

It follows from Figure 4.4 that at low pressures and temperatures lower than the inversion
temperature, pyr > 0 and gases cool on expansion. At room temperatures, 7" ~ 300 K,
nitrogen, oxygen and carbon dioxide cool on expansion at constant enthalpy while hydrogen
and helium heat up.



Chapter 5

Thermochemistry

Thermochemistry in a strict sense of the word means that part of thermodynamics which
deals with heat released during chemical reactions, or heat that has to be supplied in
order for a reaction to take place. In a broader sense of the word, thermochemistry deals
with the changes in thermodynamic quantities of chemically reacting systems.

We will write the general chemical reaction either in the form

aA+bB+---=rR+sS5+---, (5.1)

where a, b, ..., r, s, ...represent the stoichiometric coefficients while the capital letters
indicate the reactants, or in a more compact form

0=>Y uR;, (5.2)
=1

where v; is the stoichiometric coefficient of substance R; and n is the number of substances
participating in the reaction. Note that when we use the form (5.2), the v; values are
positive for the products and negative for the reactants (initial substances).

Example
Write the neutralization of sulphuric acid by sodium hydroxide in the form of equation (5.1),
and in that of equation (5.2).

Solution

2NaOH + HQSO4 = NaQSO4 +2 HQO

and
0= NaQSO4 +2 Hzo — 2NaOH — HQSO4

5.1 Heat of reaction and thermodynamic quantities
of reaction

Definition

The heat of reaction @), of the reaction (5.1) is the heat exchanged between a system and its

surroundings and needed for the reaction of a units of a pure substance A, b units of a pure
substance B, ... to form r units of a pure substance R, s units of a pure substance S, ... at

78
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constant temperature. The unit can be a molecule, mol or kmol. When a moles of substance
A react with b moles of substance B. .., the heat of reaction is related to one mole.

Note: Sometimes we may encounter the terms heat of neutralization, heat of combus-
tion, heat of hydrogenation, etc. All these heats represent special cases of the heat of
reaction, and their names only specify the type of chemical reaction taking place.

An exothermic reaction is such during which @, < 0 (heat is evolved).
An endothermic reaction is such during which @, > 0 (heat is absorbed).

If a reaction proceeds at constant pressure and no other but volume work is performed,
the heat of reaction is equal to the reaction enthalpy, i.e. to the difference between the
enthalpies of the products and reactants

Qr = ArH: Z Hi_ Z Hz
i=R, S, i=A,B,

= THm,R + SHm,S +e = aHm,A - me,B -t = Z ViHIni 3 [T: p] 3 (53)

=1

where H,,; is the molar enthalpy of a pure substance i. If a reaction proceeds at constant
volume and no work is performed, the heat of reaction is equal to the internal energy of
reaction, i.e. to the difference between the internal energies of the products and reactants

Qr = ArU: Z Ui_ Z Uz
i=R,S,--- i=A,B,

= rUnpr+ SUns+ -+ —aUma —bUnp —---=> viUni, [T,V]. (5.4)

i=1

Other thermodynamic quantities of reaction, e.g. the reaction entropy A,S or the
reaction Gibbs energy A,G, are defined similarly as the reaction enthalpy and the
reaction internal energy.

Note: Note that the heat of reaction and thermodynamic quantities of reaction are
defined for an idealized process with both reactants and products in their respective
standard states (as pure substances). The changes in thermodynamic quantities caused
by the mixing of substances are not considered here.

5.1.1 Linear combination of chemical reactions

If we multiply all stoichiometric coefficients of the general reaction
aiA+bB+---=r R+sS+--- (5.5)
by an arbitrary number «, and the stoichiometric coefficients of the reaction
ag A +bB+---=raR+s5S+--- (5.6)
by an arbitrary number 3, and add these two reactions, we obtain the reaction
(aay + Bag) A+ (aby + fbo) B+ - - = (ary + Bra) R+ (as1 + fs2) S, (5.7)

which is called the linear combination of reactions (5.5) and (5.6). The linear com-
bination of a greater number of chemical reactions is defined in a similar way.
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Example
The chemical reaction
CH; + CO, =2CO +2H,4 (5.8)

is the linear combination of the reactions

1
C+50, = CO, (5.10)
C+0, = CO,. (5.11)

We obtain equation (5.8) by subtracting equations (5.9) and (5.11) from twice equation (5.10).

5.1.2 Hess’s law

If a chemical reaction R is a linear combination of reactions R;, Ry, ..., its reaction
enthalpy is the same linear combination of the reaction enthalpies of the reactions R, R»,

Note: Hess’s law is a consequence of the fact that enthalpy is a state function. An
analogy of Hess’s law also holds for other thermodynamic quantities of reaction, e.g.
the reaction entropy or the Gibbs energy.

Example

At temperature T = 298 K and pressure p = 101.325 kPa, the reaction enthalpy of the
reaction (5.9) equals —74.852 kJ/mol, that of the reaction (5.10) equals —110.529 kJ/mol,
and that of the reaction (5.11) equals —393.522 kJ/mol. Calculate the reaction enthalpy of
the reaction (5.8).

Solution
Based on the result of the preceding example, the reaction enthalpy is

2 x (—110.529) + (—1) x (—74.852) + (—1) x (—393.522) = 247.316 kJmol~".

5.2 Standard reaction enthalpy A, H°

Definition
The standard reaction enthalpy is the reaction heat of a chemical reaction that proceeds at
constant temperature T (it must be stated) and standard pressure p** = 101.325 kPa.

Note: A less accurate term standard heat of reaction is often used for the standard
reaction enthalpy in the same meaning.
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5.2.1 Standard enthalpy of formation A¢H°

Definition: The standard enthalpy of formation is the standard reaction enthalpy of
a reaction during which one mole of a given substance is formed from elements. The
elements are assumed to enter the reaction in those phases which are the most stable at a
given temperature and standard pressure; if the elements are gaseous, they are considered
in their most stable molecular forms in the state of an ideal gas.

Note: At common temperatures, carbon exists in the crystalline modification of
graphite and not diamond; hydrogen, nitrogen and oxygen exist in the form of two-atom
molecules Hy, Ng, Oo.

Example

The standard reaction enthalpy of the reaction (5.9) is the standard enthalpy of formation of
methane, the standard reaction enthalpy of the reaction (5.10) is the standard enthalpy of
formation of carbon monoxide.

In consequence of Hess’s law, the standard reaction enthalpy of every chemical reaction
equals the difference between the standard enthalpies of formation of its products and
reactants multiplied by the respective stoichiometric coefficients. For the general reaction
(5.1) we thus have

AH® = rAfHg +sAfHS+ -+ —aA¢Hy —bAfHp — ---
= > v A¢H; (5.12)

1=1

Note: It follows from the definition that the standard enthalpy of formation of elements
in their most stable phases and molecular forms are zero.

5.2.2 Standard enthalpy of combustion A H°

Definition: The standard enthalpy of combustion is the standard reaction enthalpy of a
reaction during which one mole of a substance reacts with oxygen while producing defined
waste products of the reaction.
Note: If a substance contains elements C, H, N, Cl, S, the defined waste products are
gaseous COy, Ny, HCI, SO,, and water in their most stable state at a given temperature,
i.e. either gaseous or liquid.

If we know the enthalpies of combustion of all substances present in the general reaction
(5.1), then for the reaction enthalpy of this reaction we write

AH® = aAHR +bAH,+ -+ —1AHy —sAHS — ---
= —> v AH. (5.13)

i=1
This equation is the consequence of Hess’s law [compare with equation (5.12)].

Example
The reaction enthalpy of the reaction (5.11) is the standard enthalpy of combustion of carbon,
the reaction enthalpy of the reaction (5.10) is not.

Note: The term heating value is often used in practice, indicating the change in
enthalpy during the combustion of a defined amount of fuel to gaseous (water, carbon
dioxide, ...) and solid products (ash).
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Example
Calculate the standard reaction enthalpy of combustion of methane using the equation

CH4 + 2 02 = C02 + 2 HQO(g)

at temperature 298.15 K and p** = 101.325 kPa. Is this reaction enthalpy the standard enthalpy
of combustion of methane? Data: At 7' = 298.15 K and p = 101.325 kPa, A{H°(H20(yg)) =
—241.827 kJ/mol, AfH°(COs) = —393.522 kJ/mol, AfH°(CH,) = —74.852 kJ/mol. The
enthalpy of formation of molecular oxygen is zero.

Solution
Based on equation (5.12) we have

ArHO = AfHO(COQ) + 2AfHO(H20(g)) — AfHO(CH4) — QAfHO(OQ)
393.522 + 2 x (—242.827) — (—74.852) — 2 x 0 = —802.324 kJ /mol

In this case the reaction enthalpy is not the standard enthalpy of combustion. In the above
chemical reaction water is in the gaseous state, but the most stable state of water at the given
temperature and pressure is liquid.

5.3 Kirchhoff’s law—dependence of the reaction
enthalpy on temperature

For the derivative of the reaction enthalpy with respect to the temperature of the general
reaction (5.1) we have

0N H
(1) a6, .10
where
AC, =1 Cpm(R) + sCym(S) + -+ —aCpm(A) = bCpm(B) — -+ =D 13Cpmi.  (5.15)
=1

Equation (5.14) follows from the definition of the reaction enthalpy (5.3) and from the
definition of the isobaric heat capacity (3.18). By integrating (5.14) from temperature T}
to T, we obtain

AH(Ty) = AH(T) + /T " AC,dT, [l (5.16)

This relation is called Kirchhoff’s law. It allows us to convert reaction enthalpies from one
temperature to another if we know the dependence of the heat capacities of substances
on temperature.

Note: A.H(T,) is the reaction enthalpy of a reaction that took place at temperature
T3, i.e. both the reactants and products have the same temperature 75.

Example

Based on the result of the preceding example and the data on the molar isobaric heat capacities
of substances, calculate the enthalpy of combustion of methane at temperature 1500 K. How
will the enthalpy of combustion change if we use air (approximately 20 mole percent O,
80 mole percent Ny) instead of oxygen for methane combustion? Data: C,,(CO2) = 51.0
J/mol, Cpm(H20(g)) = 39.8 J/mol, Cpm(CHy) = 66.9 J/mol, Cpn(02) = 33.7 J/mol,
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qg=AH

A(Ty) \
Reactor
Treaction
B(Tp) /

Figure 5.1: The enthalpy balance of a system in which the chemical reaction A + B = products
takes place. Substances A and B enter the reactor at temperatures T4 and T, the products
leave the reactor at temperature Tproq. The temperature in the reactor is Treaction- AH is the
enthalpy (heat) exchanged between the reactor and its surroundings.

Tprod

Cpm(N2) = 34.8 J/mol.

Solution

From the result of the preceding example we know that the enthalpy of combustion of methane
(while gaseous water originates) at 7' = 298.15 K is —802.324 kJ/mol. We use equation (5.16)
for conversion to temperature 1500 K:

1500
AH®(T = 1500K) = AH°(T = 298.15K) + AC,dT,

298.15

where

AC’p - Cpm(COQ) + 2Cpm(H2o) - Cpm(CH4) - 2Cpm(o2)
= 51.04+2x39.8—66.9—2x 33.7=-3.7J/mol.

By substituting into the preceding equation and integrating we obtain
A H°(T = 1500K) = —802 324 — 3.7 x (1500 — 298.15) = —806 771 Jmol 1.

It follows from the reaction enthalpy definition that the enthalpy of combustion does not
depend on whether the burning is driven by oxygen or air.

5.4 Enthalpy balances

Let the reaction (5.1) take place in a reactor. Substance A enters the reactor at tem-

perature T4, substance B at temperature T ... and the products exit the reactor at

temperature T},;0q; the reaction itself proceeds at temperature Treaction, See Figure 5.1.
The change in enthalpy AH needed for this process to take place is

Treaction Treaction

AH = / a Cypm(A) dT + b Copm(B) dT + ---

Ta Tp
+ArH (Treaction)

Tprod Tprod
+/ r Cyom(R) dT + 5 Cypm(S)dT + -+
T,

reaction Treaction

Toro Toro
= AH(T)+ [ * 1 Cpm(R) AT + [ Y $Cpn(S)dT - --
Ta

[ el AT = [ T bCmB)Y AT = -, [, (5.17)

T1 Tl
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where T} is the temperature (most often 298.15 K) at which we know the reaction enthalpy
of the given reaction. The first equation can be verbally interpreted as follows: the first
member on the right side is the enthalpy needed for the heating of the initial substance
A from temperature T4 to the temperature of the reaction Tyeaction, the second member
is the enthalpy needed for the heating of substance B, the third member is the enthalpy
supplied to the system by the reaction at temperature T eaction, and the other members
are the enthalpies needed for the heating of the products from temperature Tieaction tO
temperature T,0q at the exit from the reaction.

Note: Equation (5.17) does not represent the most general enthalpy balance of a system
in which a chemical reaction occurs. We might consider cases in which the products exit
the reactor at different temperatures, when the reaction does not proceed quantitatively,
when the reactants are not in a stoichiometric ratio, or when an inert substance is
present in the reacting mixture. Generalization of equation (5.17) to these cases is
quite easy.

If the reaction proceeds at constant volume of the system, we balance the internal
energy instead of enthalpy. In the balance equation (5.17) we substitute A,H with the
reaction internal energy AU, and the isobaric heat capacities C},, with the isochoric ca-
pacities Cly .

5.4.1 Adiabatic temperature of reaction

If we prevent a system in which a chemical reaction occurs from exchanging heat with its
surroundings, we speak about an adiabatic course of the reaction. In such a case we write
[compare with (5.17)]

Tprod

Tpro
0 = ArH(Tl)-i—/T " Cpm(R) AT + [ 5 Cy(8)dT -

Ta Tp
— [T ac,m(a) dT—/ bCpm(B)AT — -, [p], (5.18)
T1 Tl

with the unknown temperature 7,4 termed the adiabatic temperature of reaction.
The term adiabatic temperature of reaction is usually applied to exothermic reactions.
Equation (5.18) may then be interpreted as follows: the amount of heat contained in
the reactants and the reaction heat of the reaction are used to heat the products to the
adiabatic temperature of reaction.

Note: In the enthalpy balance (5.18) it is assumed that the chemical reaction proceeds
quantitatively, and that no inert substances (i.e. substances which do not participate
in the reaction) are present in the system. If it is not so, members corresponding to the
heating of those reactants that do not react during the reaction and of inert substances
have to be added to the equation.

The theoretical flame temperature is the adiabatic temperature of reaction during
burning. The real mean flame temperature is lower than the theoretical temperature due
to losses.

Example

Calculate the theoretical flame temperature of methane burnt by air when the air is in a 50
percent surplus. For convenience, suppose that the air is composed of oxygen (zo, = 0.2)
and nitrogen (zy, = 0.8). Gases enter the reaction at temperature 298.15 K. The reaction
proceeds at constant pressure 101.325 kPa. Use data from the examples in 5.3 and 5.2.2 for
the calculation.
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Solution

We need 2 mol O5 to burn 1 mol CH,4. Since the air is in a 50 percent surplus, it enters the
reaction with three moles of oxygen. Given that the amount of nitrogen in air is four-times
higher (zn, /70, = 0.8/0.2 = 4), a total of 4 x 3 = 12 mol N is present in the system during
combustion. The whole process can be formally described using an equation in the form

CHy +302 4+ 12Ny = CO2 +2H,0 + 02 + 12N,

whose right side lists not only the products of the chemical reaction, water and carbon dioxide,
but also excess oxygen and (theoretically inert) nitrogen contained in the air. We use the result
from the example in 5.2.2, A H(T = 298.15K) = —802 324 J, and apply equation (5.18) to
obtain

Tpro
0 = —802324+ / * [Chm(CO2) + 2Cm(H20) + Cpun(02) + 12C,m(Ny)] dT°
298.15
= 802324+ 581.9 X (Throq — 298.15) = Tproa = 1676.9K.



Chapter 6

Thermodynamics of homogeneous
mixtures

While Chapter 3 presented basic thermodynamic definitions and relations concerning pure
substances and mixtures with fixed composition, this chapter presents relations specific
for mixtures of variable composition.

6.1 Ideal mixtures

The simplest model used for the description of thermodynamic properties of mixtures is
an ideal mixture which is defined in the following section.

6.1.1 General ideal mixture

The mixtures which obey Amagat’s law [see 2.4.2] at all temperatures and pressures, i.e.
the mixtures for which we have

k
V=) nVsa,, (6.1)
=1

are called ideal mixtures. V3 ; in this relation represent the volumes of pure components
in the same phase as the mixture at the temperature and pressure of the system, and the
sum extends over all components of the system.

Note: We will use the terms ideal mixture and ideal solution as synonymous.

The molar thermodynamic quantities of an ideal mixture are given by the following
relations:

k

Vinjdmix = Vi, (6.2)
i=1
k

Hm,id.mix = inH;n,i: (63)
i=1
k

Um,id.mix = inUI:l,ia (64)
i=1
k

CVm,id.mix = Zfb"ic\'/m,i, (6-5)
i=1

86
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Cpm,id.mix = Z 331 pm i (66)
k
Smid.mix = Z TSy, — R Z z;Inz;, (6.7)
i—1 i=1
k k
Gmjd.mix = Z 2;Gr;+ RTY xilna;, (6.8)
' i=1
Fm,id.mix = Z .’131 + RT Z Z; In Z; . (69)
=1

6.1.2 Ideal mixture of ideal gases

A special case of an ideal mixture is an ideal mixture of gases with all its components
obeying the equation of state of an ideal gas. Equation (6.2) then rearranges to

Vin = RT . (6.10)
p
When calculating the molar thermodynamic quantities of an ideal mixture of ideal
gases, we proceed either from the properties of the gas at the temperature and pressure
of the system, in which case equations (6.3) to (6.9) apply, or, more often, from the
properties of the gas at the temperature of the system and standard pressure, in which
case we have

Hyjd mix = Zl"z m,i ) (6.11)

Un,jid. mix = Zﬂfz m,i ) (6.12)
k

Cymjdmix = D& iCvmi » (6.13)
i=1
k

Cpm,id.mix = Z pmzﬁ (614)
k

Smid.mix = Z —Rln——RZx,lan, (6.15)
= =1
k

Gm,id.mix = sz +RT1n—+RTZ:rzlan, (6.16)
6= =1

Frjamix = Y ol +RTln——|—RTZ:vllnx, (6.17)

=1

Example

If the molar quantities in equations (6.3) to (6.9) and (6.11) to (6.17) are the molar quantities
of an ideal mixture of ideal gases for a given temperature, pressure and composition, then
both sets of equations must lead to the same result. Prove that the difference in their form is
caused by conversion from different standard states.

Solution
Since the enthalpy and internal energy of an ideal gas are functions of temperature only [see
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3.5.3, 3.5.2], we have

H -(T,p) = Hril,i(T’pSt)a

m,i

Umi(T,p) = Uri,,i(T,pSt),.
The entropy of an ideal gas depends on pressure and for its conversion we write [see 3.5.4]
o o p
Sm,i(Ta p) - Sm’i(T, pSt) — RlIn E .

From the definitions (3.12) and (3.14) we obtain conversion for F' and G.

6.2 Integral quantities

The assumption of an ideal mixture (6.1) does not apply to most common mixtures.
Consequently, we use mixing, excess or solution (differential or integral) quantities to
describe changes in thermodynamic quantities during mixing.

6.2.1 Mixing quantities

A change in the molar thermodynamic quantity Y;,, which accompanies the formation of
a mixture from pure substances in the same phase at constant temperature and pressure,
is termed the molar mixing quantity

k
AYM =Y, = a4y, (6.18)
=1

For an ideal mixture [see 6.1] we get

AVM = 0, (6.19)
AHM = 0, (6.20)
AUM = 0, (6.21)
ACY = 0, (6.22)
ACY = 0, (6.23)
k
ASM = —RY z;lnuz, (6.24)
=1
k
AGM = RTY z;lnz;, (6.25)
=1
k
AFM™ = RT) z;lnz;. (6.26)
=1

Example

A mixture containing 40 mole percent acetone(1) and 60 mole percent benzene(2) has a
molar volume V;, = 83.179cm?® mol~! at temperature 25°C and normal pressure. Calculate
the mixing volume of this mixture if the molar volumes of the pure substances are V,,; =
73.936 cm® mol ™! and V2 = 89.412cm® mol~".
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Solution
Substituting for volume into (6.18) gives
AVM =83.179 — 0.4 x 73.936 — 0.6 x 89.412 = —0.0426 cm® mol~.

Note: Note that although the values of the enthalpy, internal energy, Helmholtz en-
ergy and Gibbs energy of a mixture cannot be determined absolutely, it is possible to
determine absolutely their mixing quantities.

6.2.2 Excess quantities

In addition to mixing quantities, excess quantities are also used. In this case the
properties a mixture are related to the properties of an ideal mixture [see 6.1]. The molar
excess quantities are defined by the relation

AYE = Ym - Ym,id.mixa (627)

where Y, 4. mix is the corresponding molar thermodynamic quantity determined based on
the relation valid for an ideal mixture, (6.2) to (6.9).
The following relations apply between mixing and excess quantities:

AVE = AVM, (6.28)
AH® = AHM, (6.29)
AU® = AUM, (6.30)
ACy = ACY, (6.31)
E M
ACE = ACM, (6.32)
k
AS® = ASM+ R z;lna;, (6.33)
=1
k
AG® = AGM-RT) z;Inz;, (6.34)
i=1
k
AF® = AFM-RT> z;Inz;. (6.35)
=1
6.2.3 Heat of solution (integral)
The heat of solution is defined by the relation
Nai=2 [T, (6.36)

K3

where () is the heat exchanged with the surroundings, which accompanies the solution of
n; moles of a substance 7 in ng,, moles of a solvent at specified temperature and pressure.
Note: The heat of solution defined in this way is sometimes termed the integral heat

of solution in order to prevent confusion with the differential heat of solution of a
component [see 6.3.5].

AgoH; depends on temperature 7', pressure p, and on the composition of the resulting
mixture.

Dependence of the integral heat of solution on composition can be expressed in two
ways:
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a) using a relative amount of solvent

n
Npe) = —2 (6.37)
n;
in which case the heat of solution Ay, H; is defined as the amount of heat accom-
panying solution of 1 mole of a substance in n,; moles of a solvent;
b) using molality m; of the dissolved substance in the resulting mixture.

Example

During the dissolution of 0.2 mol NHj3(g) in 54.045 g H,O(¢) at 25°C and pressure 101.325
kPa, it was found out that a heat of 6870 J passed to the surroundings. Calculate the heat
of solution of ammonia and 7.

Solution
It follows from the specification that ) = —6870 J. Substituting into (6.36) gives

—6870
0.2

Ao H; = = —34530 Jmol~.

The relative amount of solvent according to (6.37) is

54.045/18.015

15.
0.2 >

Nrel =

Calculation of the enthalpy of a binary mixture using the heat of solution.
If we denote the solvent with the subscript 1 and the solute with the subscript 2, we get

H = npqHpyy + HE , + Ay Ha, (6.38)

where H is the enthalpy of the mixture and HE,Q is the molar enthalpy of a pure substance
2.

@ Symbols: The superscript © indicates a pure substance which may be in a different phase
than that of the mixture before solution at a given temperature and pressure.

Relations between the heat of solution and the enthalpy of mixing for a
binary mixture

Given that a pure substance 2 is in the same phase as the mixture, i.e. HE,Q =H?,, it

m,2’
holds
Agol H
AHM = AHE = e (6.39)
Nrel + 1
AHM
ASOIHQ == . (640)
T2
Example

If we mix 4.607 g (= 0.1 mol) of ethanol with 88.273 g (= 4.9 mol) of water at temperature
25°C and pressure 101.325 kPa, a heat of 980 J will pass to the surroundings. Calculate the
heat of solution of ethanol and the enthalpy of mixing.
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Solution
Substituting into (6.36) and (6.39) gives

—980
AsolI_Iethanol 0—1 = _9800J mol’l .
—9800
AHM = = 196 Jmol~".
49/01+1 meo

Note: Ttis important to point out that the enthalpy of mixing AHM relates to one mole
of a mixture while the heat of solution relates to one mole of a solute.

6.3 Differential quantities
Instead of integral quantities describing a mixture as a whole, we may also use differential

quantities which describe its individual components.

6.3.1 Partial molar quantities

Partial molar quantities are most often used for a general description of the behaviour
of individual components of a mixture. For any extensive thermodynamic quantity Y,
the partial molar quantity is defined using the relation

Y, = <8Y> : (6.41)
ani T,pnjzi

Note: According to this definition, partial molar quantities are related to one mole of
i*h component, but we leave out the subscript ,, for the sake of simplicity.

6.3.2 Properties of partial molar quantities
Relations between system and partial molar quantities

For a k—component mixture we have:

k k
V=) z;Y; resp. Y => nY;. (6.42)
i=1 i=1
The Gibbs-Duhem equation
f _
aY; .
in< ) =0 j=12,...,k—1. (6.43)
i=1 arj T\p,Tpt;

Note: This relation represents a thermodynamic link between partial molar quantities;
it may be used to test the consistency of the measured partial molar data or to calculate
one partial molar quantity provided that we know the others.
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Relations between partial molar quantities

The relations between partial molar quantities are analogous to those applying between
system quantities, e.g.

+p
-T

(6.44)
(6.45)

Ql
I
| =

|
& S
=

Example

For a certain substance at temperature 400 K and pressure 10 MPa we have V; = 280cm? mol~!, H; =
—1000 Jmol~!, S; = 250 Jmol~! K—1. Using this data calculate the partial molar internal en-

ergy and the partial molar Gibbs energy.

Solution
Substituting into (6.44) and (6.45) gives

| =

; — pVi = —1000 — 10 x 280 = —3800 J mol*,
; —T'S; = —1000 — 400 x 250 = —101000 J mol~* .

IR
s

Partial molar quantities of an ideal mixture

From relations (6.2) to (6.9) we obtain

Viiamx = Vi (6.46)
Hisamix = Hy,, (6.47)
Uijdmix = Um,i s (6.48)
Sijdmix = Sm;— RInz;, (6.49)
Gijdmix = Gp;+ RTInz;, (6.50)
Fiidmix = Fh,+RTInw;. (6.51)

6.3.3 Determination of partial molar quantities

While determining the partial molar quantities of a real mixture we proceed from

e Respective system quantities by applying the definition relation (6.41).

e Dependence of molar quantities Y, on the mole fraction.
In this case we have the following relations for the partial molar quantities Y; and
Y, in a binary system

0Ym

— — 0Ym
Yl = Ym + Zo (67) . YQ = Ym — I <87> . (652)
1) 1p L/ 1p

Note: Figure 6.1 shows why the graphical version of this method is called the method
of intercepts.
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Vin B
Vi
Vi
Vs
2 N
V= f(331) id.mix
T

Figure 6.1: Graphical determination of the partial molar volume using the method of intercepts.
The thick curve describes the dependence of the molar volume V;, on the mole fraction z; of
component 1. The intercepts cut out by the tangent to this curve on the vertical lines for z;
= 0 and £, = 1 determine the partial molar volumes of components V and Vi. V%, and V3,
are the volumes of pure substances 1 and 2. The line segment connecting them describes the
dependence of the molar volume of an ideal mixture on the mole fraction.

e Dependence of excess quantities on the mole fraction
In this case we have for a binary mixture

_ — OAYE
Vi = YVidmix+AY" + 1, ( ) (6.53)
6361 Tp
- — OAYE
Yy = Yoidmix+AY" — 2y (6.54)
’ 8331 Tp

and Y iq. mix are defined by relations (6.46) to (6.51).

Example
Dependence of the molar volume of a mixture of acetone and benzene on composition at
temperature 25°C is expressed by the equation

Vin = 73.936 71 + 89.412(1 — 11) — 0.272z; (1 — x1) cm® mol ™1,

where z1 is the mole fraction of acetone. Calculate the partial molar volumes of both compo-
nents at this temperature and z; = 0.4.

Solution
For z; = 0.4 we have

Vi = 0.4x73.936+ 0.6 x 89.412 — 0.4 x 0.6 x 0.272 = 83.156 cm®mol ! |
Vi
(aT) — 73.936 — 89.412 — 0.272 x (1 — 2 x 0.4) = —15.530 cm?® mol~"
1

We substitute into (6.52) V; = 83.156 4 0.6 x (—15.530) = 73.838 cm® mol~',
Vy = 89.368 cm3 mol L.
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6.3.4 Excess partial molar quantities
For real mixtures we sometimes use excess partial molar quantities:
_E J— J—
Y, =Y, —Y,id mix- (6.55)

In an ideal mixture, all quantities ?;E thus equal zero while in real mixtures their value

expresses the degree of non-ideal behaviour of the mixture. We obtain relations for 7?
from those for partial molar quantities using equation (6.41) by substituting relations
(6.46) to (6.51).

Example
Prove that the excess partial molar Gibbs energy @;E is a partial molar quantity derived from
the excess Gibbs energy AGE.

Solution
We proceed from the definition relation (6.27)

AGF = Gu— Guid.mix =

k k k
= széz — ZxZG;n,z — .RT’Z.’E2 lnxi =
i=1 =1

i=1

k
= sz(éz — G:n,z — RI'In .I'Z) =
i=1

ko _E
i=1
By multiplying n on both sides and subsequent differentiation we obtain

G;E _ <3naAGE> |
N Tpnjzi

which is the definition relation for partial molar quantities [see (6.41)].

6.3.5 Differential heat of solution and dilution

If we denote the solvent in a k—component mixture as component 1, we can define
e the differential heat of solution of solute ¢ (i >1) using the relation

H =H; - HS,. (6.56)
Note: If a pure solute is in the same phase as the mixture, i.e. Hﬁi = Hy,;, the
differential heat of solution of the substance equals its excess partial molar enthalpy

T
e the differential heat of dilution, which is a term used for the excess partial
molar enthalpy of a solvent, using the relation

H =H, —H,,. (6.57)

Note: The differential heats of solution depend on the concentration of the solution.
During dissolving a first portion of the substance in a pure solvent, this heat is usually
termed the first differential heat of solution; during dissolving a last portion of the
substance in an almost saturated solution the corresponding heat is termed the last
differential heat of solution.
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AI{sol,Q

F;@ = Fz - Hﬁ,z

TNrel

Figure 6.2: Dependence of the integral heat of solution on the relative amount of a solvent.
The slope of the tangent shows the differential heat of dilution. The intercept on the vertical
axis equals the differential heat of solution.

e Conversions between integral and differential heats:
If we know AHM (1) or AgoHz(nse), we can derive the following relations for a
binary mixture from relations (6.36) to (6.40):

M
H = AHM g, (aAH ) =<M> , (6.58)
a','C]. Tp anrel Tp
_ AHM
H, = AHY -z, (a ) = (6.59)
8331 Tp
= Ay Hs — Ny <M> . (6.60)
anrel Tp

Note: F;E is (see the preceding example) a partial molar quantity relating to AHE.
However, for quantities defined by the first law of thermodynamics, AY? = AYM [see
6.2.2].

Relations between the integral heat of solution and the differential heats of solution
are illustrated in Figure 6.2.

Example

Dependence of the enthalpy of mixing of ethanol(1) and water(2) on composition at temper-
ature 298 K has the minimal value —783Jmol™' at z; = 0.17 (mole fraction of ethanol).
Calculate the differential heat of solution of ethanol given this composition.

Solution .
Since in the minimum (OAH™ /9z,) = 0, we obtain from relation (6.58) H, = —783 + (1 —
0.17) x (0) = —783 Jmol~1.
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6.4 Thermodynamics of an open system and the
chemical potential

6.4.1 Thermodynamic quantities in an open system

In an open system [see 1.1.3], the first law of thermodynamics does not apply. The Gibbs
equations do not apply in the form defined in 3.4.1 but in the extended form

k
dU = TdS —pdV + > wdn;, (6.61)
=1
k
dH = TdS+Vdp+ > pdn;, (6.62)
=1
k
dF = —SdT —pdV + " pdn;, (6.63)
=1
k
dG = —SdT +Vdp+ > wdn;, (6.64)

=1

where y; are the chemical potentials of the system components.

6.4.2 Chemical potential

It follows from equations (6.64) and (6.41) that the chemical potential is identical with
the partial molar Gibbs energy of the component

Wi = <2G> =G;. (6.65)
ni T,p,nj;éi

However, it also follows from equations (6.61) to (6.64) that we must have

s = <8U> _ <BH> _ <8F> ' (6.66)
on S,Vinjzi on; Sipsmjzi Ons Vi

Note: Since these relations are derivatives at constant natural variables and not at
constant temperature and pressure, they are not partial molar quantities.

e The dependence of the chemical potential on temperature is expressed by the equa-
tion

T (O,
Ts) = (L) + [ (a‘;) ar, (6.67)
1 p,n

with (Op;/0T),,, obtained by differentiating equation (3.41) with respect to n;.

O _ (9G,; =
®) () - o

e The dependence of the chemical potential on pressure is expressed by the equation

P2 [ Op;
wi(p2) = pi(p1) + 5 dp, (6.69)
2 p T,n
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(6““') :(aG“) ~V,. (6.70)
ap p,n ap Tn

@ Symbols: The subscript ,, emphasizes that this is a change at constant amounts of
substance of all components, i.e. also at constant composition.
e Dependence of the chemical potential on composition
The chemical potential is written as a sum of two terms

where

pi = p' + RT Ina;, (6.71)

of which the first, 15, the standard chemical potential® of a component [see 6.5.4]
does not depend on composition. Dependent on composition is the activity of the
i*" component in the mixture, a; [see 6.5.4] in the second term of the equation.

For the choice of the standard state [see 6.5.3] of a pure component at the tem-

perature and pressure of the system u* = p?, and we have

wi(T,p,x1,...,x5—1) = p(T,p)+ RTIna; (6.72)
fi(T,p,x1,..., Tp_1)

[ (T, p)
= u;(T,p) + RTInzyi(T,p, 21, - .., Tk-1)

= u;(T,p) + RTIn

(6.73)

where 7; is the activity coefficient of the ™" component in a k—component mixture
[see 6.5.5], and f; indicates the fugacity of the same component in the mixture.
[see 6.5.2]

6.5 Fugacity and activity

6.5.1 Fugacity

The fugacity of a pure substance was defined in section 3.2.6. For mixtures, the fugacity
of a component is defined by the relation

@z’ —_ GO ; i — GO :
.= pst Zr Tmi ) st P Mmy
fi=p" exp ( BT ) P> exp ( BT ) . (6.74)

@ Main unit: Pa.
e The dependence of fugacity on temperature is expressed by the relation

In f;(T3) = In fi(T1) + /TT (ag;f’) dr, (6.75)

I

where

(6.76)

Oln fz N F, - Hr(;l,z'
o ). RI?

1 According to the new ITUPAC recommendations, a general (unspecified) standard state is denoted as
i -
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e The dependence of fugacity on pressure is expressed by the relation

P> (Oln f;
In f;(p2) = In fi(p1) + ( anf> dp, (6.77)
P p Tn
where Slnf .
nJi Yy

I

e For an ideal mixture of ideal gases [see 6.1.2] we have

fi=pi=zip. (6.79)

In this case the fugacity of the i*" component in a mixture equals its partial pressure.
e For an ideal mixture of real fluids [see 6.1] we write

The fugacity of the i*" component in a mixture can be calculated from the fugacity

of the pure 7" component. Relation (6.80) is termed the Lewis-Randall rule.

e For a real mixture we have
Ji = ¢ixip, (6.81)
where ¢; is the fugacity coefficient [see 6.5.2]

6.5.2 Fugacity coefficient

The fugacity coefficient [see 3.2.7] of the i* component in a mixture is defined by the
relation

i = ——. (6.82)

@ Main unit: dimensionless quantity.

e The dependence of the fugacity coefficient on temperature is expressed by
the relation

In6(T3) = (i) + [ (f’g;@) ar, (6.83)

’

where

(6.84)

d1n ¢; _ _Hz’ — Ha,
a ),. RI?

’

e The dependence of the fugacity coefficient on pressure is expressed by the
relation

In ¢;(p2) = In ¢(p1) + /m (aglp¢i> dp, (6.85)
p1 T

N

01n ¢; iz 1
( 5 >Tn_RT o (6.86)

)

where
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e In the case of an ideal mixture [see 6.1], the Lewis-Randall rule applies

i.e. the fugacity coefficient does not depend on composition but only on tempera-
ture and pressure. For an ideal mixture of ideal gases [see 6.1.2] we than have

¢i=1. (6.88)

Example

Calculate the fugacity coefficient and fugacity of carbon dioxide in an equimolar mixture with
hydrogen at temperature 30 °C and pressure 1 MPa given that the following equation of state
applies to this mixture

RT
Voo = ==+ Bua} + Bt} + 2Buizs

where z; is the mole fraction of carbon dioxide and x5 is the mole fraction of hydrogen.

The second virial coefficients have the following values: B;; = —119cm®mol~!, By, =
14cm3mol™! and By = —1cm® mol~!.
Solution

We calculate the fugacity coefficient using equation (6.85), and obtain the needed partial
molar volume of carbon dioxide from the equation of state and relation (6.52).

— RT
Vi= 7 + (2B12 — Bi1 — By)z3 + By
We integrate (6.85) to obtain
p[V, 1
1 = / L _Zldp=
né1 0 [RT p]

— [(2Biy — By — Bap)a? + Byy]-L =
[(2By2 11 92)T5 + ll]RT

1

= [(=2x1+119—14) x 0.52 —119 =
[(=2x 1+ ) X I X 8314 % 303.15

= —0.026.

Hence ¢; = 0.974, and for the fugacity of carbon dioxide we have
f1=¢1pr; =0.974 x 1 x 0.5 = 0.487 MPa.

6.5.3 Standard states

To determine p5* in relation (6.71), we need to choose the standard or reference state
of a given component of a given mixture. This choice is in principle arbitrary, but the
following standard states are usually chosen for practical reasons:

e Mixtures of gases
For components in the gaseous phase, the standard state of an ideal gas at standard
pressure is used. In the case of this choice, uf® is the chemical potential of a pure
substance 7 in the state of an ideal gas at the temperature of the mixture and
standard pressure, usually p** = 101 325 Pa.



CHAPTER 6. THERMODYNAMICS OF HOMOGENEOUS MIXTURES 100

e Mixtures of liquids and solid substances
For components in a liquid or solid phase, the standard state of a pure substance
at the temperature and pressure of the system is used. g is the chemical potential
of a pure substance 7, which at the temperature and pressure of the mixture is in
the same phase as the mixture.
e Diluted solutions
For components present in mixtures in only a small amount (e.g. ions of salts in
aqueous solutions or gases dissolved in liquids), one of the three following standard
states may be chosen:
— Standard state of a hypothetical pure substance at infinite dilution.
15t is the chemical potential of component i obtained by linear extrapolation
of the dependence p; = f(Inz;) from the region of very low concentrations to
the value at z; = 1 (i.e. hypothetically pure substance)
— Standard state of a unit molar concentration.
15t is the chemical potential of component i obtained by linear extrapolation
of the dependence u; = f(In¢;) from the region of very low concentrations to
the value at ¢; = ¢ = 1 moldm 3.
— Standard state of unit molality. pS* is the chemical potential of component
i obtained by linear extrapolation of the dependence p; = f(lnm;) from the
region of very low concentrations to the value at m; = m* = 1 mol kgL,

The same standard states as those used for the chemical potential are used for its
derivatives with respect to temperature and pressure, i.e. entropy and volume [see (6.68)
and (6.70)], and for other thermodynamic quantities, e.g. enthalpy or fugacity.

@ Symbols: The values of thermodynamic quantities in the standard state of an ideal gas
at the standard pressure are denoted using the superscript °, e.g. Hy, ;, Sp ;-

The values of thermodynamic quantities in the standard state of a pure component
at the temperature and pressure of the system are denoted using the superscript °, e.g.
HE i Smyin

The values of thermodynamic quantities in the standard state of a hypothetical pure
substance at infinite dilution will be denoted using the superscript [, e.g. r[f]z, Sn”f,i, e

The values of thermodynamic quantities in the standard state of a unit molar concen-
tration will be denoted using the superscript 19, e.g. H},ﬂi, SI[ICI]J, e

The values of thermodynamic quantities in the standard state of unit molality will be
denoted using the superscript ™, e.g. H, m] - glm] .

m,e) m,e?

[z]

7

dlf

Note: For the activity and the activity coefficients, however, symbols a i s

fygw], Z[C], fy[M] are used in a different meaning [see 6.5.4, 6.5.5].

Figure 6.3 illustrates the standard values of enthalpy of component 1 in a binary
mixture.

6.5.4 Activity

The activity of the i*" component in a mixture is defined by the relation

gi=L (6.89)

I
2

where f£* is the fugacity in the chosen standard state [see 6.1.2].
@ Main unit: dimensionless quantity.
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0 mst Cst x 1 1

Figure 6.3: Definition of the standard states for component 1 in a binary mixture. The curve
ending at point H7 represents the dependence of partial molar enthalpy on composition, and the
straight line is its tangent at point z; = 0. H7 is the standard enthalpy of a pure component.
H {w] is the standard enthalpy in the standard state of a hypothetical pure component at infinite

dilution, H{C] is the standard enthalpy in the state of unit molar concentration, and H{M is the
standard enthalpy in the state of unit molality.

An alternative definition of activity follows from the relation for fugacity (6.74)

o (P _ o (G G
a; = exp ( BT ) = exp < BT : (6.90)
e The dependence of activity on temperature is expressed by the relation
T (Olna;
na(Ty) =na(T) + [ (Z2%)  ar, (6.91)
T 6T n
where o1 o .
na; Hz — H?
= -1 6.92
C (552
e The dependence of activity on pressure is expressed by the relation
P2 (Olna;
Inai(ps) = nag(ps) + [ ( na ) dp, (6.93)
p1 ap Tmn
where o1 7 _ e
ndi S (6.94)
op T RT

e Dependence of activity on composition
Activity can be written as a product of dimensionless concentration (z;, ¢;/c**, m;/m®")
and the activity coefficient [see 6.5.5], which is the function of temperature, pres-
sure and composition.

e For the standard state of a pure component at the temperature and pressure of the
system we have

xlll§1 a;/z; =1. (6.95)



CHAPTER 6. THERMODYNAMICS OF HOMOGENEOUS MIXTURES 102

It follows from this relation that when choosing the given standard state, we can
replace activity with a mole fraction in the component prevailing in the mixture.
e For the standard states of infinite dilution we have

[2]

lim Y = 1, (6.96)
[C} st
lim % — 1, (6.97)
c;—0 C;
[m] st
im 42— 1. (6.98)
m;—0 m;

It follows from these limits that when choosing the standard states of infinite
dilution, we can replace activity with the respective concentration quantity in the
component which is enough diluted in the solution.

e For an ideal mixture, activity equals dimensionless concentration (z;, ¢;/c* or
m,;/m®) for an arbitrary composition.

Example

A mixture of benzene and toluene in the liquid phase behaves as an ideal mixture. Calculate
the activity of benzene in a mixture that results from the mixing of one mole of benzene with
nine moles of toluene at 25°C.

Solution
The mole fraction of benzene and its activity are

Zbenzene = nbenzene/(nbenzene + ntoluene) = 1/(1 + 9) = 0.1, Obenzene — 0.1.

Example

A mixture of light and heavy water in the liquid phase behaves ideally. Calculate the activities
of heavy water ap,0, a][io, and a%ﬂ?]o in a mixture resulting from the addition of 1 g D,O to
500 g H,0.

Solution
We first calculate the mole fraction and molality of heavy water
1/20.027
= = 0.001796
20 = 500/18.015 + 1/20.027
1/20.027
Mp,o = /075 = 0.09987 mol kg ! .

The activities of heavy water in the given mixture are

ap,o = afilo = zp,0 = 0.001796,
m] _ Mp,o _
a’DgO = E = 009987 .

6.5.5 Activity coefficient

The value of the activity coefficient depends on the chosen standard state. The follow-
ing activity coefficients are used most often
a
v o= —, (6.99)

X



CHAPTER 6. THERMODYNAMICS OF HOMOGENEOUS MIXTURES 103

7] a;
L — 6.100
o0 ol ( )
g 0’
71' = CZ'/CSt ) (6101)
[m]
m] % 6.102
K m;/mst (6.102)

@ Main unit: dimensionless quantity.

Example
For a solution of sucrose (2) in water (1), which at 100 °C contains one mole percent sucrose,

we have vy, = 0.0064, ’y[m] = 1.108 and fyg—} = 1.097. Calculate the respective activities.

Solution

The molality of sucrose in the given solution is

my = (1000 x 0.01)/(18.015 x 0.99) = 0.5607 mol kg™', and the activities are obtained from
relations (6.99), (6.100) and (6.102).

as = 0.01 x 0.0064 = 0.000064 ,
af) = 0.01 x 1.108 = 0.01108,
™ = (0.5607/1) x 1.097 = 0.6151.

Relation to the partial mole excess Gibbs energy
The activity coefficient +; is related to the partial molar excess Gibbs energy by

RTInv; =G, . (6.103)

Given that RT In+; is the partial molar quantity to AG¥, we have

k
AG® = RTY z;lnv;. (6.104)
i=1
Example
Derive relation (6.103).
Solution

According to (6.55) we have

—E
Gi = Gz - Gi,id.mixa

where, according to (6.50) B
Gi,id.mix = G;n,z + RT In Z;.

From (6.90) we get the relation for the partial molar Gibbs energy (chemical potential) in the

form
Gi=Gh;+ Rl'na; =G, ; + RT Inz;y; .

By subtracting we obtain the required relation @Z‘-E = RT In~;.

Example
The activity coefficients 7y = 2.27 and 7, = 1.041 were found for a methanol (1) — ethyl
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acetate (2) system at 313.15 K and z; = 0.2. Calculate the excess Gibbs energy in this
mixture.

Solution
From relation (6.104) we obtain
AGE = 8.314 x 313.15 x [0.2 x In2.27 + 0.8 x In1.041] = 510.6 Jmol ™.

The dependence of the activity coefficient on temperature is expressed by the
relation

T2 (0lny,
In v;(Ty) = In~(T / T, 1
ny(Te) =Iny(h) + | <3T>nd (6.105)
where T _ et
Olnv; i rsn,i
< T ) =TT R (6.106)
Example

The activity coefficient of ethanol in an ethanol (1)—water (2) mixture containing 17 mole
percent ethanol at temperature 298.15 K is y; = 2.485. The differential heat of solution of
ethanol in this mixture is —783 Jmol/. Estimate the activity coefficient of ethanol at the
given composition and temperature 303.15 K. Assume independence of FZE on temperature.

Solution
We integrate (6.106) to obtain

@ H (L-1)-
’)/1(T1) R T1 T2
_ __783( L1 ):0.00521.
8.314 \208.15 _ 303.15

Hence Iny; = In 2.485 + 0.00521 = 0.9155 and vy, = 2.498.

The dependence of the activity coefficient on pressure is expressed by the relation

P2 (OJlIn A
Iny;(p2) = Iny;(py) + ( 5 ik ) dp, (6.107)
P p T
where . o .
n7; Vi=V?
= ———. 6.108
(5),, " ar 6108

Note: The dependence of the activity coefficient on composition is dealt with in section
6.5.6.

[z

Relation between v, I and i

The relation between the activity coefficients %M and 7; is

Iny =Inv —In e, (6.109)

where ° is the limiting activity coefficient 7; in a mixture in which component i is
infinitely diluted.
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Relation between the activity coefficient and the osmotic coefficient

For mixtures with one prevailing component (e.g. aqueous solutions of salts), osmotic
coefficients are also used in addition to activity coefficients. The osmotic coefficient of

a solvent ¢! is defined as

In %C]

In(cy/ct)

The coefficients ¢! and ¢!™ are defined in a similar way.

P =1+ (6.110)

6.5.6 Dependence of the excess Gibbs energy and of the
activity coefficients on composition

Various empirical and semi-empirical relations are used for the dependence of AGF on
composition and possibly also on temperature. Two of them are presented here.
Wilson equation

The Wilson equation is used in practice most often. Its form for a k-component system is

o - ram(x
RT = j=1 !
Ve Qs
Ay = V—.J GXP(—%) i F aji, 4 =a;; =0,
m,i
where Vi |, Vi 5 are the molar volumes of components in the liquid state, and a;; are the

adjustable constants.
For the activity coefficients we have

A

k k )

7 .
j=1 j=1 D=1 TeAje

Regular solution

For a binary system, the model of a strictly regular solution is the simplest.

AG"®
RT

For the activity coefficients we have

Iny; =bx2, Invy=bal. (6.114)



Chapter 7

Phase equilibria

7.1 Basic terms

7.1.1 Phase equilibrium

When a system composed of two or more phases [see 1.1.4] is in the state of thermody-
namic equilibrium [see 1.4.1], we say that the system has attained phase equilibrium.

Example

Liquid water and water vapour are in phase equilibrium at temperature 100°C and pressure
101325 Pa. Liquid water at 40°C and ice at —10°C are not in phase equilibrium. An
irreversible process occurs during which ice heats and melts, and liquid water cools. In the
state of thermodynamic equilibrium, which the system attains after some time, there may be
either a one-phase system (all ice melts or all liquid water freezes), or a two-phase system
(with phase equilibrium existing between ice and liquid water at 0°C).

7.1.2 Coexisting phases

When a system is in the state of phase equilibrium, we call its phases coexisting phases.
Coexisting phases always have the same temperature and pressure. In the case of multi-
component equilibria, the compositions of individual phases are identical only exception-
ally [see 7.6.6].

7.1.3 Phase transition

The term phase transition applies to a process during which a certain amount of substance
changes from one phase to another. Phase transitions may be reversible or irreversible.
(For the classification of phase transitions into first-order and second-order transitions see
7.2.1).

Example
Give an example of an irreversible and reversible phase transitions.

Solution

Ice melting in water at 40 °C and 101.325 kPa represents an irreversible phase transition. It is
typical of irreversible phase transitions that a slight change of conditions does not change the
direction of the process in any way. In our case a slight change of the initial temperature of
water (e.g. from 40°C to 39.9°C) or pressure (e.g. from 101.325 kPa to 101 k Pa) would not
initiate the freezing of water.

106
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Ice melting at 0°C and 101.325kPa may serve as an example of a reversible phase
transition. In this case the slightest lowering of temperature or pressure would replace
melting with freezing.

Typical phase transitions in one-component systems are shown in the following table:

Type of phase transition Name of the process
Liquid — gas (vapour) vaporization, boiling
Gas (vapour) —  liquid condensation
Solid —  liquid melting, fusion
Liquid — solid freezing
Solid —  gas sublimation
Gas —  solid (vapour) deposition
Crystalline form — another crystalline form transformation of the

crystalline form

All these types of phase transition exist in multicomponent systems as well. In these
systems, however, such processes may occur which would be impossible in pure substances.
For example, the gas — liquid phase transition also involves, besides condensation, the
dissolution of the gas in the liquid, the solid — liquid phase transition also involves,
besides melting, the dissolution of the solid in the liquid. In multicomponent systems,
transition from one liquid phase to another—extraction—may also occur.

7.1.4 Boiling point

In pure substances, the boiling point is determined by the boiling temperature and the
boiling pressure. The boiling temperature is a temperature at which a liquid of a given
composition is in phase equilibrium with its vapour at a chosen pressure p. The boiling
pressure is a pressure at which a liquid of a given composition is in equilibrium with
its vapour at a chosen temperature. The boiling pressure of pure substances is called the
saturated vapour pressure, see 7.1.7. In mixtures, the boiling point is determined by
the boiling temperature, the boiling pressure and the composition of the liquid phase.

Example
The boiling temperature of water at p = 8.59 MPa is 300°C. The boiling temperature of an
equimolar mixture of ethanol and water at 13.3kPa is 35.9°C.

7.1.5 Normal boiling point

The normal boiling point is determined by the normal boiling temperature, normal pres-
sure p = 101.325 kPa and the composition of the liquid. The normal boiling temper-
ature is a temperature at which a liquid of a given composition is in phase equilibrium
with its vapour at the normal pressure.

Example
The normal boiling temperature of ethanol is 351.44 K.

7.1.6 Dew point

The dew point is determined by the temperature, pressure and composition of the vapour
phase. In a pure substance it is identical with the boiling point. The dew temperature



CHAPTER 7. PHASE EQUILIBRIA 108

is a temperature at which a vapour of a given composition is in equilibrium with its liquid
at a chosen pressure p. The dew pressure is a pressure at which a vapour of a given
composition is in equilibrium with its liquid at a given temperature.

7.1.7 Saturated vapour pressure

The saturated vapour pressure is a pressure in a one-component system at which the

gaseous phase is in equilibrium with the liquid or solid phase at a given temperature.

The saturated vapour pressure is the highest pressure at which a substance can be in the

equilibrium gaseous state at a given temperature. It is also the lowest pressure at which

a substance can exist in the liquid or solid equilibrium state at a given temperature.
@ Symbols: The saturated vapour pressure of component ¢ will be denoted ps.

Note: The term saturated vapour pressure is used for pure substances only. The
substances which have a higher pressure of saturated vapour at a given temperature
are called more volatile.

Example
In all substances, the saturated vapour pressure at the normal boiling point equals 101 325
Pa.

Note: Tt often happens that there is a gas (usually air) of pressure p over a liquid. If
at a given temperature p} < p, we say that the liquid vaporizes, if p{ = p, we say that
the liquid boils.

7.1.8 Melting point

The melting point is determined by the melting temperature, melting pressure and the
composition of the solid phase. The melting temperature is a temperature at which
the solid phase of a given composition is in phase equilibrium with its liquid at a chosen
pressure p. The melting pressure is a pressure at which the solid phase of a given
composition is in phase equilibrium with its liquid at a chosen temperature.

7.1.9 Normal melting point

The normal melting point is determined by the normal melting temperature, normal
pressure p=101 325 Pa and the composition of the solid phase. The normal melting
temperature is a temperature at which the solid phase of a given composition is in phase
equilibrium with its liquid at the normal pressure.

Example
The normal melting temperature of water is 273.15 K.

7.1.10 Freezing point

The freezing point is determined by the freezing temperature, freezing pressure and the
composition of the liquid phase. In a pure substance, the freezing point is identical with
the melting point. The freezing temperature is a temperature at which a liquid of
a given composition is in phase equilibrium with its solid phase at a chosen pressure p.
The freezing pressure is a pressure at which a liquid of a given composition is in phase
equilibrium with its solid phase at a chosen temperature.
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7.1.11 Triple point

The triple point is a particular temperature and pressure in a one-component system at
which three different phases can coexist in equilibrium. These three phases are normally
solid, liquid and gaseous. However, there are also triple points at which two solid and one
liquid, or two solid and one gaseous, or three solid phases are in equilibrium.

Note: The term triple point is used only for pure substances. The system at the triple
point has no degree of freedom [see 7.3.4].

Example

Water has one of its triple points at 0.01°C and 611 Pa, the temperature and pressure at
which ice, liquid water and water vapour are in equilibrium. Besides this one, water has at
least six more triple points.

Note: In a one-component system, there cannot be four or more phases in equilibrium.
The maximum number of phases equals the number of components +2, as follows from
the Gibbs phase rule [see 7.3.4].

7.2 Thermodynamic conditions of equilibrium in
multiphase systems

Extensive and intensive criteria of phase equilibrium

In the state of phase equilibrium, the coexisting phases have the same temperature and
pressure. Hence, the following criterion is applied in the study of phase equilibria [see
3.4.6]

dG =0, [T, p]. (7.1)

From this equation and from the definition of the chemical potential of a component in a
mixture (6.65) we have

pV =P = =)D =120k, [T,p], (7.2)

i
where ,ugj ) is the chemical potential of component 7 in phase j, f is the number of phases,
and k is the number of components in the system.

From (7.2) and from the definition of the fugacity of a component in a mixture (6.74)
we have

where fi(j ) is the fugacity of component ¢ in phase j.
If we choose the same standard state in all phases, we can rearrange equation (7.3)
using (6.89) to obtain

aV =g = ... :a(-f), i=12,...,k, (T, p], (7.4)
where a,(j ) is the activity of component 7 in phase j.

Equation (7.1) is called the extensive criterion of phase equilibrium (it is writ-
ten for the extensive thermodynamic function G). Equations (7.2), (7.3), and (7.4) are
called the intensive criteria of phase equilibria (they are written for the intensive
thermodynamic functions p;, f;, a;).
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Note: When studying the phase equilibria of pure substances, it is totally unimportant
which of the criteria (7.1) through (7.4) we use. When studying the equilibria of
mixtures, we choose intensive criteria which state the conditions of equilibrium for
each component. If one of the phases is gaseous, it is practicable to choose criterion
(7.3), while criterion (7.2) is chosen for the solid-liquid equilibria, and criterion (7.4)
for the liquid-liquid equilibria.

7.2.1 Phase transitions of the first and second order

It follows from the condition of phase equilibrium (7.1) that during phase transitions the
Gibbs energy is a continuous function of temperature and pressure. If the first derivatives
of the Gibbs energy, i.e. entropy and volume [see 3.41] are discontinuous at a phase
transition,

SW 5@ 5 v 2y (7.5)

the process is classified as a first-order phase transition.

If the first derivatives of the Gibbs energy are continuous while its second derivatives,
i.e. the isobaric heat capacity [see (3.18)] and the isothermal compressibility coefficient
[see (2.10)] are discontinuous,

S =852, V£GP a VO =V, g0 25, (7.6)

the process is classified as a second-order phase transition.

Note: Melting, sublimation, boiling and (in most cases) transformation of crystalline
modifications represent first-order phase transitions. Glass transitions, some transfor-
mations of crystalline modifications, or the transition from the ferromagnetic to the
diamagnetic state represent second-order phase transitions.

7.3 Gibbs phase rule

7.3.1 Independent and dependent variables

The thermodynamic state of a k—component one-phase system is fully characterized by
the temperature, pressure and amount of substance of all its components. We will call
these quantities independent variables. Other thermodynamic quantities, e.g. the
volume, Gibbs energy or enthalpy, are the dependent variables of a system and they
are the functions of 7', p, ny, na,...ny.

Note: The above classification of thermodynamic quantities into independent and de-

pendent variables is most usual but it is not unambiguous. We may, e.g., choose
enthalpy, pressure and amount of substance as independent variables, in which case

the system’s temperature becomes a dependent variable.

7.3.2 Intensive independent variables

We are often interested solely in relations between the intensive variables of a system [see
1.3.1] and not in the system’s size, i.e. its total amount of substance. In this case the
number of independent variables drops by one. T, p, x1,...,2z; 1 (the molar fraction of
the k™® component is calculated from relation (1.7)), z) = 1 — ¥ z;) are usually chosen
as independent variables, and we will call them intensive independent variables.
Other intensive thermodynamic quantities, e.g. the molar volume, molar Gibbs energy or
molar enthalpy, are the functions of intensive independent variables.
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In a k—component system formed by f separate phases, i.e. phases which do not coex-
ist, the intensive independent variables are the temperatures, pressures and compositions
of all phases. The other intensive thermodynamic quantities in a given phase are the
functions of the temperature, pressure and composition (i.e. the molar fractions) of that
particular phase.

When studying a system under certain fixed conditions, the number of intensive inde-
pendent variables drops by the number of these conditions.

Example
Give the number of intensive independent variables in a system formed by gaseous nitrogen,
oxygen and argon, and in an isobaric system formed by the same gases.

Solution

The number of intensive independent variables is 4: pressure, temperature, the molar fraction
of nitrogen and the molar fraction of oxygen. The number of intensive independent variables
in an isobaric system is 3. Pressure is constant and it is not understood as an intensive variable
(the system is studied under a fixed condition [p]).

Example
Give the number of intensive independent variables in gaseous air while assuming that air is a
mixture of nitrogen, oxygen and argon of the composition zx, = 0.78, o, = 0.21.

Solution
The composition of air is invariable (the system is studied under two fixed conditions). The
number of intensive independent variables is 2: pressure and temperature.

7.3.3 Degrees of freedom

Every intensive independent variable in a k—component system formed by f coexisting
phases for which there exists an interval in which it may be changed without changing
the number and type of components and phases is referred to as the degree of freedom.

The number of degrees of freedom is the number of intensive independent variables
which unambiguously specify a system in the state of thermodynamic equilibrium. The
number of degrees of freedom is always lower than or equal to the number of intensive
independent variables. Equality occurs in homogeneous systems.

7.3.4 Gibbs phase rule

In a k—component, f—phase system, the number of degrees of freedom v is
v=k—-f+2-0C, (7.7)

where C' is the number of the other fixed conditions.
Note: The word other is used here to emphasize that the conditions of phase equilibrium
(e.g. (7.2)) are already comprised in the formula.

Example
Give the number of degrees of freedom at boiling: a) for a pure substance, b) for a mixture.

Solution
We find the number of degrees of freedom using equation (7.7).
Ad a) In a pure substance there are two phases at boiling and C' = 0:

v=1-24+2-0=1.
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The system has one degree of freedom, its state being unambiguously determined either by
the boiling temperature or by the saturated vapour pressure.
Ad b) A binary mixture has two degrees of freedom at boiling

v=2-24+2-0=2.

and the state of the system is unambiguously determined by either of the following pairs of
data: T, p,or T, x1, or T, 1, or p, x1, or p, y1, or 1, Y1, where z; is the molar fraction
of component 1 in liquid, and y; is the molar fraction of component 1 in vapour.

7.4 Phase diagrams

7.4.1 General terms

e Phase diagram is a diagram allowing us to determine in which phase or phases
a system exists under a given temperature, pressure, and the global (also total)
composition of the system.

e Phase diagram of a pure substance shows the dependence of equilibrium pres-
sure on equilibrium temperature. The lines in the diagram represent the curves of
the boiling, melting, sublimation and crystalline transformation points.

e Phase diagrams of two-component systems usually show the dependence of
equilibrium pressures on composition at a fixed temperature (isothermal diagrams),
or the dependence of equilibrium temperatures on composition at a fixed pressure
(isobaric diagrams).

e Phase diagrams of three-component systems delimit the homogeneous and
heterogeneous regions in dependence on the mixture composition at constant tem-
perature and pressure. They are drawn as triangular diagrams.

e Binodal line is a set of points (a curve) separating the homogeneous and hetero-
geneous regions from one another.

e Comnode or the tie-line is a straight line connecting two points on the binodal line
of a phase diagram which represent the composition of the coexisting (conjugated)
phases.

7.4.2 Phase diagram of a one-component system

The phase diagram of a one-component system delimits the regions in which its individual
phases exist at various temperatures and pressures (Figure 7.1).

e The areas denoted (g), (1), (sa), (Sg) are one-phase regions.

e The lines in the diagram indicate the regions in which two phases coexist; the
number of degrees of freedom [see (7.7)] drops to 1.

e The curves intersections indicate triple points (in Figure 7.1 there are two triple
points denoted 7} and T5). They are points with zero degrees of freedom.

Example
Describe what is going on in a system whose phase diagram is shown in Figure 7.1 during
heating at constant pressure p = p*'.

Solution
If the system shown in Figure 7.1 is kept under constant pressure p**, then for temperatures
T < Tyrp itis in the solid phase (s,). Txrp denotes the melting temperature (if p* = 101 325
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st

Txrp  InBP T

Figure 7.1: Phase diagram p—T of a one-component system. pS is the normal pressure, Txpp is
the normal melting (freezing, fusion) temperature, and Txpp is the normal boiling temperature.
Point C is the critical point, T} and Ty are the triple points.

Figure 7.2: Isobaric phase diagram of a two-component system. The meaning of the symbols
is explained in the text.

Pa, it is the normal melting temperature). Although there is one degree of freedom on the
curves in Figure 7.1, this number drops to zero when the pressure is chosen (another fixed
condition) [see 7.3]. If heat is supplied to the system from its surroundings, the temperature
does not change until all of the solid phase has melted. In the temperature region Txpp < T <
Txgp, only the liquid phase exists in the system. At the boiling temperature Txgp, the second
phase, gas, occurs. At the given temperature both phases are in equilibrium, with neither
their temperature nor their pressure changing while heat is being supplied to the system, and
with only the amount of the gaseous phase increasing. After all of the liquid has evaporated,
isobaric heating of the gas occurs.

7.4.3 Phase diagrams of two-component (binary) mixtures

The phase diagram of a two-component mixture [see Figure 7.2] delimits the homogeneous
and heterogeneous [see 1.1.4] regions at different compositions of the mixture for different
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Figure 7.3: Triangular diagram.

temperatures (isobaric diagram) or pressures (isothermal diagram).

e In the regions denoted («), (5) and (7) in Figure 7.2, the system is homogeneous
(one-phase)

e In the regions denoted (o) + (8), (o) + (v) and (8) + () in Figure 7.2, the
system is heterogeneous, i.e. it is formed by two phases whose composition can be
found on the binodal lines [see 7.4.1]. The conodes (tie lines) are identical with
the isotherms or isobars and they are usually not drawn.

Example
Describe what is going on in the system shown in Figure 7.2 during isobaric heating of a
mixture of global composition Z; from the initial temperature 77 .

Solution

At the initial temperature T3, the system of global composition Z; is in the heterogeneous
region. It splits into two phases whose composition is given by the intersections of the isotherm
T} with the binodal lines (:c§ﬂ) and x@ in the diagram). The relative amount of both phases
is given by the lever rule (i.e. the material balance, see 7.4.5). With increasing temperature
the system continues to be composed of two phases, with only the composition of both phases
changing. At temperature Ty, three phases are in equilibrium in the system, with phase («)
added to phases (3) and (7); their composition is again given by the intersections of the
given isotherm with the respective binodal lines. The number of degrees of freedom drops
to zero (three coexisting phases in a two-component system at constant pressure), and the
system stays at temperature T until one of the phases disappears. When a mixture of global
composition Z; is heated, it is phase (/3) that ceases to exist.

7.4.4 Phase diagrams of three-component (ternary) mixtures

Phase diagrams of three-component mixtures delimit the homogeneous and heterogeneous
regions at a different composition of the mixture at a constant pressure and temperature.

e For three-component systems, triangular diagrams [see Figure 7.3] are used to
illustrate phase equilibria. The vertices represent pure substances A, B, C. The
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Figure 7.4: Example of an isobaric-isothermal diagram of a three-component. system.

sides of the triangle represent the composition of two-component mixtures (point
L indicates a mixture of substances A + B in a 2/8 ratio). On the line segments
parallel to any of the sides there is a constant relative amount of that substance
which is indicated by the opposite vertex.

e The region denoted (7) in Figure 7.4 is a homogeneous region with two degrees of
freedom [see 7.3|.

e The regions (a) + (7y) and (8) + (y) are heterogeneous. In these regions the system
splits into two phases: a pure substance and a mixture of the composition given
by the intersection of the conode (tie line) with the binodal line [see 7.4.1].

e The region («) + (8) + () is also heterogeneous. Here the system is formed by
three phases: pure substance A, pure substance B, and a mixture of the composition
given by point D.

Example
What composition is represented by point S in Figure 7.37

Solution

Point S is the intersection of the line segment on which all mixtures containing 20% of
substance A can be found with the line segment on which there is 30 % of substance B. This
point thus represents a system composed of 20 % of substance A and 30% of substance B.
If we draw a line in point S parallel to side AB, we can see that the given three-component
mixture contains 50 % of substance C.

7.4.5 Material balance

Let us have a system composed of k£ components and f coexisting phases. Each component
of this system must satisfy the balance equation

f ) _
ni=3an@ =12k, (7.8)
7j=1
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where n; is the amount of substance of component ¢ in the system, .rz(j) is the molar
fraction of the i** component in the j*™ phase, and n) is the total amount of substance
in the j*® phase,

k .
nD=S"nd j=1,2,.. k. (7.9)
i=1
Here nz(j ) is the amount of substance of the 4t component in the j** phase.
Example

If we mix 4 moles of methanol (1) and 6 moles of n-hexane (2) at 25°C and a standard
pressure, two liquid phases will be formed of the composition x§£1) = 0.10 and :UW = 0.86.
Calculate the amount of substance of the resulting phases.

Solution
Substituting into (7.8) gives

4 = 010" 40860,
6 = 0.9n%) +0.14n®)

From this we calculate nt) = 6.05 mol and n©2) = 3.95 mol.

Lever rule

In a two-phase system, the material balance can be interpreted using the so-called lever
rule. From Figure 7.2 it is evident that a two-component mixture of global composition
Z1 at temperature 77 splits into two phases of the composition x@ and asgﬂ ). The amounts
of substance of phases () and (3) are in the ratio of the lengths of the line segments AB
and BC.

n® ~ 00—z T BC

™M 7. _B AR
r L0 _ 27 (7.10)

7.5 Phase equilibria of pure substances

For a pure component the intensive criterion of phase equilibrium (7.2) simplifies to
Gl =G, (7.11)

where GU) is the molar Gibbs energy in the j* phase, which in a pure component is
identical with the chemical potential. Similarly, equation (7.3) simplifies to

fO=f®. (7.12)

7.5.1 Clapeyron equation
From the extensive criterion of equilibrium (7.1) and from the Gibbs equation (3.36) we

have

dp S@_gO  HO _HFO  AH  AH,
dT ~ VO —vO) T TV@ —vO] T TAV ~ TAV,’

[phase equilibrium], (7.13)

where SO, H)_ V0 are the entropy, enthalpy and volume of phase j, and AH,,, AV,
are the molar changes in enthalpy and volume during the phase transition. This rela-
tion is called the Clapeyron equation. It expresses the relation between a change in
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temperature and a change in pressure under the conditions of equilibrium between two
phases.

Note: The Clapeyron equation applies exactly to all first-order phase transitions [see
7.2.1].

7.5.2 Clausius-Clapeyron equation

If one of the phases undergoing a phase transition is a gas at not very high pressures, the
Clapeyron equation (7.13) may be simplified to

dlnp® AH,
dT  RT?’

(7.14)

which is called the Clausius-Clapeyron equation. It can be derived from (7.13) on
condition that the gaseous phase is formed by an ideal gas, and that the volume of the
liquid or solid phase is negligible compared to the volume of the gas. The equation is
a good approximation when describing the temperature-pressure dependence at boiling
(condensation), and at sublimation (vapour deposition), provided that the system pressure
is not very high.

Note: In equation (7.14) we denote the saturated vapour pressure using the agreed
symbol p®, while in equation (7.13) we do not use any special symbol for equilibrium
pressure because p can denote the saturated vapour pressure as well as the melting
pressure or the pressure of a crystalline transformation.

7.5.3 Liquid-vapour equilibrium

This subsection deals with the temperature-pressure dependence at boiling, i.e. the rela-
tion between the boiling temperature and the saturated vapour pressure in the region of
temperatures at which the liquid exists (i.e. from the triple point to the critical point).
In the vicinity of the normal boiling point and at temperatures lower than Txgp, the
Clausius-Clapeyron equation (7.14) is an excellent approximation. Its integral form is

P(T,) 1 [T AH,

1 - [TEm
npS(Tl) R/, T2

dr, (7.15)

where AHy, = AypH = H® — HY is the enthalpy of vaporization (older term heat
of vaporization), and p*(T), p*(T1) are the saturated vapour pressures at temperatures
T,, Ti. To calculate the integral we need to know the temperature dependence of the
enthalpy of vaporization. In a small temperature range, the enthalpy of vaporization can
be considered constant, and equation (7.15) turns into

(7.16)

In

pS(TQ) _ Avaup}I (i _ i)
p*(T1) R T T,
Example

The normal boiling temperature of butane is 7" = 272.7 K, its enthalpy of vaporization at
this temperature is Ay,, H = 22.4kJmol~". Find out whether butane would boil at Mount
Everest at —30°C, where the atmospheric pressure is 32kPa. Assume that the enthalpy of
vaporization does not depend on temperature.
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Solution
We use equation (7.16) into which we substitute the following values: 77 = 272.7K, p*(T}) =
101325 Pa, p*(T>) = 32000 Pa.

32000 22400 ( 11

- T T:2442K :—2 o .
" 101325 ~ 8.314 \272.7 T2) -ob - t=-289°C

Butane would not boil at Mount Everest at —30 °C, it would be in the liquid state of matter.

For the dependence of the saturated vapour pressure on the temperature, a number
of empirical relations have been suggested, e.g. the Antoine equation
B

InpP =4 - ——— 1
np T O (7.17)

where A, B, C represent adjustable constants.

Example

The Antoine equation constants for toluene are A = 14.01415, B = 3106.4, C = —53.15
(for pressure given in kPa). Calculate the normal boiling temperature and the enthalpy of
vaporization at this temperature.

Solution
According to 7.1.5, the normal boiling temperature is the temperature at a saturated vapour
pressure of 101325 Pa. By substituting in (7.17) we get

B O 3106.46
A—Inps ~ 14.01415—1n101.325

T = +53.156 =384.77K

We then calculate the enthalpy of vaporization from equation (7.14)

dInp? B
Aw.,H = RT? =RT?>——
P dT (T + C)2
3106.46

= 8.314 x 384.77% = 34770 Jmol L.

(384.77 — 53.15)?

7.5.4 Solid-vapour equilibrium

This subsection deals with the temperature-pressure dependence at sublimation (vapour
deposition) in the temperature region from 0 K to the triple point temperature. The
Clausius-Clapeyron equation (7.14) and its integrated forms (7.15) and (7.16), in which
the enthalpy of sublimation Ay, H acts in place of Ay,pH, usually provide an excellent
approximation all over this region. The Antoine equation (7.17) is also commonly used.

7.5.5 Solid-liquid equilibrium

This subsection deals with the temperature-pressure dependence at melting (freezing).
The Clapeyron equation (7.13) is used in this case. Its integral form is

T: AH
= A 7.18
P2 = P1 +/T1 TAV. ; ( )
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where AH,, = ApsH = HY — HY is the enthalpy of melting (fusion), AV, =
AV = Vn(ll) — Vn(f) is the change in volume at melting, and p;, p, are pressures at melting
temperatures 11, Ty. AgsH, AgsV can be mostly considered constants. Equation (7.18)

may then be simplified to

AfusI_I T2
In —. 7.19
AfusV " Tl ( )

P2 =p1+

Example

The normal melting temperature of water is 0°C. At this temperature the enthalpy of melting
AgsH = 6008 Jmol~!, the molar volumes of liquid water and ice are V) = 18cm® mol™!,
and V® = 19.8cm3mol~!. Assuming that neither the enthalpy of melting nor the molar
volumes change with temperature, calculate the pressure at which the melting temperature of
water is —1°C.

Solution

We use equation (7.19) in which

AprsV =18 x 1076 = 19.8 x 1075 = —1.8 X 106 m3 mol .

Given the definition of the normal melting point [see 7.1.9], p; = 101 325 Pa. We obtain

9272.1
ps = 101325 + — 0008 27215

=122 x 10Pa = 12.2MPa.
Z18x 106 127315 X re 2

7.5.6 Solid-solid equilibrium

This section deals with the temperature-pressure dependence during transformations of
one crystalline form into another. When the process is a first-order phase transition, we
use the Clapeyron equation (7.13) and its integral forms (7.18), (7.19), where AH,, and
AV, represent changes in molar enthalpy and volume during transition from one solid
phase into another.

7.5.7 Equilibrium between three phases

This equilibrium occurs at triple points [see 7.1.11]. The criterion of phase equilibrium
applies
Ggrll) — G%) =G®

m

(7.20)

where G{) is the molar Gibbs energy in the j* phase. The criterion written using the
fugacities is
O = @ = @) (7.21)

At the triple point, at which the solid, liquid and gaseous phases are in equilibrium, the
following relation applies between the enthalpy of sublimation, melting and vaporization:

AgipH = ApH + Ay H . (7.22)

7.6 Liquid-vapour equilibrium in mixtures

This section deals with the relations between temperature, pressure, liquid composition
and vapour composition during the boiling and condensation of mixtures. These relations
are needed for the description of one of the major separation methods, distillation.
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7.6.1 The concept of liquid-vapour equilibrium

Let us consider a multicomponent system formed by two coexisting phases (liquid and
gaseous), in the state of thermodynamic equilibrium. We usually speak about liquid-
vapour equilibrium (in contrast to liquid-gas equilibrium [see 7.7]) when all components
of the system are below their critical temperatures at a given temperature.

7.6.2 Raoult’s law

When a k—component mixture in the vapour phase behaves as an ideal gas and in the
liquid phase forms an ideal solution [see 6.1.1], we can write for each component of the

system
pyi =S,  i=12,...,k, (7.23)

where y; is the molar fraction of the i*® component in the vapour phase, which is at
pressure p and temperature 7' (pf = pi(T), see 7.5.3) in equilibrium with the liquid
phase in which the molar fraction of the i** component z;. The condition for equilibrium
between the liquid and vapour phase written in this way is called Raoult’s law. In order
to find out at which temperatures, pressures and compositions of both the vapour and
liquid phase a system may be in equilibrium, it is sufficient to know the temperature
dependence of the saturated vapour pressure for all components present in the system.

In order to determine the state of a k—component two-phase system, we need to
determine 2k [see 7.3] values, i.e. T, p, z1,...,Zk-1, Y1,...,Yk—1- Since it is possible
to write k£ equilibrium conditions of the type (7.23), it is always necessary to specify
k arbitrary quantities. For a binary system obeying Raoult’s law, this situation is analyzed
in the following table.

Specified Calculated From equation How
T,y p p = x1p§ + T2p} analytically
Y1 y1 = x1p5/p analytically
T,y P p= (/05 +v2/13) " analytically
T T =py/pS analytically
T,p 1 1= (p—p3)/(p] —p) analytically
Y1 Y1 = z1p5/p analytically
P, T T p = 2105 (T) + z2p5(T) numerically
Y1 y1 = x1p5/p analytically
DY T p= W /p(T) +y2/p5(T))”" numerically
x T, =py1/ps analytically
T1, Y1 T y1/y2 = pi(T)x1/ (P5(T)z2) numerically
D p = z1p} + 72D} analytically

Figure 7.5 shows the dependence of the total and partial pressures of individual com-
ponents on the composition of the liquid phase in a binary system. If Raoult’s law applies,
the relations p = f(z1) and p; = py; = f(z1) are linear (p = p§ + (p§ — p3)z1). The values
given by Raoult’s law are represented by line segments in the diagram.
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D2

0 T1 1

Figure 7.5: Dependence of the total pressure p and partial pressures p; and py on the compo-
sition of the liquid phase in a two-component system. The line segments represent the relations
for an ideal mixture. p§ and p? are the saturated vapour pressures of the individual components.

Note: For most liquid mixtures, the approximation using an ideal solution is rather
rough. In practice, therefore, more accurate relations presented in the following section
are usually used in place of Raoult’s law.

7.6.3 Liquid-vapour equilibrium with an ideal vapour and a
real liquid phase

If the vapour phase behaves as an ideal gas but the liquid phase is not an ideal mixture,
we can write
PYi = ViZiD;, i=1.2,...,k, (7.24)

where ; is the activity coefficient of component 7 in a liquid mixture, which is defined by
relation (6.99).

Note: Equation (7.24) is a very good approximation for equilibria at not very high
pressures.

Example
Calculate the activity coefficients of water and ethanol in the system ethanol (1)—water (2) at
70 °C using the following data: xz; = 0.252; y; = 0.552; p = 62.39kPa; p§ = 72.3kPa; p§ =
31.09 kPa.

Solution
Substituting into (7.24) gives

_yip _ 0.552 x 62.39
Coxpt 0252723
_ yop  0.448 x 62.39

©zopy  0.748 x 31.09

i = 1.890,

=1.202.

V2
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Figure 7.6: Isothermal diagram of a two-component system. The curves illustrate the depen-
dence of the dew and boiling pressures on the molar fraction of component 1 in the liquid and
vapour phases.

7.6.4 General solution of liquid-vapour equilibrium

From the intensive criterion of equilibrium (7.3) it follows for each component i, i =
1,2,.. .k

pyz(bz(T: Dy Y1,Y2y-- -, yk*l) = Vi(xla Z2y.eoy Tp—1, Ta p).l’quf(T, pi(T))pf(T) ) (725)

where ¢; is the fugacity coefficient of component 7 in a gaseous mixture of composition

(Y1, Y2, .. Yk—1) at the temperature and pressure of the system [see(6.82)] and ¢$(7, pi(T))

is its fugacity coeflicient at a state of pure saturated vapour at the system temperature.
Equation (7.25) can be written for each component of the mixture; however, numerical

methods always have to be used for the calculation.

Note: If the experimental pressure is higher than that calculated from Raoult’s law,

we say that the system exhibits positive deviations from Raoult’s law. If the experi-

mental pressure is lower than that following from Raoult’s law, we say that the system

exhibits negative deviations from Raoult’s law, which is the case shown in Figure
7.5.

7.6.5 Phase diagrams of two-component systems

e Isothermal diagram
Figure 7.6 presents a system with positive deviations from Raoult’s law. The lower
curve is the curve of dew points [see 7.1.6], the upper curve is the curve of
boiling points [see 7.1.4]. In the region between these two curves, the system
is heterogeneous. In the two-phase region, the composition of both phases is un-
ambiguously given for a fixed temperature and a chosen pressure, as can be seen
in the diagram and as follows from the Gibbs phase rule [see 7.3]. Similarly, for a
chosen temperature and composition of one phase, the composition of the second
phase and the pressure are fixed.

e Isobaric diagram
Figure 7.7. shows the curve of dew temperatures (the upper curve) and the curve
of boiling temperatures (the lower curve). In the two-phase region there is one
degree of freedom at constant pressure, at point A there are zero degrees of freedom
(another fixed condition, y; = 1, occurs—see (7.7)).

e y—z diagram
For every isobaric or isothermal diagram, we may draw a corresponding diagram of
the vapour phase—liquid phase composition, the so-called y—r diagram [see Figure
7.8].

7.6.6 Azeotropic point
e If for coexisting phases in a k—component system

[see point A in Figure 7.7], we speak about an azeotropic point or, shortly, an
azeotrope.
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Figure 7.7: Isobaric diagram of a two-component system with an azeotropic point. The upper
curve shows the dependence of dew temperatures on the molar fraction of component 1 while
the lower curve represents the dependence of boiling temperatures. T, ; and T}, o are the boiling
temperatures of the pure components.

e At the azeotropic point it also applies that

Op Op .
=0 —_— =0 T =1.2,...,k 7.27
Bl @)w s o
or or
=0 — =0 =1.2,...,k. 7.28
(axz>az ) (ay,L)aZ ) [p] bl Z ) 7 ( )
e For an ideally behaving vapour phase, combining (7.24) and (7.26) gives
ty (7.29)
Vi Pi

Note: An azeotrope cannot occur in ideal solutions.

Example

In the binary system tetrachlormethane(1)—ethanol(2), an azeotropic point was measured at
65.08 °C and a total pressure of 101 kPa. Under these conditions the vapour phase behaves
as an ideal gas. What are the values of the activity coefficients at this point if at the given
temperature the saturated vapour pressures of the individual components are p} = 70.78 kPa
and p5 = 59.84 kPa?

Solution

From relations (7.24) and (7.26) it follows that at the azeotropic point
% = p/P;

and thus 7, = 1.43 and v, = 1.69.

Note: In order to compare mutual volatility of two components in a mixture, relative
volatility is defined as
Yi Tj
Q= . 7.30
5= (7.30)

From (7.26) we can see that at the azeotropic point, relative volatilities equal 1.

Azeotropic point in a two-component system
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Figure 7.8: y—z diagrams of two two-component systems. The bold line shows the dependence
of the vapour phase composition on the liquid phase composition for a system with a positive
azeotrope; the azeotropic point is indicated by the arrow. The thinner line shows the same
dependence for a system without an azeotropic point.

e When there is a minimum on the curve of boiling temperatures in an isobaric
diagram for a binary system, we speak about an azeotrope with a boiling point
minimum. It exists in systems with positive deviations from Raoult’s law, and
consequently it is called positive azeotrope.

On the y—z diagram [see Figure 7.8], the system with a positive azeotrope is
represented by the thick line. For the derivative of the y; dependence on z; in the
vicinity of the positive azeotrope we can write

Oyi
1. 7.31
0< <8x,) < (7.31)

e In systems with negative deviations from Raoult’s law, an azeotrope with a boiling
point maximum, or a negative azeotrope, may occur [see Figure 7.7].
For the derivative of the y; dependence on z; in the vicinity of the negative

azeotrope we write
0y;
> 1. 7.32
(o) (7.32)

7.6.7 Effect of the non-volatile substance content on the
boiling pressure and temperature

If we add a small amount of a non-volatile substance 2 (p§ ~ 0) to a pure liquid substance
1 at constant temperature, the initial boiling pressure, which is equal to the saturated
vapour pressure pj, always drops. After adding a non-volatile substance, the boiling
pressure p becomes to a good approximation

p=mzipi. (7.33)

e The decrease in the boiling pressure at constant temperature is given by

the relation
mo Ml s

Ap =pi — p=x9p] = (7.34)
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where p is th e boiling pressure of a liquid solution of composition x5; m; and msy
are the masses of the components.
e The increase in the boiling temperature at constant pressure is given by

the relation
mgy

M2m1 ’
where T' is the boiling temperature of the dilute solution and 73 ; is the boiling
temperature of the pure solvent, m, is the molality of the solute! Ky denotes the
ebullioscopic constant which may be determined from the properties of the pure
solvent

AT =T - Ty = Kgmy = Kg (7.35)

E= "~ 7 >
Avapfll
where Ay,pH, is the enthalpy of vaporization of the pure solvent at the boiling
temperature 7y, ;.

(7.36)

Example

After the dissolution of 1 g of a certain substance in 100 g water(1), an increase in the normal
boiling temperature by 0.05 °C was measured. What was the molar mass of this substance?
Data: The enthalpy of vaporization of water Ay,, H; = 40.650 kJ mol~*.

Solution
We first calculate the ebullioscopic constant of water

RT{pp, My 8.314 x 373.15% x 0.018

K = _
P AppHy 40650

= 0.513kg K mol .

From equation (7.35) we calculate the molar mass of the unknown substance

_0.513 x 0.001

= 0.103 kg mol~! = 103 g mol~_.
0.05 x 0.1 gmo gmo

7.6.8 High-pressure liquid-vapour equilibrium

The calculation of liquid-vapour equilibrium at high pressures is based on the equilibrium
conditions

o= e =12k, (7.37)
TV = 7@ (7.38)
p = p® (7.39)

with pressure and fugacities calculated using the equations of state capable of expressing
the state behaviour of both phases.
7.7 Liquid-gas equilibrium in mixtures

This problem concerns the solubility of gases in liquids in dependence of temperature,
pressure, and the liquid composition.

11f the solute dissociates, m.,, has to be replaced by vam,, where v is the number of particles formed
by the dissociation of the molecule, and « is the degree of dissociation.
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7.7.1 Basic concepts

e Liquid-gas equilibrium
Let us have a multicomponent system formed by two coexisting phases, liquid and
gaseous. If the system temperature is higher than the critical temperature of any of
its components, we have to use the standard state of a pure hypothetical substance
at an infinite dilution for this component [see 6.5.3]. In such cases we speak about
liquid-gas equilibrium.
Note: If the system temperature is lower than the critical temperatures of all its com-
ponents, we may calculate phase equilibrium either as liquid-vapour equilibrium or as
liquid-gas equilibrium.

e Gas solubility
Gas solubility is understood as an equilibrium concentration of the gaseous com-
ponent in the liquid phase of a given composition at a given temperature and
pressure.

7.7.2 Henry’s law for a binary system

The relation
f2 = Kuzs, (7.40)

where f, is the fugacity of component 2 in the gaseous phase and x5 is its molar fraction
in the liquid, is called Henry’s law, and the constant Ky = f(T,p) is called Henry’s
constant. Component 2 is that which prevails in the gas, component 1 is that which
prevails in the liquid.
e At larger deviations from Henry’s law, relation (7.40) is made more accurate by
way of introducing the activity coefficient

fo= KH332’Y£$] ) (7-41)

where ,ng] defined by relation (6.100) is a function of composition.

e At low pressures, the gaseous phase may be approximated by an ideal gas, and the
fugacity of the component may be replaced by its partial pressure. Equation (7.40)
thus becomes

p2 =py2 = Kura, (7.42)

where y is the molar fraction of component 2 in the gas. Equation (7.42) is
sometimes also called Henry’s law.

e If the liquid phase is an ideal solution, the gaseous phase is an ideal gas, and x; —
1, the following relation between the partial pressure of component 2 and the total
pressure applies

P2 =PpY2=p—pi, (7.43)

where pf is the saturated vapour pressure of component 1.

Example
0.05 mol CO, dissolves in 100 g of water (n = 5.551 mol) at 4°C and the normal pressure.
Calculate Henry's constant if p5(4°C) = 813 Pa.

Solution
The molar fraction of CO; in liquid is

0.05
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From relations (7.42) and (7.43) we obtain

pco, DP—Dhuo 101325 — 813
KH = = =

= =11.26 MPa.
ZCo, TCo, 0.00893

Henry's law is approximate because it assumes independence of Ky on composition. It is
based on the assumption that 2o < 1, i.e. that the solubility of gas in liquid is low.

7.7.3 Estimates of Henry’s constant

Henry’s constant is usually determined experimentally from gas solubility measurements.
If the temperature of the system is below the critical temperature of the gaseous compo-
nent, we may estimate Henry’s constant using the following formulas.

By comparing (7.40) with (7.25) we obtain the relation

Ku=7%"f3, (7.44)

where f3(T,p) is the fugacity of pure liquid component 2 and ~5° is the limiting activity
coefficient of component 2 in a liquid mixture in which this component is infinitely diluted.
If the gaseous phase behaves ideally, equation (7.44) becomes

Ky =3°p5. (7.45)
If, in addition, the liquid phase is an ideal solution (7.23), then

Ky =pj. (7.46)

Example

1. Estimate the solubility of propane(2) in liquid heptane at 25°C and a partial pressure
of propane p, = 101kPa. At this temperature, the saturated vapour pressure of propane is
969 kPa.

2. Estimate 75° if you know that the experimental value of solubility expressed by the molar
fraction of propane is 0.117.

Solution

1. From relations (7.42) and (7.46) we get

s py 0.101

T Ky T s 0.969

Agreement with the experimental value 0.117 is very good.

2. To estimate the limiting activity coefficient, we use relation (7.45) and the experimental

value of solubility

_ _ — 0.889.
72 T s (1)ep | 0.117
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7.7.4 Effect of temperature and pressure on gas solubility

Effect of temperature
Temperature affects gas solubility through of Henry’s constant in (7.40). Conversion
of Ky from one temperature to another is performed using the formula

n F2
24T (7.47)

lIl KH(TQ) = III KH(TI) — . RT2 y
1

where H;@ =H, - Hﬁjz is the differential heat of solution of the gaseous component in a
given solvent [see equation (6.56)].

Effect of pressure

Pressure affects gas solubility both directly and through of Henry’s constant.

e The direct effect is evident from relation (7.42), according to which solubility in-
creases linearly with a growing partial pressure.
e The effect of pressure on Henry’s constant is given by the relation

K =K —= i
u(p2) u(p1) + . RT dp, (7.48)

where V5 is the partial molar volume of gas dissolved in the liquid phase at infinite
dilution. Given the small value of V5 /(RT), this effect is rather weak.

7.7.5 Other ways to express gas solubility

Gas solubility may be also expressed by the volume of gas dissolved in a unit volume of
the solvent. Based on the way in which the volume of the dissolved gas is defined, we
distinguish two different cases (in both of them we assume the validity of the equation of
state of an ideal gas).

e Bunsen’s absorption coefficient—the volume of the dissolved gas is calculated
at the standard temperature 7% = 273.15 K and a given partial pressure p;. Then

©
1

In relation (7.49), VT(§2 = ny RT®" /py. More often we may encounter the form

Vst pst Noy RTst
BRI = (7.50)
Vipe nlvm,1p2

«

where V' = nyRT®"/p* is the volume of the dissolved gas calculated from the
equation of state of an ideal gas at T = 273.15 K and p*® = 101.325kPa. Vl(e) =

nlvn(f)l is the volume of n; moles of the solvent at a given temperature and pressure.

e Ostwald’s absorption coefficient—the volume of the dissolved gas is calculated
at a given temperature and a given partial pressure.

‘/2(3)
p= W ; (7.51)
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where VQ(g) = nyRT/py is the volume of the dissolved gas calculated from the
equation of state of an ideal gas at the temperature of the system and a partial
pressure ps.
Main unit: dimensionless quantity.

e Conversions between coefficients

The molar fraction of gas in the liquid phase, x5, may be calculated from the
absorption coefficients using the equation

—1 -1
RT RT™
Vm,l P2 ﬂ Vm,l b2 c
Example

1 dm? of gaseous CO, dissolves in 1 dm? of water at 17°C and a partial pressure of carbon
dioxide pco, = 101.32 kPa. Calculate Bunsen's and Ostwald’s absorption coefficients.

Solution
It follows from the specification that V;® = 1dm3 and V\*) = 1dm3. Substituting into (7.51)
gives 5 = 1. We obtain Bunsen's absorption coefficient from (7.52)

273.15

_ 20909 _ g.041.
X 7315+ 17

7.7.6 Liquid-gas equilibrium in more complex systems

This subsection deals with the solubility of gaseous mixtures in liquid, gas solubility in a
mixture of liquids, and gas solubility in aqueous solutions of salts.

e Solubility of gaseous mixtures in liquid
Henry’s law (7.40) can be directly extended to a (k -1)-component gaseous mixture

fi - KH,li €, 1= 23, ...k ; (754)

where Ky i is Henry’s constant of component 7 in a liquid component 1. If the
solubility of gases is not too high, Ky 1; may be identified with Henry’s constant
in a binary system containing a liquid component 1 and a gaseous component ;.

e Gas solubility in a mixture of liquids
In this case equation (7.40) applies, with Henry’s constant being the function not
only of temperature and pressure, but also of the liquid solvent composition.

e Gas solubility in aqueous solutions of salts
Just like in a mixture of liquids, also in this case Henry’s constant depends on
solvent composition, i.e. the concentration of the aqueous solution. The presence
of a salt may increase gas solubility as compared with its solubility in pure water
(this phenomenon is known as the salting-in effect), or (more often) it may
decrease its solubility (the salting-out effect).



CHAPTER 7. PHASE EQUILIBRIA 130
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Figure 7.9: Isobaric diagram of a two-component system with two liquid phases. The curve

describes the dependence of equilibrium temperature on the composition of the partially miscible
liquid phases £1 and /5. Point C is the upper critical point of solution.

7.8 Liquid-liquid equilibrium

Some liquids are only partially mutually miscible (e.g. water and phenol), and their mix-
ture can split into two liquid phases. The dependence between the composition of the
coexisting liquid phases and temperature is studied in this connection. The pressure
dependence is small and usually it is not studied.

Note: Equilibrium between liquid phases is typical for mixtures; it does not exist in
one-component systems.

7.8.1 Conditions of equilibrium at constant temperature and
pressure

The intensive criterion of equilibrium (7.4) between f liquid phases in a k—component
system may be written in the form

1 1 2 2 .

If we know the composition of one liquid phase and the activity coefficients, we may
use equations (7.55) to calculate the composition of the other liquid phases.

Note: Given that activity coefficients are non-linear functions of composition [see e.g.
(6.114)], it is necessary to solve a set of non-linear equations when calculating the
composition of the coexisting phases.

7.8.2 Two-component system containing two liquid phases

The course of the binodal line for these systems is usually illustrated in isobaric diagrams
T —z; [see Figure 7.9]. The composition of the coexisting phases varies with temperature,
and the tie lines run parallel to the axis x. Point C represents the upper critical
temperature, which is the highest temperature at which a system may split into two
phases. There are also systems with a lower critical temperature, or those with both
upper and lower critical temperatures.
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Figure 7.10: Isobaric-isothermal diagram of three component system.

7.8.3 Two-component system containing two liquid phases and
one gaseous phase

At constant pressure, this system does not have any degree of freedom [see 7.3]. Temper-
ature does not change until one of the phases disappears.

e Heterogeneous azeotrope
If two liquid phases are in equilibrium with a gaseous phase the composition of

which is y; € (a:gm, :Ugb)), we speak about a heterogeneous azeotrope [see Figure

7.2, where () = (g), (8) = (&), and (7) = (&)].

Note: In the case of a heterogeneous azeotrope, the composition of the vapour phase
is not identical with the composition of the equilibrium liquid phases.

e Ideal vapour phase, both components totally immiscible in the liquid
phase
The overall pressure above a heterogeneous mixture is

p=p} + s (7.56)

and the composition of the vapour phase is

P (7.57)

Pi+ Do
Note: The consequence of relation (7.56) is that a heterogeneous mixture of two very
little miscible substances boils at a temperature which is lower than the boiling point
of any of its components.

7.8.4 Three-component system containing two liquid phases

Figure 7.10 shows a binodal line EC,F and a tie line EDF. The system of a global
composition given by point D split into two liquid phases whose composition is given [see
7.4.4] by points E and F on the binodal line. The amount of substance ratio of both
liquid phases is given by the lever rule [see 7.4.5]. The compositions of both coexisting
phases merge at point C; (the critical point).
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e The distribution coefficient is defined as the ratio of the molar fractions or

concentrations of the i component in one and the other liquid phases.

x(fz)
=2 or K=
) (Zl) )
Zi

K, i=1,23. (7.58)

From (7.55) we also have

(7.59)

This relation makes it clear that the distribution coefficient generally depends on

temperature, pressure and composition; at the critical point (point C; in Figure

7.10), the distribution coefficients are equal to 1.

Extraction, Nernst’s distribution law

Let us have two immiscible liquids, components 1 and 2. In liquid 1, another sub-

stance, component 3, is dissolved. If we add substance 2 to a mixture of substances

1 and 3, then the transfer of part of the dissolved substance from liquid 1 to liquid

2 is called extraction. If we choose ng to denote the initial amount of the extracted

substance, which is contained in volume V) of solvent 1, and n, to denote the

amount of substance which during extraction passes to solvent 2, whose volume is

Vs, we write

=ng Kc,?:vé )
Vl + Kc,3‘/2

If the extraction is performed k—times with the same volume V5 of pure solvent 2,
we can write the following formula for the residual amount n,

V. k
1
Ne=nNp —Np =Ny (m) . (761)

(7.60)

Np

Note: Nernst’s distribution law (7.58) assumes a constant value of the distribu-
tion coefficient. This assumption is justified if the solubility of component 3 in both
immiscible liquids is low. At infinite dilution of the component in both liquid phases,
the distribution coefficient acquires the limiting value which is given by the ratio of the
limiting activity coefficients [compare with (7.59)].

Example

1000 cm? of water contains ng = 0.0001 moles of iodine. What amount of iodine remains in
the aqueous solution after extraction by carbon disulphide if we use: a) 50 cm?® in a one-off
extraction, b) 10 cm? in an extraction repeated five-times. Nernst's distribution coefficient is
Ker, = 612 /129 = 600.

Solution
a) from (7.61) we obtain

b)

1000
r = U. 1 — 9. 1 _6.
= 00001705 g00 < 50 — >33 %10

1000
1000 + 600 x 10

5
n, = 0.0001 ( ) =5.94x1077.

In case b), i.e. after repeating the extraction five-times, about 500-times less iodine remains
in water than in the case of the one-off extraction.
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7.9 Liquid-solid equilibrium in mixtures

This section deals with relations between the temperature and composition of phases
during the freezing and melting of mixtures. The effect of pressure on melting and freezing
is small and usually it is not studied.

7.9.1 Basic terms

Note: Since most experimental data on liquid-solid phase equilibrium relate to atmo-
spheric pressure, the value of equilibrium pressure in these cases is often not stated.

e A set of equilibrium freezing temperatures [see 7.1.10] changing in a given system
with the composition of the liquid phase (the upper line in the binary system in
Figure 7.12) is known as the liquidus.

e A set of equilibrium melting temperatures [see 7.1.8] changing in a given system
with the composition of the solid phase (the lower line in the binary system in
Figure 7.12) is known as the solidus.

e The eutectic point (denoted E in Figures 7.11, 7.13, 7.14a, 7.15) in a two-
component system is defined as the point of intersection of both curves of the
liquidus whose slopes have opposite signs in the vicinity of this point. At this
point there are three phases in equilibrium, and according to the Gibbs phase law
[see 7.3], the system has no degree of freedom at this point at constant pressure.

e The peritectic point (denoted P in Figures 7.14b, 7.15b) is the point in the
vicinity of which the slopes of both curves of freezing have the same sign. At this
point there are three phases in equilibrium, and according to the Gibbs phase law
[see 7.3], the system has no degree of freedom at this point at constant pressure

7.9.2 General condition of equilibrium
(s)

From the intensive criterion of equilibrium (7.2) u,(l) = p;’ we may derive

’Yz(l)mgl) _ T AfusI_Ii

1 =
"020 I R

dr. (7.62)

For integration we need to know the temperature dependence of the enthalpy of melting
of a pure i component, AggH;. Ty is the melting (fusion) temperature of a pure ;™
component.

7.9.3 Two-component systems with totally immiscible
components in the solid phase

The coexistence curve of a liquid mixture with crystals of component 2 (line 7;E in
Figure 7.11) is given by the equation
T Afus}IQ

In~APz0 = dT . 7.63
N7y Ty Ti RT2 ( )

and the coexistence curve of a liquid mixture with crystals of component 1 (line ET% ;) by

the equation
o q (T ApsH;

e = ) TR
.1

dr . (7.64)



CHAPTER 7. PHASE EQUILIBRIA 134

T

E
(Sz)-i-(Sl)
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Figure 7.11: Dependence of the freezing temperature on composition in a two-component
system whose components are immiscible in the solid phase. Tt; and To are the freezing
temperatures of pure components 1 and 2, E is the eutectic point.

The common solution of both equations gives the temperature and composition of the
eutectic point E [see 7.9.1].

Note: Most organic substances do not mix in the solid phase.

e Ideal solubility
If the liquid phase forms an ideal solution and the enthalpy of melting is indepen-
dent on temperature, we have

AmH, (11
-] ) — fust41 [ 1 65
no R \T T, (7.65)

and similarly for the second part of the liquidus curve. From this it follows that:

1. The slope of the dependence T—z; does not depend on substance 2.

Solubility increases with increasing temperature.

3. Of the two substances with roughly the same enthalpies of melting, the one
with a lower temperature of melting will dissolve more.

4. Of the two substances with a comparable temperature of melting, the one with
a lower enthalpy of melting will dissolve more.

N

e For the temperature dependence of the solubility of salts we can write for low values
of molality

my(T) _H, (L-1). (7.66)

m® (1) T UVR\T' T

where v is the total number of ions to which a salt of the molality mg) dissociates
in a given solvent, and H? is its last differential heat of solution.

e For lowering of the melting temperature by dissolving a component 2 in a
pure liquid substance 1 it holds in the ideal solution approximation

mo

AT:Tfjl—TiKchZKC ’
Mymy

(7.67)
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Figure 7.12: Two cases of the dependence of the freezing temperature (the upper curves) and
the melting temperature (the lower curves) on composition in a two-component system with
components completely miscible in both the liquid and solid phases. Case b) is an analogy to
the azeotropic behaviour.

where T is the melting temperature of a dilute solution, Tt ; is the melting temper-
ature of a pure solvent, m, denotes the molality of solute?, m; or my denote the
mass of the respective component, and K¢ denotes the cryoscopic constant which
may be determined from the properties of a pure solvent

= ——. 7.68
¢ AfusI'Il ( )

7.9.4 Two-component systems with completely miscible
components in both the liquid and solid phases

In Figure 7.12, the liquidus is indicated by the thicker line and the solidus by the thinner
line. Both curves may be calculated by solving two equations (7.62) for i = 1 and 2, pro-
vided that we know the dependence of all activity coefficients on composition. Sometimes
we may encounter the type shown in Figure 7.12b, where the liquidus and solidus meet.
It is an analogy to the azeotropic point in the liquid-vapour equilibrium [see 7.6.6].

7.9.5 Two-component systems with partially miscible
components in either the liquid or the solid phase

e Components partially miscible in the liquid phase and totally immiscible in the
solid phase. Figure 7.13 is an extension of Figure 7.11 with the region of two
liquids added. Points C, D, E represent the coexistence of three phases, with the
number of degrees of freedom decreasing, according to the Gibbs phase law [see
7.3], to zero.

e Components completely miscible in the liquid phase and partially miscible in the
solid phase. In the event of large differences in the melting points, the case shown

21f the solute dissociates, m, has to be replaced by vam,, where v is the number of particles formed
by the dissociation of the molecule, and « is the degree of dissociation.



CHAPTER 7. PHASE EQUILIBRIA 136

T (1)+(12)
(s2)+(1) ~]_ 1)
D
C Ty
! (52)+(1) L )
E
(SQ ) + (Sl)
0 T 1

Figure 7.13: Dependence of the freezing temperature on composition for a two-component
system; the liquid phases are partially miscible, the solid phases are immiscible.

Figure 7.14: Dependence of the freezing temperature (the upper curves) and the melting
temperature (the lower curves) on composition for a two-component system; the components
are completely miscible in the liquid phase, the solid phases are partially miscible. Case a) is
typical of mixtures with small differences in the melting temperatures of pure components; case
b) is typical of mixtures with great differences in the melting temperatures of pure components.

in Figure 7.14a transfers to that shown in Figure 7.14b. Point E is the eutectic
point and point P is the peritectic point [see 7.9.1].

7.9.6 Formation of a compound in the solid phase

In Figure 7.15a, substances 1 and 2 form a compound of composition z}. This compound
is stable at its melting temperature 77, which is known as the congruent melting point.
In Figure 7.15b the compound of composition | is not stable at its melting temperature
and T} is known as the incongruent melting point in view of the fact that, in contrast
to the congruent melting point, there is a different composition of the liquid and solid
phases in this case.

7.9.7 Three-component systems

A three-component diagram delimits the homogeneous and heterogeneous regions in a
three-component system at constant temperature and pressure (usually atmospheric).
Figure 7.4 shows the solubility of two salts A and B in water (component C). The
liquid phase is denoted (y) and the solid phases are denoted (&) and (3).
When we want to observe changes in equilibrium composition at different tempera-
tures, we have to use three-dimensional diagrams.

7.10 Gas-solid equilibrium in mixtures

This section deals with the relations between temperature, pressure, and the composition
of phases during sublimation and vapour deposition of mixtures.
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It

Figure 7.15: Dependence of the temperatures of freezing and melting on composition for
two-component systems whose components form a compound in the solid phase. In case a)
the compound is stable at the melting temperature, in case b) it is unstable at the melting
temperature. Individual letters denote the following regions and points, A: (s3) + (1); B, C: (s3)
+ (1); D: (s1) + (1); E, Eq, Eg: eutectic points; P: peritectic point, F: (s1) + (s3)-

7.10.1 General condition of equilibrium

©® _

From the intensive criterion of equilibrium (7.2) u,> = p;’ we may derive

f(g)/f.,(g) T AsubHi P Asub‘/;
In >+~ — = 7dT—/ ———dp. 7.69
' %-(s)xgs) 7., RIT? » RT Y ( )

For integration we need to know the dependence of the volume change during sub-
limation on pressure, and the dependence of the enthalpy of sublimation of a pure i*®
component Ay, H; on temperature. Ty; is the temperature of sublimation of a pure 7*

component, p° is the respective saturated vapour pressure.
3 7

h

7.10.2 Isobaric equilibrium in a two-component system

For a binary mixture whose components form an ideal gaseous mixture over the solid
phase of pure crystals of component 1, we have (provided that Ag,, H; is independent of

temperature) A
H (1 1
—Inyl® = Db 770
e R \T T,)’ (7.70)

where Tt is the melting temperature of a pure substance 1. The same relation applies
to the second component. The common solution of the equations for both components
gives the temperature and composition at point E, which is called the eutectic point
of vapour. Figure 7.16a shows the dependence of the vapour phase composition on
temperature for this case.
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Figure 7.16: Solid-gas phase equilibrium in two-component systems whose components are
immiscible in the solid phase: a) Dependence of the temperature of sublimation on composition
(isobaric diagram); b) dependence of the pressure of sublimation on composition (isothermal
diagram).

7.10.3 Isothermal equilibrium in a two-component system

Let us consider a mixture whose components form an ideal gaseous mixture and are
immiscible in the solid phase. Given that the volume of the solid phase is usually much
smaller than that of the gaseous phase, we may replace the sublimation volume with the
volume of an ideal gas Ag,,V; = RT/p. Then for the molar fractions of the components
in the gaseous phase it applies that

® _ P
» ( )

The pressure dependence of the vapour phase composition is shown in Figure 7.16b.

7.11 Osmotic equilibrium

Let us have a solution (this phase will be denoted ') separated from a pure solvent (this
phase will be denoted ”) by a semipermeable membrane, i.e. a membrane through which
only the molecules of the solvent can permeate. In order for the equilibrium condition
(7.2) for solvent to be satisfied, both phases separated by the membrane must be under
different pressures. Their difference is called osmotic pressure

m™ = pl — p” . (772)
For osmotic pressure we can write
RT1
o " o (7.73)
Wi

where ¢; is the osmotic coefficient [see (6.110)], z; is the molar fraction of the solvent,
and V;* is the molar volume of a pure solvent at mean pressure (p’ + p")/2.
For very diluted, ideal and incompressible solutions, relation (7.73) simplifies to

™ = RTZ C;, (774)

=2
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where ¢; stands for the amount-of-substance concentrations of the particles (molecules
or ions) of the dissolved substances. This equation is called the van’t Hoff equation.
According to this equation, osmotic pressure does not depend on the kind of solvent used.

Reverse osmosis allows for obtaining a pure liquid from a solution by way of in-
creasing pressure over the membrane.

Example

Calculate the osmotic pressure over the solution of sucrose in water, separated from pure
water by a semipermeable membrane, below which neither dilution nor reverse osmosis occurs
at 60°C. The amount-of-substance concentration of the solution is 0.1923 mol dm 3.

Solution
From the specification it follows that ¢ = 192.3 molm™3. According to (7.74) it applies that

™= RTcy = 8.314 x 333.15 x 192.3 = 532.6 kPa.



Chapter 8

Chemical equilibrium

This chapter deals with systems in which chemical reactions take place. In the course of
a chemical reaction, the composition of the reacting system approaches its equilibrium
composition. The rate at which this equilibrium can be attained is dealt with by another
field of physical chemistry, chemical kinetics [see 9]. Calculations of the equilibrium
composition and the effect of temperature, pressure and non-reacting components on the
composition of a system in the state of chemical equilibrium are described in this chapter
for one reaction. The process of this calculation for more simultaneously proceeding
reactions is described at the close of the chapter.

8.1 Basic terms

e Chemical reaction is a process [see 1.4.3] during which new aggregates of atoms
are formed in consequence of a collision (radiation,...).

Note: In thermodynamics, phase transformations, e.g. C (graphite) = C (diamond),
are sometimes ranked among chemical reactions.

e Chemical equilibrium is a special case of thermodynamic equilibrium [see 1.4.1
and 1.4.2].

e Equilibrium composition is the composition of a system which is in the state
of chemical equilibrium.

e One mole of reaction.
We speak about one mole of reaction when a moles of substance A, b moles of
substance B, ... react to form s moles of substance S, ¢t moles of substance T,...,
according to the record (8.1) of the given reaction.

8.2 Systems with one chemical reaction

8.2.1 General record of a chemical reaction

In chemistry it is usual to record a chemical reaction as follows [see 5.1]:

aA(f) +b6B(f)+...=sS(f) +tT(f) +... (8.1)
In this record, A, B, ... represent the initial chemical individuals or reactants; S, T,
. represent the products of a given chemical reaction; a,b, ..., and s,¢, ... represent

140
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the respective stoichiometric number. By subtracting the left side in equation (8.1) we
obtain an alternative record

0= 3 uRi(f). (8.2)

i=1
El Symbols: Here the chemical individuals are denoted Ry, ..., R, (in the first case they are
denoted A, B, ..., S, T, ...), and the stoichiometric numbers are denoted v; where “i” is

the ordinal number of the i-th substance (in the first case they are indicated by the symbol
of the substance to which they relate). The stoichiometric numbers of the products are
positive while those of the reactants are negative.

The physical state (phase) of a given component is denoted (f) . If (f) = (s), the
component is solid, if (f) = (1), it is liquid, and if (f) = (g), it is gas.

Example
Record the chemical reaction

S0, (g) + %OQ (g) =SO0s3 (g)

in the alternative way and calculate individual stoichiometric numbers.

Solution
Subtracting the left side yields

0=50; (&) ~ 50» (&) ~ 50 (8).

If we denote sulphur trioxide with the subscript 1, sulphur dioxide with the subscript 5 and
oxygen with the subscript 3, then

Ry =503, v =+1,
RQZSOQ, 1/22—1,

— _ 1
R3—02, 1/3——5.

8.2.2 Material balance

The record of a chemical reaction reflects the mass conservation law in a closed system.

Material balance allows for the changes in the amount of substance of individual compo-

nents participating in a given reaction to be expressed using a single variable & which is
called the extent of reaction

Ty — Ny

== 8.3

g= L, (53)

where n; o denotes the initial amount of the ¢-th substance and ¢ is the extent of reaction.

Note: The extent of reaction is an extensive quantity.

@ Main unit: mol.
For the amount of the i-th component in any stage of reaction it holds that

n; = N0 + Z/Z'f . (84)
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Sometimes also the degree of conversion «

_Mip—ni &V (8.5)

Nso Nso

is used.
Note: The degree of conversion is an intensive quantity.
@ Main unit: dimensionless quantity.

Example
The following reaction proceeds in a closed system

0 =503 (g) — SO, (g) — %Og (8) -

What is the extent of reaction of a system at equilibrium if there is initially
a) 1 mol SOy and 1 mol O,
b) 2 mol SO; and 3 mol Oz, 4 mol SO3 and 20 mol N, in the system?

Solution
If we use £ to denote the extent of reaction and n;., to denote the amount of the i-th
component at equilibrium, then

Substance | nig  Nieq | M40 Nieq
a) b)
SO, 1 1-&] 2 2-¢
O, 1 1-%¢| 3 3-1¢
SO; 0 3 4 4+¢
N, 0 0 20 20
Sham | 2 2—-2£]129 29-1

In the case a) € is a number between 0 and 1. In the case b), when the products are
also present in the initial mixture, the reaction may also proceed in the opposite direction and
€ € (—4,2).

e Material balance at constant volume

When a reaction proceeds in the gas phase in a closed system at constant temperature
and volume with a change in the total amount of substance (and thus also pressure), and
if ideal behaviour may be assumed, pressure is often balanced instead.

Example
The reaction

0=50; (&) ~ 50» (&) ~ 50 (8).

is again under way in a closed system. What are the partial pressures of the individual com-
ponents of the system at equilibrium if initially there is only SO, and oxygen in the system
at constant temperature and volume? The initial partial pressure of SO is p3p,, the partial
pressure of oxygen is pp, .

Solution
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Substance Initial partial pressure Partial pressure at equilibrium

Pio Diyeq
SO, Psos,0 Pso,,0 — Ap
02 Po2,0 DPos,0 — %Ap
SO3 0 Ap
If the extent of reaction is £ then
RT
Ap =§ —.
P=£—;

The initial pressure is
Do = Ps0,,0 T P0,,0,

and the equilibrium pressure is

1
P = Pso, T Po, + Pso; = P50,,0 T P0,,0 — éﬁp-
From the preceding two equations we obtain

Ap =2(po —p) .

By way of measuring the total pressure we may calculate the partial pressures of all
components of the mixture.

8.2.3 Gibbs energy of a system

The Gibbs energy of a k-component system is given by the relation

k
=1

where p; is the chemical potential of the i-th component in the mixture, for which it holds
[see 6.4.2]

— oG
pi =Gi = ( ) =1 + RT Ina;. (8.7)
8ni T .
yPyThj 4
Symbols: We use superscript 5 to denote a quantity in an unspecified standard state.
According to the new IUPAC recommendations, symbol ° is used instead.
If changes in the amount of substance occur in a closed system due to a chemical
reaction, we may substitute (8.4) into (8.6) to obtain

k

i=1

The Gibbs energy of a closed system in which a chemical reaction proceeds thus
depends on the extent of reaction, i.e. on the extent of the initial substances (reactants)
transformation to the products.

Figure 8.1 shows two possible cases of this dependence at constant temperature and
pressure:
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Figure 8.1: Dependence of the Gibbs energy of a closed system on the extent of reaction.

a) the Gibbs energy changes linearly with the extent of reaction. This case occurs
when all components involved in the reaction are mutually immiscible.

b) the Gibbs energy reaches its minimum in dependence on the extent of reaction.
This case always occurs in reactions proceeding in a closed system in a homogeneous
mixture.

By differentiating (8.8) with respect to the extent of reaction while taking into account
the Gibbs-Duhem equation [see 6.3.2], we obtain A,G, i.e. the change in Gibbs energy
at one mole of reaction in an infinitely large reactor

oG k k
T,p

i=1 i=1
@ Main unit: Jmol .
The Gibbs or reaction isotherm is the relation between the change in the Gibbs

energy (at one mole of reaction at constant temperature and pressure) and the activities
of the reacting substances (which change in the course of the reaction).

k
AG = AG* + RTIn [ a” . (8.10)
i=1
k k
AGY =D vt =Y vGh (8.11)
i=1 i=1

is the change in the Gibbs energy at one mole of reaction if substances involved in the
reaction are in a standard state [see 5.2].

El Symbols: The symbol [I¥_; a’* denotes the product of the activities of substances from 1
to k, raised to the power of their stoichiometric numbers.
Note: For the negative values of A;G, the system composition shifts toward the prod-
ucts, for the positive values it is vice versa, i.e. the amount of products decrease in

the reaction mixture. The affinity of reaction is sometimes defined using the relation
A=-AG.
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ATG /
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Figure 8.2: Dependence of A .G on the activity of carbon oxide

Example
Calculate the change in the Gibbs energy of the reaction

0=CO(g) —C(s) — %OQ (g)

at the beginning of the reaction when there is no carbon oxide present in the reacting mixture.

Solution
AG = AG* + RTIn L‘fﬂ ,
CL(;CL02
where

AG™ = Girtl,co - %Gfrz,oz - G?rtz,c .
The initial activity of carbon oxide (just like its fugacity, partial pressure and concentration)
is zero. Consequently, for any non-zero initial concentrations of the reactants, A,G= —oo.
(A,G® always has a finite value).
The dependence of A,.G on the activity of carbon oxide in the reaction mixture is shown
in Figure 8.2.3.

8.2.4 Condition of chemical equilibrium

At equilibrium, the Gibbs energy of a closed system reaches its minimum at constant
temperature and pressure [see 3.4.6]. Hence, chemical equilibrium is attained at constant
temperature and pressure if

oG
Z vip; = 0 [eq] - (8.13)

El Symbols: [eq] denotes the condition applying at equilibrium.
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Example
What relation has to apply at equilibrium between the chemical potentials of substances A
and B bound by the reaction

0=B-2A.

Solution
From (8.13) we obtain

MB = 2/ia.
From (8.10) at equilibrium we obtain

1,eq )

k
AG* = —RTIn[] at: (8.14)
i=1

where a;.q denotes the activities of reacting substances in equilibrium.
Note: If minimum is not reached inside the concentration interval, i.e. if the Gibbs
energy of the system monotonously decreases or increases with the extent of reaction ,

only the products or only the reactants are present in equilibrium [see 8.2.8 and Figure
8.1].

8.2.5 Overview of standard states

The standard states of individual components may be chosen arbitrarily within certain
limits. The first limitation is that the standard temperature is always the temperature of
the system. Further on, the standard state of individual components of a system is usually
chosen at fixed composition. The standard pressure is either constant, or it changes with
the system pressure. Compare with 6.5.3.

e Standard state: the state of a pure substance in a given state of matter or modifi-
cation at the temperature of the system and a standard pressure.

@ Symbols: For this standard state, the superscript 5 is replaced with the superscript ° if
p** = 101.325 kPa.
Note: For gases, the superscript ° is used to denote the standard state of the gaseous
component in the state of an ideal gas at the temperature of the system and a standard
pressure (p** = 101.325 kPa). The standard fugacity in this case equals the standard
pressure [see 3.2.6].

e Standard state: the state of a pure substance in the same state of matter or
modification as in the mixture at the temperature and pressure of the system.

El Symbols: For this standard state, the superscript ¢ is replaced with the superscript °.

e Standard state: the state of a hypothetical pure substance at the temperature
and pressure of the system obtained by extrapolation from the behaviour of a
component in a mixture at infinite dilution.

@ Symbols: For this standard state, the superscript * is replaced with the superscript .

e Standard state: the state a given component would have in a hypothetical ideal
mixture whose properties would be extrapolated from infinite dilution at the tem-
perature and pressure of the system to the concentration 1 mol/dm?; = 1
mol/dm?3.
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El Symbols: For this standard state, the superscript * is replaced with the superscript [¢.

e Standard state: the state a given component would have in a hypothetical ideal
mixture whose properties would be extrapolated from infinite dilution at the tem-
perature and pressure of the system to the concentration 1 mol/kg of solvent; m® =
1 mol/kg of solvent.

El Symbols: For this standard state, the superscript * is replaced with the superscript ™.

Example
What is the activity of nitrogen, whose fugacity at temperature 7" and pressure 1 MPa is fy,
= 0.505 MPa, if we choose the standard state as follows:

a) nitrogen in the state of an ideal gas at the temperature of the system and the standard
pressure 101 kPa,

b) nitrogen in the state of an ideal gas at the temperature and pressure of the system

Solution
a)
v e 0505 _
Ne T s T ot T 0201
b)
0.505
aNQ—&—&=—=0.505.

- fot - P° 1
Note that the activity of nitrogen changes with the standard state.

8.2.6 Equilibrium constant

The equilibrium constant of reaction (8.2.3) is
K=][a (8.15)

@ Main unit: dimensionless quantity.

Note: Since further on in this chapter we will deal solely with states at equilibrium,
the subscript ¢, will be omitted.

The relation (8.14) may thus be also written as
AGY"=—-RTIhK. (8.16)

The value of the equilibrium constant is determined by:

e the standard state
e the stoichiometric coefficients in the chemical reaction.

Example
If we multiply a chemical equation by two, we get

A, 2G™ =2A,,G*
and from this we have for equilibrium constants [compare (8.16)]

K2:K12
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gaseous phase

K*

Comments

For a mixture of
ideal gases

For an ideal mix-
ture of real gases

For a mixture of
ideal gases

Used for almost ideal gaseous sys-
tems. The equilibrium constant
does not depend on pressure, the
composition does.

Both the equilibrium constant and
composition are the function of
pressure.

Used particularly in connection
with chemical kinetics.

Comments

For an ideal so-
lution

For an ideal so-
lution

For an ideal so-
lution

For an ideal so-
lution

Used in the thermodynamics of
non-electrolytes.

It applies that v; = v - %[I] ;

where v = thnO Vi -
3

Used in the thermodynamics of so-
lutions of electrolytes (dissociation
constants, solubility products).

Used in the thermodynamics of the
solutions of electrolytes.
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8.2.7 Reactions in the gaseous and liquid phases

The exact relations for equilibrium constants, simplified relations for ideal cases, and
symbols for individual standard states together with other information are given in tables
on pages 148 and 149.

Note: The symbol

k
Av = Z v;
=1

denotes a change in the total amount of substances.

El Symbols: For the standard state of a pure component at the temperature and pressure
of the system, the superscript ** is replaced with the superscript ®, the respective v is
without any subscript or superscript.

Note: In an ideal solution, the result for the standard state denoted °® is the same as
for that denoted @),

Example
Write the equilibrium constant of sulphur dioxide oxidation

0=S50;(g) — %Oz (g) —SO2 (g)

for the standard state of a pure gaseous component in the state of an ideal gas at the tem-
perature of the system and the standard pressure 101.325 kPa if the reaction proceeds at a
pressure of 10 kPa.

Solution
A 1/2
K asos (f“)sos _ Pso;  Tso, (p_St ) /
= 172 172 — 1/2 1/2
Uz Uz p
450, %0, (f“)so2 (fst)OQ 950,90, T50, 70,
1/2
_ $so,  Mso, (101.325 sk n) /
- 1/2 1/2 ’
¢soz¢o/2 nsozno/z 10

where n; denote the amount of individual components at equilibrium, and ¢; their fugacity
numbers.

Example
Write the equilibrium constants K* and K9 for the reaction of acetic acid with 1-pentene

0 - C7H1402(1) — C5H10(1) — C2H402(1) .

Solution
K. = TE TE — E e (TlE + np + 'I’LA) 5
YPYA TPTA YPYA IPTIA
V[Ec] CE ’Y[Ed nE
K el = Cst = —Vcst ’

Ylysl ceea T yilyd nena

where ¢;; = 1 mol/dm?, and E, A, P as subscripts denote ester, acetic acid and 1-pentene.
While the ratio of the amounts of substance at equilibrium is the same in both relations, the
ratio of the activity coefficients is different.
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8.2.8 Reactions in the solid phase

e Choosing as the standard state a pure substance at the temperature and pressure
of the system, the activity of solids which do not form solid solutions equals 1.

For a reaction between immiscible solids we have
AG = AG* (T, p] (8.17)

and the reaction proceeds in the direction of decrease in the Gibbs energy until at least one
of the reacting substances disappears from the mixture. The reactants are in equilibrium
with the products only if A,G* = 0.

e Solid solutions (e.g. amalgams) are processed in the same way as liquids [see the
preceding section].

Example

Say whether red (1) and white (2) phosphor can be in equilibrium at 298 K and 101.325 kPa

if you know that under these conditions the molar Gibbs energies of the pure substances are
’ —6.804 kJ mol~! and G2 =52kJ mol~1.

m1 =
Solution
For the reaction
0 = P(red,s) — P(white,s)
we have A;G* =G}, — G}, 5, = —12.004 k) mol~". For the sake of the unit activities of both

solid substances it follows
AG=AG*<0

and therefore equilibrium cannot be attained, but the reaction proceeds until all white phosphor
transforms into red phosphor. In the same way it can be shown that

G = (n7 +&)GT + (n; — §)G3

will linearly decrease with increasing &.

8.2.9 Heterogeneous reactions

In the case of heterogeneous reactions, different standard states are often chosen for
individual components of the reacting system. For condensed components, this is most
often the standard state of a pure component at the temperature and pressure of the
system, for gaseous components it is the standard state of a pure gaseous component in
the state of an ideal gas at the temperature of the system and a pressure of 101.325 kPa.

Example
Write the equilibrium constant for the reaction

Solution

It holds that )

_ 0p,00si
aSi02a2H2
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If we choose the standard state of a pure substance at the temperature and pressure of the
system for condensed components, their activities equal 1 because neither Si nor SiO, is soluble
in water. For hydrogen, we choose the standard state of a pure substance in the state of an
ideal gas at a standard pressure. Then

1 st 2
ap, ¢H2pH2

Decomposition temperature is the temperature at which the sum of the partial
pressures of gaseous components originating by the decomposition of a solid reaches the
value of the ambient pressure. It is the lowest temperature at which a reaction can
be performed at a sufficient rate because below this temperature the rate of reaction is
determined by the rate of diffusion of gaseous products toward the surface (an analogy to
boiling).

Example
The equilibrium constant of the reaction

0 = FeO(s) + CO,(g) — FeCO3(s)

at a temperature of 25°C is K = 0.000216 (the chosen standard state: pure component at
the temperature and pressure of the system for the solids, and an ideal gas at the temperature
of the system and standard pressure p** = 101.325 kPa for carbon dioxide). At what pressure
would this temperature be the decomposition temperature?

Solution

K — ACO,0Fe0 $co,Pco,
(FeCO; p*

Assuming ideal behaviour of the gas phase, then
Pco, = K- pst = 21.89Pa.

The temperature 25°C would be the decomposition temperature of iron (1) carbonate at an
ambient pressure of 21.89 Pa.

8.3 Dependence of the equilibrium constant on
state variables

8.3.1 Dependence on temperature

It holds that

<aan> _ AH°

5T = RIZ’ (8.18)

where A,H° is a change in the standard enthalpy of a given reaction at one mole of
reaction. Equation (8.18) is called the van’t Hoff isobar.

Note: Note that in exothermic reactions (A, H° <0) the equilibrium constant decreases
with increasing temperature while in endothermic reactions it increases.
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Integrated form

W K(T) = KT + [ 2 gr (8.19)
n =In —dT. .

2 ! T RT2
To calculate the integral on the right side of equation (8.19) it is necessary to know

the temperature dependence of A H® [see 5.3].

e For the simplest case when A, H° can be assumed to be independent of temperature,
we have

AH® /1 1
n K (%) = n K (T3) - =% <T2 - ﬁ) , (8.20)

e In general we write (5.16)

T
AH®(T) = AHO(T,) + | ACSdT .
To

If the temperature dependence of the isobaric molar heat capacities of individual compo-
nents are expressed in the form

(O =a; + sz =+ CZ'TV2 + diT’_2 y

pm,i
we obtain
1po/1 1 T
nK(T,) = an(Tl)—E[A (E_T) Aaln 2
Ab Acy o Adf1 1
- 5 m-T) - (73 Tl)—7<T—22—T—12>], (8.21)

where 717 denotes the temperature at which we know the value of the equilibrium constant,

. Ab_, Ac ., Ad
A= AHE(T,) = AdT, = 517 = 517+ 2

AH°(T,) is the value of the standard reaction enthalpy at temperature 7, a Aa =
25?21 via; , Ab = Zz 1 vibi, Ac = Zz 1 Vi€, Ad = EZ 1 vid

Example

Calculate the equilibrium constant of butane(1) isomerization to 2-methylpropane(2) at 500
K if the equilibrium constant for this reaction at 300 K is 4.5 (standard state: ideal gas at the
temperature of the system and a pressure of 101.325 kPa).

Input data: A H° = —8.368 kJmol 'at T = 298 K, C;,, ; = 123.1 Jmol 'K 'and C;,, ,
= 123.37 Jmol 1K1,

Solution

AC, = 0.27 Jmol~ 'K,

AHO(T) = ArH?(298) + AC,(T — 298) = —8448.46 + 0.27 T'. Substitution to (8.19) and
integration yields

8448 46 /1 1 0.27 . 500

an(500) = an(300)+ (%— %) +?ln%
500
= 1.504 + 1016.2 ( — 300) + 0.03251n %

From this we obtain K (500) = 1.180.
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8.3.2 Dependence on pressure

e The equilibrium constants of reactions in which the standard state at the tempera-
ture of the system and an arbitrary standard pressure is chosen for all substances
are independent of pressure. In general, however, the extent of reaction changes
with pressure [see 8.5.2].

e If we choose the standard state at the temperature and pressure of the system,

then
(EﬂnK) :_ATV (8.22)
T

Op RT ’
where

k
AV = z ViV
i=1

and V7 ; s the molar volume of the i'" component at the temperature and pressure of the
system.

Note: If different standard states are chosen for different components of a system, the
summation is only performed over those system components for which the standard
state at the temperature and pressure of the system has been chosen.

Integrated form

2 A V*
In K (p2) = In K(p1) — /p1 BT dp. (8.23)
In condensed systems, A, V*® can be mostly assumed to be independent of pressure. Then
AV
In K(p2) =InK(p,) — R (p2 — 1), (8.24)

Note: The pressure dependence of the equilibrium constant in condensed systems is
usually very small.

8.4 Calculation of the equilibrium constant

8.4.1 Calculation from the equilibrium composition

If we know the system composition at equilibrium at a given temperature and pressure,
we can also calculate its equilibrium constant.

Note: In order to accurately determine the equilibrium constant of liquid or solid
solutions we need to know the activity coeflicients, in addition to the equilibrium com-
position. For gaseous mixtures we need to know the fugacity coefficients.

8.4.2 Calculation from tabulated data

Pressure and absolute temperature have natural zero. The entropy of a pure substance
in its most stable crystalline modification is also zero at absolute zero, and hence it may
be calculated absolutely [see 3.5.5]. The energy functions U, H, G and F' do not have
natural zero. In tables, the enthalpy of elements in a stable modification at a
pressure of 101.325 kPa and a reference temperature of either 0 K or 298.15
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K is chosen as a reference state. It is the same as if the enthalpy of elements in stable
modifications under reference conditions equalled zero.

At a temperature other than the reference temperature, the enthalpy of elements
can be calculated provided that we know their C, and the standard enthalpy of their
modification transformations [see 3.5.3]. At the reference temperature, the enthalpy of a
compound equals its enthalpy of formation. Other energy functions are calculated from
the defining relations.

In order to calculate the equilibrium constant we need to know A,G® because

Ar Gst
RT |

K =exp <_ (8.25)

However, in tables we can find only the quantities from which A.G° can be calculated.
This must be then converted to other standard states.

e Calculation from Hp ; and Sy, ;

From the given data we may calculate G, ; of every component

an,i = Hr‘;m- - TS;,Z- (8.26)

and i
AGE = nGos, (8.27)

i=1

where the summation is performed over all substances involved in the reaction.
e Calculation from AyH; and Sy, ;

Using this data we may calculate A,H° and A,S° for a given temperature [see 5.1].

Hence
AG=AH°—TA,S° (8.28)

Note: The same procedure could be also applied in the preceding case.

Note: At the standard temperature, Ay H;” equals Hy, ; for the most stable modification.
A;H; of elements are zero at all temperatures.
e Calculation from A;G; or G}
We again calculate A.G° from relation (8.27) or, alternatively

k
AG =D NGy (8.29)
i=1
and the equilibrium constant from relation (8.25).

Note: A;G; of elements in their most stable modification equals zero, Gy, ; of elements is
not zero, not even at the standard temperature (if this is not zero absolute temperature)
due to the non-zero entropy.

e Calculation from the logarithms of the equilibrium constants of formation

AG°
K;; = exp (— 1_{;) . (8.30)

For the equilibrium constant of the given reaction it holds

k
InK => v;InKy;. (8.31)

=1
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e (Calculation from the Giauque G-functions, which are usually tabulated for indi-
vidual chemical substances either as

(_an,i(T) —Hn‘z,i(298)> o <_an=i(T);H&”’(o)> ,

T
where
(_ Gm,i(T) _THm,i(298)> — Src;”(T) _ Hm:i(T) _THm’i(298) (832)
(_ an,i(T); HI?I,’L(O)) = 82,:(T) — HIC;I’Z(T); H;l’i(o) ) (8.33)

For the calculation of A,G° or the equilibrium constants we need to know A,H°(298) in
the first case, or A,H°(0) in the second case.

Y O RS, N U CITLE )
) InK = 1% lé Vi (—G?“’i( )T Hini(0) ) iuzAfHo(O)] . (8.35)
Example

Calculate the equilibrium constant of water vapour formation

= H,0 (g) — Ha (8) — 502 (&)

at 400 K if:
substance — (W) /J mol=! K™
Ho 131.721
(02} 205.029
H,O 190.079

and A;H°(298) for water vapour is —241.827 kJ mol .

Solution

1
—AG° =400 (190.079 — 5205.029 —131.721) + 241827 = 224164.2 J mol !,

(e}

G ) =1.9 x 10%.

K = exp(— RT

e Calculation from the standard electrode potential of galvanic cells

If a given reaction can be carried out using a reversible electrochemical cell, then it is also
possible to calculate A,G° from the standard electrode potential of the cell E° because

we have
AG° = —zFE°, (8.36)

where F'is the Faraday constant and z is the number of electrons exchanged during one
mole of reaction [see 11.2.2].
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8.4.3 Calculation from the equilibrium constants of other
reactions

For the calculation of A,G® just like A H®, reactions may be combined [see Hess’s law,
5.1.2]

Example
Calculate the equilibrium constant of the reaction

0 = CO2(g) + 2H2(g) — C(s) — 2H:0(g),
if K1 is the equilibrium constant of the reaction

0= COz(g) = C(s) = O2(g)

and K is the equilibrium constant of the reaction

0= Hy0(g) — Hy(g) — %Oz (g)-

Solution
If we use the subscript 3 to denote A,G®* of the reaction whose equilibrium constant we want
to calculate, we can write
AGY = AGY —2A,GY
and by substituting from (8.16) we obtain
InKs=InK;, —2InK,

and thus K
K3 = —; .
D)

8.4.4 Conversions

e Conversion to another temperature

The dependence of enthalpy, entropy and the Gibbs energy on temperature is given in
[3.5.3 through 3.5.7]. The temperature dependence of the equilibrium constant is given
in [8.2.1].

e Conversion to another pressure

The dependence of enthalpy, entropy and the Gibbs energy on pressure is given in
[3.5.3 through 3.5.7]. The pressure dependence of the equilibrium constant is given in
(8.3.2].

Example
Oxidation of sulphur dioxide

0= 50, (&) ~ 505 (g) — 502 (8).

has the equilibrium constant K = 1.794 (standard state of the gaseous component in the state
of an ideal gas at temperature 1000 K and standard pressure 101.325 kPa). Calculate the
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equilibrium constant of the same reaction for the standard state of a pure gaseous component
at the temperature and pressure of the system if the system pressure is 1 kPa. Assume ideal
behaviour.

Solution

=0.178.

1
101.3

pst Av
K*=K° (—) =1.794
p
If we choose the standard state of a pure component at the temperature and pressure
of the system, even if under the given conditions the pure substances would be in another
state of matter or structural modification than in a mixture, the following conversions are
necessary:
e Conversion of Gf ;(g) to Gy, ;(1)
s P
Graall) = Ginile) + BT+ [ Voo i(p, (8.37)
P
where p! denotes the saturated vapour pressure of substance ¢ at a standard temperature,
/7 denotes the fugacity of the same substance at a standard temperature and a pressure
equal to the saturated vapour pressure, and f° = 101.325 kPa.

Example
Calculate Ay Gpy,o(1) at 25°C and pressure 0.3 MPa. The value Ay Gy o(g) = —228.590
k J mol~!for this temperature, and the saturated vapour pressure of water at 25°C is p° =
3.168 kPa.

Solution
Substituting in the above relation while assuming ideal behaviour of water vapour yields
3.168
A;Gh,o(l) = —228590+ R-298.151n +18-107%(300 — 3.168)

101.25
= —237174 Jmol™!.

We assumed that the density of liquid water (1 g cm™2) did not depend on pressure.

e Conversion of G;n,z- to Gg,i
[e] ..
G, =Ge,— RTn L5 (8.38)

S
Cost

8.5 Le Chatelier’s principle

Chemists are usually interested in what effect a change of temperature, pressure or the
initial composition of a mixture would have on its equilibrium composition. For the study
of these changes we use Le Chatelier’s principle which may be formulated as follows:

When a system in the state of equilibrium is subjected to a change, it
strives to minimize the effect of this change.

8.5.1 Effect of initial composition on the equilibrium extent of
reaction

At a given temperature and pressure and at a constant amount of substance entering the
reaction, the equilibrium extent of reaction depends on the initial composition.
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e The maximum extent of reaction at a given temperature and pressure and for a
constant total amount of initial substances can be attained when initial substances
enter the reaction in a stoichiometric ratio.

e When one reactant is rarer (more expensive), its higher conversion is attained by
adding other reactants in excess.

Note: At a considerable dilution in reactions with Av < 0, however, the initial increase
in the equilibrium extent of reaction is followed by its decline. This is so because the
excess second component starts to act as an inert [see 8.5.4].

e Addition of any product to the initial mixture suppresses the reaction.

8.5.2 Effect of pressure

Reactions with ideal gaseous components

e If the reaction proceeds without any change in the total amount of substances
(Av® = (), pressure has no effect on the equilibrium composition of the
mixture.

e If the reaction proceeds with an increasing total amount of substances (Av(® > 0),
the equilibrium extent of the reaction decreases with increasing pressure.

e If the reaction proceeds with a decreasing total amount of substances (Av(® < 0),
the equilibrium extent of the reaction increases with increasing pressure.

Example
Assess the change in the extent of the reaction

0= N204 (g) -2 N02 (g)

at temperature 298 K if pressure changes from p; = 101 kPa to p; = 600 kPa. Assume ideal
behaviour of both gases.

substance  G¢,(298) /kJmol ™!
NO, —38.4
N2O4 —81.6

Solution
The total Gibbs energy equals

2p(1 — 5))
P2 -¢)
The course of the dependence G = G(&) for both pressures is shown in Figure 8.3. Due to

stoichiometry, the equilibrium extent of the reaction increases from about 0.92 at 101 kPa to
0.95 at 600 kPa in this case.

G=§< N»O4 +RT1n#f_§)> +2(1-¢) ( no, T BT In

Reactions in condensed systems

are not very susceptible to a change of pressure because the effect of pressure on the
equilibrium constant [see 8.3.2] and the activity coefficients [see 6.5.5] is rather small.



CHAPTER 8. CHEMICAL EQUILIBRIUM 160

-70 1 600 kPa
G
75 |
101 kPa,
80 |
| f
0.0 0.5 1.0

§

Figure 8.3: Change in the extent of reaction with pressure for the formation of dinitrogen
tetraoxide.

8.5.3 Effect of temperature

The change of temperature affects the value of the equilibrium constant [see 8.2.1].

e If the reaction is exothermic, both the equilibrium constant and the equilibrium
extent of the reaction decrease with increasing temperature.

e If the reaction is endothermic, both the equilibrium constant and the equilibrium
extent of the reaction increase with increasing temperature.

8.5.4 Effect of inert component

The word inert is used for all components in a mixture which do not participate in
a given reaction. These components dilute the reaction mixture. Let us consider only
homogeneous system in this subsection.

e If the reaction proceeds without any change in the total amount of substances
(Av = 0), the inert has no effect on the equilibrium extent of the reaction.

e If the reaction proceeds with an increasing total amount of substances (Av® > 0),
the equilibrium extent of the reaction increases with increasing concentration of
the inert.

e If the reaction proceeds with an deceasing total amount of substances (Av® < 0),
the, the equilibrium extent of the reaction decreases with increasing concentration
of the inert.

Note: These conclusions apply for the extent of reaction only in the case of an ideal
mixture. This is so because in systems with real behaviour, a change of the equilibrium
extent of reaction may be also affected by changes in the ratio of the activity or fugacity
coefficients, which are the functions of temperature, pressure and composition.

8.6 Simultaneous reactions

If several chemical reactions proceed simultaneously in the initial mixture, we speak about
simultaneous reactions.
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8.6.1 Material balance

For simultaneous reactions we may expand the procedure described for a single reaction
[see 8.2.2] by introducing as many extents of reaction as is the number of independent
reactions proceeding in the system. An independent reaction is a reaction that cannot
be obtained by a linear combination [see 5.1.1] of other reactions.

Example
Derive expressions for the equilibrium constants of two isomerization reactions proceeding in
an ideal gas phase. Proceed from 1 mole of a pure substance A;.

Solution
Let us use & to denote the equilibrium extent of the first isomerization reaction, which can

be recorded as
0 - A2 - Al
and K to denote its equilibrium constant.

Similarly for the second reaction
0 = A3 - Al

we use & to denote the equilibrium extent of reaction and K, to denote the equilibrium
constant.

The material balance can be carried out in two steps: at first the first reaction proceeds until
equilibrium, and only then the second reaction starts.

Substance n;, amount of substances amount of substances

after 15% reaction at equilibrium
Ay 1 1-& 1-& —&
A2 0 61 61
A3 0 0 52

For the equilibrium constants we write [see (8.15)]

& p \' &
Kl_l—fl—fz (pStE 1nz> O 1-4-6

and

K, — & ( p )0 _ &2
2 1 —51 —52 pSthzlni 1 _61 _62

8.6.2 Chemical equilibrium of a complex system

When solving the task of finding the equilibrium composition in a system in which m
chemical reactions may proceed with k£ chemical substances involved, we search for the
minimum Gibbs energy of the system

m k
G=> > (nio+v;&)G (8.39)

j=1l:=1

while obeying the material balance equations. In relation (8.39), &; is the extent of the
50 reaction.
The ways of solving chemical equilibrium of a complex system are studied within the

physical chemistry specialization at the Institute of Chemical Technology, Prague.



Chapter 9

Chemical kinetics

9.1 Basic terms and relations

Chemical kinetics is focused on the study of chemical reactions prior to the attainment
of a chemical equilibrium. Kinetics studies in particular the rate of reactions, changes in
the reactants concentrations with time, and the mechanisms of reactions, i.e. their real
course at the molecular level. The field of chemical kinetics also embraces catalysis.

9.1.1 Rate of chemical reaction

Let us consider the general one-way chemical reaction
aA+bB+--- — sSH+tT+---. (9.1)

The rate of consumption of a reactant A is defined by the relation

dCA
= V,T]. 9.2
TA dr ) [ ) ] ( )
The rate of formation of a product S is
d
re= S5 v, T]. (9-3)
dr
The rate of reaction (9.1) is
1 dea ldegp 1 dcg 1der
- -A_ -7 22 27 T 4
"TTadr T T bdr sdr tdr Tl (9.4)

where c¢; stands for the reactants concentrations and 7 for time. If we re-write the general
chemical reaction (9.1) to the form

0= Z l/iRZ’ y
=1

we may write equations (9.4) in the form:

. lchi
N V; dr

r , [V, T). (9.5)

The rate of reaction does not depend on the choice of substance, but it does depend
on the way in which the chemical reaction (9.1) is written. The rates of consumption and

162
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formation are different for individual substances; they do not, however, depend on the
form of reaction record. Since the rates are easy to convert to one another, it is not so
important which one we use.

The following relations apply between the rate of reaction and the rates of consumption
and formation of the components:

ra=ar, rg=br, rs=sr, rp=tr. (9.6)

The rate of consumption of substance A is determined experimentally by approximating
the derivative in relation (9.2) by the ratio of (sufficiently small) differences

dea , Aca
dr = AT’

The rates of formation of products are determined in a similar way.

9.7)

Example
The reaction
N, + 3Hy; — 2NH;

proceeded in a closed autoclave of the volume V = 5dm?. In the course of 1, 0.01 moles of
nitrogen reacted.

a) Estimate the rates of consumption of nitrogen and hydrogen, the rate of formation of
ammonia, and the rate of the reaction.
b) Find out how these rates will change if we write the reaction in the form

1 3
§N2+§H2 — NH3

Solution
a) The change in the concentration of nitrogen is

Acy, = Any,/V = —0.01/5 = —0.002 moldm™3.

The rate of consumption of nitrogen is

Ny = —ddC:2 = —AAC:2 = — 0'1002 = 0.002 moldm3s71.

According to (9.4) and (9.5) we have

rn, = 7 = 0.002moldm3s™!

T, = 37 = 0.006 moldm=3s~!

TNH; = 27 = 0.004 moldm™3s~!

b) For the same reaction written in the form

1 3

"N+ 2Hy — NH
22+22 3

the rate of reaction will be double, the rates ry,, 7n,, 7nH, Will not change.

Note: Note that the rates in equations (9.2) through (9.5) are defined at constant
volume. The concentration of component i, ¢; = n;/V, can change in consequence of a
change in the amount of substance or in the volume. Here, however, we are interested
in changes concerning the amount of substance. We will assume again constant volume
and point out only those cases in which it changes. The rate of reaction also depends
on temperature. If not otherwise stated, we will assume that the reaction proceeds at
constant temperature.
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9.1.2 Kinetic equation

The kinetic equation is a differential equation representing the relation between the con-
centrations of substances and time. For the reaction (9.1) it may be written in the form

dCA
ra =——— = f(ca,CB, ..., Cs, CT, - .. 9.8
A d- flea, cB S, CT, - - -) (9.8)
or in similar forms, with the rate of formation of the product or the rate of reaction
appearing on the left side of the equation. By solving kinetic equations we obtain the
time dependence of the reactants concentrations. These solutions [see 9.1.6] will be
referred to as the integrated forms of the kinetic equation.

9.1.3 Simple reactions, order of reaction, rate constant

We will use the term “simple” for such a chemical reaction whose kinetic equation has
the form 4

rAz—d—cfzkAcﬁcﬂB... , (9.9)
where A, B,...are the reactants. The exponent « is called the order of reaction with
respect to component A, [ is the order of reaction with respect to B, etc. The sum of
the exponents n = « + 8 + ...is called the (overall) order of reaction.

The constant ka in the kinetic equation (9.9) is called the rate constant. It is the
function of temperature [see 9.159]. The dimension of the rate constant depends on the
reaction order.

Main unit: s7' (molm—3)!"" where n is the order of reaction.

The kinetic equation in the relation (9.9) is written for the rate of consumption of
substance A. Similarly we may write kinetic equations for the rate of consumption of
substance B, the rate of formation of substance S, or for the rate of reaction, e.g.

dCB
rg = ——— = ki .

dr
The partial orders of reaction and the overall order of reaction remain the same, but
the numerical values of the rate constants ks, kg are different and depend on the way in
which the reaction is recorded. From relation (9.5) it follows that

b
kg = —ka .
a
Example
The simple reaction
A+2B—C

is of the half-order with respect to substance A and of the second-order with respect to
substance B. Determine the overall order of the reaction, and write the kinetic equation for
the rate of consumption of substance A, for the rate of formation of substance C, and the
relation between the respective rate constants.

Solution
The overall order of the reaction is n = % +2 = g The kinetic equation for the rate of
consumption of substance A is
de
A kAc}\/Qc]zg .

dr
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The kinetic equation for the rate of formation of substance C is

dcc 1/2
F = kCCA/ 0123 .

The rate constants are identical in this case, kc = ka.

Determination of the rate constants, the order of reaction and the partial orders of re-
action from experimental kinetic data is discussed in section (9.3). In elementary reactions
[see (9.5)], the partial orders of reactions equal their stoichiometric coefficients.

Symbols: When there is no risk of confusion, we will use simple k& instead of the more
correct k;.

9.1.4 Reaction half-life

The half-life of a reaction is the time in which the concentration of a chosen reactant falls
to one half. It is denoted 71,5 or 7o5.

Note: When there is only one reactant in the reaction, or when the initial concentrations
of reactants are in a stoichiometric ratio, the half-life of reaction can be determined
unambiguously. When there are more reactants and their initial concentrations are
not in a stoichiometric ratio, the half-life is usually defined with respect to the key
component (a compounds which would first disappear is usually chosen as the key
component).

Example
The initial concentration of substance A reacting according to the equation

A—R

was 2 moldm™3. After 20 minutes it fell to 1 moldm™3. Calculate the half-life of the
reaction.

Solution
From the definition of the reaction half-life it follows that 71/ = 20 min.

9.1.5 Material balance

When the concentrations of more than one substance act in a kinetic equation, we cannot
solve this equation unambiguously because we have only one equation and several depen-
dent variables. In order to obtain a differential equation for one dependent variable, we
carry out material balance.

The concentrations of substances reacting according to equation (9.1) are bound by
the material balance equations

CA = Cpo—0aT,
cg = cpo— bz,

V] (9.10)
CR = CRro +rax ,

Cs = Cgp+ ST,
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where c;y are the initial concentrations, i.e. the concentrations at time 7 = 0.
For a chemical reaction written in a compact form,

n
0= Z ]/iRi )
i=1
we may summarize equations (9.10) into:

cG=co+tviz, 1=12,...,n, (9.11)

where n is the number of the reacting components and v; are their stoichiometric coeffi-
cients (negative for the reactants and positive for the products).

Note: The material balance equations are an analogy to equations (8.4) in Chapter

8, which was devoted to chemical equilibrium. The formal difference between them is

that here they are written for concentrations (i.e. amounts of substance in unit volume)
and not for amounts of substance.

Using material balance equations we may rewrite the kinetic equation of a simple
reaction (9.9) into the form

a/d_x
dr

Thus we obtain a differential equation between a single dependent variable x and an
independent variable 7. The initial condition is x = 0 at time 7 = 0.

= ka(cag — az)®(cgo — bz)? ... . (9.12)

Example
Consider the chemical reaction
A+2B—3C.

The initial concentrations of substances A and B are cag and cgg. The initial concentration
of substance C is zero. Write the material balance equations for the concentrations of these
substances at time 7. Write the kinetic equation of the reaction if it is half-order with respect
to component A and third-order with respect to B.

Solution
The material balance equations are: ¢y = cpg — &, ¢g = Cgy — 2, cc = cco — 3. The kinetic
equation is

dCA
4 - kACXQC% .
Using the quantity z we may rewrite this kinetic equation into the form
dx
E = kA(CAo —_ l‘)l/Z(CBQ —_ 23‘,‘)3.

9.1.6 Methods of solving kinetic equations

From the mathematical point of view, the kinetic equation (9.8) is a first-order ordinary
differential equation. Time is an independent variable, the concentrations of the reactants,
or the quantity x in equation (9.12), are dependent variables.

In all simple reactions and in a number of other cases, the kinetic equation has the
form

dz
1 = %(). (9.13)
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This differential equation is solved using the method of separation of variables, see basic

course of mathematics. d
z

=dr. 9.14
5@ 19
At time 7 = 0 is x = 0 and, thus we obtain
¢ dx
" =, 9.15
o 3 19

Example
Solve the kinetic equation —% = kcy for a first-order reaction A — products. The initial
concentration of the reactant A is cap.
Solution
From the initial condition and from the material balance equation (9.11) we have
dx
dr

= k(cao — ) -

This differential equation is of the type (9.13) and we solve it using the method of separation
of variables

z dz Cap— T -
/ =kt =— —In =kr = cpn=-cape .
0 CAg— T CAQ

We derived the time dependence of the reactant concentration regardless of the number

of the reaction products and their stoichiometric coefficients. If, however, we also want
to find out the time dependence of the products concentrations, we have to specify the
right side of the reaction.

The solution of kinetic equations often leads to the integrals of rational functions of
the type

dz
/(x—a)”(m—b)m...’

where n, m, ...are natural numbers. We solve these integrals by the integrand decompo-
sition into the sum of fractions, see basic course of mathematics.

Some kinetic equations cannot be solved using the method of separation of variables.
Equation (9.130) may serve as a typical example. It is solved using the constant variation
method, see basic course of mathematics . In the case of yet more complex kinetic
equations we may fail to find any analytical solution at all, and we have to solve these
equations numerically.

9.2 Simple reactions systematics

We will assume that a reaction starts at time 7 = 0. The initial concentration of the
substances involved in the reaction will be denoted using the subscript , e.g. cao,cno,. - - In
reactions with two or more reactants, we will deal only with those cases in which the partial
orders are natural numbers. These cases are most frequent in practice. For the sake of
simplicity we will mostly leave the right side of chemical reactions unspecified (i.e. we will
write “products”).
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CAO

T

168

Figure 9.1: Time dependence of the reactants concentration for a zero-order reaction of the
type A — B. The initial concentration of the reactant is cag, the initial concentration of the

product is zero.

9.2.1 Zero-order reaction
Type of reaction

A — products.

Kinetic equation

_dea _
dr

k.

Integrated form of the kinetic equation

For time as a function of the reactant concentration we have
kT = cag —ca where cpag>ca>0.

For the concentration of substance A as a function of time we have

CA0
ca = cag — k7, where 7 < Tt

Reaction half-life

A zero-order reaction ends at time

when the concentration of the reactant falls to zero.

(9.16)

(9.17)

(9.18)

(9.19)

(9.20)

(9.21)

Figure 9.1 shows the time dependence of the concentration of the reactant A and

product B.

Example

The decomposition of ethanol in the human body is a complex sequence of biochemical reac-
tions. Formally, however, we can describe them using a single zero-order reaction. The rate
constant is 0.1 g/hour per 1 kg of the person’s mass. How long will it take for a person with
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a mass of 60 kg to degrade all alcohol left in his or her body after drinking a jar (1/2 litre) of
light beer? Assume that a half-litre jar of beer contains 12 g of ethanol. Instead of the usual
definition of concentration, consider the number of grams of ethanol per 1 kg of the person’s
mass to be the “concentration” in this case.

Solution
The initial “concentration” is cag = 12/60 = 0.2 g/kg. We use relation (9.21) to obtain
0.2
Tend = 01 2 hours.
9.2.2 First-order reactions
Type of reaction
A — products. (9.22)
Kinetic equation
dCA
——— =kca . 9.23
dr A (9.23)

Integrated form of the kinetic equation

For time as a function of the reactant concentration we have

1. cao
= —Iln—. 9.24
T - n . ( )

For the concentration of substance A as a function of time we have

ca = capexp(—k7). (9.25)
Reaction half-life
In2
T2 = (9.26)

Figure 9.2 shows the time dependence of the concentration of the reactant A and product
B.

Example

The half-life of a certain first-order reaction at a certain temperature is 7/ = 693 s. The
initial concentration of the reactant A is cag = 0.1 moldm 2. Calculate the rate constant of
the reaction and the concentration of substance A five minutes after the start of the reaction.

Solution
We calculate the rate constant using equation (9.26)
In2  0.693
k== = =222 — 0,001 57"
’7'1/2 693

The concentration at time 7 = 5 min is calculated from relation (9.25)

ca = 0.1 exp (—0.001 - 300) = 0.074 moldm~2.
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CAO

Figure 9.2: Time dependence of the reactants concentration for a first-order reaction of the
type A — B. The initial concentration of the reactant is cag, the starting concentration of the
product is zero.

9.2.3 Second-order reactions

We will deal with three types of second-order reactions:
a) Type
2 A — products. (9.27)
b) Type
A + B — products, (9.28)

when the partial orders equal one and the reactants have unit stoichiometric coefficients;
c) Type
a A + bB — products, (9.29)

when the partial orders equal one and the reactants have general stoichiometric coeffi-
cients.

Type
2 A — products. (9.30)
Kinetic equation
d CA

Integrated forms of the kinetic equation

For time as a function of the reactant concentration we write

1 1
kr=—— —. (9.32)
CA CA0

For the concentration of substance A as a function of time we write

CAO

= .33
1+CA()I€T (93)

CA
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Reaction half-life
1

. 9.34
e (9.34)

T1/2 =
Example

The dimerization
2A — A, (9.35)

is a second-order reaction whose rate constant at a certain temperature equals £ = 5 X
1073 dm~3 mol~'s™!'. The initial monomer concentration is cag = 0.7 moldm™2 and the
initial dimer concentration is zero. Calculate the time in which the dimer concentration will
decrease to 0.1 moldm~2, and the time in which all monomer will be consumed.

Solution
We first carry out material balance. From equations (9.10) we obtain

CA=Cag— 2T, Cay=T = CpA=Cap—2ca, =07—2-0.1=0.5moldm3.
We calculate the time needed for the formation of 0.1 moldm™2 of dimer, i.e. the time at
which the monomer concentration equals 0.5 moldm 2, from equation (9.32)

1 1 1
=— | ——— | =11429s=3.175 h .

"= 5100 (0.5 0.7) ® ours

The time needed for all of the monomer to be consumed is calculated as a limit of relation

(9.32), with c5 approaching zero from the right (from positive values)

. 1 . 1 1

lim 7=— lim (———) = +00.
cpa—0t k ca—o0t CA CAQ

All of the monomer will be consumed after an infinite time. This result applies in general for

all one-way reactions regardless of their reaction order. The only exception is the zero-order

reaction where the reactant is consumed after a finite time given by equation (9.21).

Type
A + B — products. (9.36)
Kinetic equation
d d
e kcacg = T _ k(cao — ) (cpo — ) - (9.37)
dr dr

Integrated forms of the kinetic equation

For time as a function of the reactants concentrations it holds

1 1 —
kr = In BOCA In ¢Bo(Cr0 = 7) . (9.38)
(CAo - CBo) CAQ CB (CAO - CBO) CAO(CBO - ﬂﬁ)
For concentration as a function of time we write
1-— k —
CA =CA0— T, CB=CBy)— T, I =CAoCBo exp[ (CAO CBO)T] (9-39)

cBo — Cao €xplk(cao — ¢Bo)7]
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Reaction half-life

The half-life of reaction is defined here for the component with a lower initial concentra-
tion. When cpy < cap, then 71/ defined with respect to B is

1 2cpg — C
’7'1/2 = In A0 B0 . (940)
k(cao — cmo) CAQ
Note: When the initial concentrations of the components are identical, cag = cgg, then
their concentrations are identical in any moment, cp = cg. The reaction
A + B — products, (941) and equa-

changes to the type

2 A — products (9.42)

tions (9.38) and (9.40) simplify to (9.32) and (9.34).
Figure 9.3 illustrates the time dependence of the concentration of the reactants and
products.

Type
aA + bB — products. (9.43)
Kinetic equation
dea _y, — o2k )(cso — ba) (9.44)
——— = keac a— = k(cag —ax)(cgy — bx). .
This equation can be rearranged to
dx
=K (cho— 2)(cho — ). (9.45)

where k' = bk, ¢\, = cao/a and ¢y = cpo/b. Comparison of (9.45) with (9.37) shows
that the equations are formally identical. Hence in this case we can use equations (9.38)
through (9.40) in such a way that we substitute &', ¢y, iz in place of k, cap and cg,
respectively. Equation (9.38), e.g., will thus rearrange to

1 ! ! 1 !/ !/ _
Er=— — In CF'O cf* == — In CFO(C?O 7) ) (9.46)
(CAO - CBO) Cao CB (CAO - CBO) Cao (CBO - 33)

Pseudofirst-order reactions

It often happens that one of the reactants, e.g. B, is in large excess at the beginning of
the reaction, cgy & cag. In the course of the reaction, its concentration changes very little
and it may be considered constant. The kinetic equation (9.37) then rearranges to

_dea
dr

The equation is formally identical with the first-order kinetic equation (9.23), and
consequently we speak about a pseudofirst-order reaction.

=k'cy, where k'=kcg.

Note: In literature we sometimes encounter the less correct term “pseudo-unimolecular”
reaction.
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CAO
C
Cro Ras$
A
B

Figure 9.3: Time dependence of the reactants concentration for a second-order reaction of the
type A + B —+ R + S. The initial concentrations of the reactants are cag and cpg, the initial
concentrations of the products are zero.

9.2.4 Third-order reactions

We will deal with four types of third-order reactions:

a) Type
3 A — products. (9.47)
when there is only one reactant.
b) Type
2 A + B — products, (9.48)

when there are two reactants and their stoichiometric coefficients are equal to the partial
orders of the reaction.
c¢) Type
A + B + C — products, (9.49)
when there are three reactants and their stoichiometric coefficients are equal to the partial
orders of the reaction, i.e. one.
d) Type
aA +bB+ ¢C — products, (9.50)

when there are three reactants with general stoichiometric coefficients and the partial
orders equal 1.

Type
3 A — products (9.51)

Kinetic equation

dc
—d—: = kac. (9.52)
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Integrated forms of the kinetic equation

For time as a function of the reactant concentration we write
1/1 1
2\ca i

For the concentration of substance A as a function of time we write

= —— (9.54)
V14 20kt
Reaction half-life
3
Ti/2 = W, (9.55)
Type

2 A + B — products. (9.56)

Kinetic equation

dce dz

_d—TA = ]CACZACB - 25 = kA(CAO — 2.1‘)2(0130 — .T) . (957)

Integrated forms of the kinetic equation

For time as a function of the variable z it holds

1 1 1 1 CB()(CA() — 2.’E)
kar = ( — —) + In l . 9.58
A 2cBp — CAp \CAQ — 2T  Cag (2¢B0 — €a0)? cao(cpo — ) (9.58)

For the concentrations of the reactants we write
CA=Cap—2Z, CB=Cpo— 2%, (9.59)

where z has to be determined from equation (9.58) numerically, see basic course of math-
ematics.

Type
A + B + C — products. (9.60)
Kinetic equation
de dz
—= A —keacgee = — = k(cao — ) (cpo — ) (coo — ) - (9.61)
dr dr
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Integrated forms of the kinetic equation

For time as a function of the variable z we write

1 CAQ
kr = In
(CAo - CBO)(CAO - Cco) CAo — T
1
+ In Ll
(CBo - CAo)(CBo - Cco) CBp — T
1
+ In cco

(Cco - CAO)(CCO - CBO) Cco— T .

For the concentrations of the reactants we write
CA=Cro— T, CB=CB)— T, Cc=Cco—T,

where z is obtained by the numerical solution of equation (9.62)

Reaction half-life

175

(9.62)

(9.63)

The reaction half-life is defined with respect to that component whose initial concentration
is the lowest. If) e.g. cag < cgo < ccp, the half-life is defined with respect to component

A and we write

k 1 In2
T = n
172 (CAo - CBo)(CAo - Cco)
1 2
n In CBo
(eBo — cao)(cBo — cco)  2¢Bo — Cao
1 2
+ In ceo

(coo — cao)(cco — cro)  2¢co — cao

Type
aA+bB+ cC — products.

Kinetic equation
dca dz

——— = kacacgecc = a—-— =ka(cao—ax)(cgo —bx)(cco —cx).

dr dr
Similarly as in section 9.2.3 we rewrite this equation to

dx ! / / /
dr =k (CAO - x)(CBO - x)(cco - $),

! __ / _ / — / —
where k' = kabe, ¢y = cao/a, Cgo = cBo/b, Ccy = Cco/c-

Integrated forms of the kinetic equation

For time as a function of x we write

!
1 Cao

Kr = In
(CIAO - Cﬂao)(cﬁxo - Clco) Cho —

(9.64)

(9.65)

(9.66)

(9.67)
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1 ct
4 ln B0
(cho — Cho)(Cho — Cog)  Cho — T
1 Ceo
+ In ) (9.68)
(coo = Cho)(cco — Cro)  Cop — T
For the concentrations of the reactants we have
CA =Cap—QT, C=CcCpy—br, cc=ccy—cx, (9.69)
where z is determined by the numerical solution of equation (9.68).
9.2.5 n'-order reactions with one reactant
Type of reaction
A — products. (9.70)
Kinetic equation
d CA
——— =kc} . 9.71
dr A ( )

Integrated forms of the kinetic equation

For time as a function of the reactant concentration we have

hr= <n11— ! ) (9.72)

n—1\cx ot

For the concentration of substance A as a function of time we have

1

CA = Cag [1 + (n— 1)0251/@7'] e (9.73)
Reaction half-life
n 2n—1 -1
Tij2 = Chp ok (9.74)

9.2.6 n'-order reactions with two and more reactants

The general case of an n''-order reaction with two reactants is

a A + bB — products. (9.75)
Kinetic equation
dc dx
_d—: = kcicﬁB S aa = k(cao —az)“(cpo — b$)ﬂ , (9.76)

where a and [ are the partial orders of reaction; the overall order is n = o + (3. For
individual specific cases when we know the partial orders of reaction and the stoichiometric
coefficients of the equation, we obtain the integrated forms of kinetic equations using the
method of separation of variables [see 9.1.6].
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The general case of an n''-order reaction with three reactants is
aA + bB + ¢C — products. (9.77)

The partial orders of reaction with respect to components A, B, C are o, 8, v (o + 5 +
v = n), and the initial concentrations of the components are cxg, ¢gg, Cco-
The kinetic equation of the reaction is

dCA a
3, = kel . (9.78)

Using material balance we rewrite the equation to

dz

@ = k(cao — az)*(cpo — bx)? (cco — cx)? (9.79)
7'
and separate variables

/o (ca0 — azx)*(cpo i bx)?(cco — cx)

dx:/deT:kT. (9.80)
v 0

If the partial orders of reaction are integers, we can solve the integral by way of the
integrand decomposition (rational function) into the sum of fractions, see basic course of
mathematics.

The same procedure can be used when there are more reactants.

9.2.7 Summary of relations

Let us consider the chemical reaction
aA+bB+ ¢C — products. (9.81)

The following table sums up the integrated forms of the kinetic equations presented in
this section. The column “Eq.” gives the number for the integrated form of the kinetic
equation. The partial orders of reaction with respect to components A, B, C are denoted
by symbols «, 3, 7. If the relation applies for arbitrary values of stoichiometric coefficients,
these coefficients are denoted using the symbols a, b, c¢. The initial composition of the
reacting mixture cag, cpo, Cco is either stoichiometric (S) or arbitrary (A).
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order « [ v stoich.coeff. init.comp. Eq.
0 0 0 0 a - - A (9.18)
1 1 0 0 a - - A (9.24)
2 2 0 0 a - - A (9.32)
2 110 1 1 - S (9.32)
2 1 10 1 1 - A (9.38)
2 1 10 ab - A (9.46)
3 3 0 0 a - - A (9.53)
3 210 21 - S (9.53)
3 210 21 - A (9.58)
3 1 1 1 111 S (9.53)
3 1 1 1 111 A (9.62)
3 1 1 1 a b c A (9.68)
n n 0 0 - - A (9.72)
n a [ v b c A (9.80)

9.3 Methods to determine reaction orders and rate
constants

9.3.1 Problem formulation

In order to be able to use kinetic equations, we need to know the reaction order, the partial
orders with respect to individual components, and the rate constant. Theoretical methods
to determine these quantities are not yet sufficiently elaborated, and consequently we have
to resort to the measurement of the reaction kinetics.

When we have at our disposal a table giving the values of:

a) concentrations of reactants in dependence on time, or

b) reaction half-life in dependence on the initial concentrations, or

c) rates of reaction in dependence on concentrations,
the further procedure consists in the choice of an appropriate numerical method.

9.3.2 Integral method

Let us have a table giving the values of the concentrations of reactants in dependence on
time?.

We choose a kinetic equation and from its integral form calculate the rate constant
for all items in the table. If the calculated values of the rate constant do not depend
systematically on time, the chosen kinetic equation is correct. This determines both the
rate constant and the reaction order. The method is suitable particularly for reactions
of integer orders, but it may be used for non-integer orders as well, as is shown in the
following example.

11t is sufficient enough to know the concentration of one reactant. The concentrations of other reacting
components are then given by initial conditions and the material balance.
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Example
Kinetic data have been measured for the thermal decomposition of dioxan: dioxan — products
at a temperature of 777 K. The results are shown in the following table:

7 [s] 0 240 660 1200 1800 2400
c-10% [mol dm=3] 8.46 7.20 555 4.04 3.05 2.41

Determine the reaction order and the rate constant.

Solution
We first try whether this is a first-order reaction. From equation (9.24) we express the rate

constant as

1
k:—lnaﬁ.
T CA

The initial concentration is given by the first item in the table: cyo = 8.46 x 1073 mol dm~3.
We calculate the constant for the other 5 items; it systematically falls with time:

7 [s] 240 660 1200 1800 2400
k-10*[s7'] 6.72 6.39 6.16 567 5.23

Hence the reaction is not of first order. We then try the second order. In this case we have

from relation (9.32)
1 /71 1
b= (--—)-
T \CA  CAp

The constant increases systematically with time:
7 [s] 240 660 1200 1800 2400
k-10° [s"'dm3mol~'] 8.62 9.39 10.78 11.65 12.36

We can thus expect the reaction order to be lower than 2 but higher than 1. We now try one
and half order. From relation (9.72) we have for n = 1.5

. 9 1 1/2 1 1/2
G -G
The constant does not change systematically with time:
7 [s] 240 660 1200 1800 2400

k1045 (dmPmol~1)P] 241 244 256 254 250

Hence the order of the reaction is one and half. The average value of the rate constant is
k=249 x 10745~ (dm3 mol-1)("/?).

Note: In view of experimental errors in the measured concentration values, the rate
constant is not the same at all points, but it fluctuates around the mean value. We will
consider the arithmetic mean of the calculated rate constants to be the correct value.

9.3.3 Differential method

Let us have a table giving the values of the reaction rates in dependence on concentrations.
In this case the reaction order and the rate constant are determined from the differential
forms of kinetic equations.

If there is only one reactant in the reaction,

A — products,



CHAPTER 9. CHEMICAL KINETICS 180

we use equation (9.71)

r=kcy,
c
where r = —d—A. In order to determine n and k it is sufficient enough to know the rate
T
of reaction at two concentrations:
Inry/r T
n:#, k=——. (9.82)
Incaq/cap (can)™

When there are two reactants, then
r=keSdl.

In order to determine the partial orders of the reaction and its rate constants, we need
at least three values of the reaction rates. We will obtain the constants «, # and k£ by
solving the following set of three equations

Inry =Ink+alnca; +Blncep,,
Inro=Ink+alncas+ Slncpy, (9.83)

Inrg =Ink+ alncaz+ Blncgs.

The procedure is similar in the case of three and more reactants.

Note: The drawback of this method is the difficult determination of reaction rates
from experimental data. The rate can be estimated by substituting the derivative of
concentration with respect to time with the ratio of differences, see relation (9.7)

de Ac

dr = AT’
When A7 is small, Ac is subject to considerable error; if A7 is large, the substitution
of the derivative with the ratio of differences may be rather inaccurate.

It is possible determine the rate of reaction more accurately based on measurements in
a stirred flow reactor [see 9.7.3].

Example
The rate of the reaction
A — products

is 0.01 moldm™32min~! at ¢4 = 1 moldm™3, and 0.005 moldm=3min~! at cx = 0.5
mol dm~3. Determine the reaction order and the rate constant.

Solution
We substitute into equations (9.82)

_ In0.01/0.005 _In2 _
~ In1/0.5  In2 7’ 1t

9.3.4 Method of half-lives

This method is usually applied in the case of reactions with one reactant. The initial data
are the reaction half-lives for at least two different initial concentrations of the reactant.
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If the reaction half-life does not depend on the initial concentration, the reaction is
first order [see equations (9.26)]. If it does depend on the initial concentration, we use
relation (9.74) which we write for two initial concentrations (cag); and (cag)o- This set of
two equations for two unknowns is solved as follows:

_, ),/ ()]

n , (9.84)
In[(cao); / (cao)s)
nl 1
k= — . (9.85)
(n —1) (cao)y (Tl/z)1
9.3.5 Generalized integral method
For the reaction
A — products,
we have a table of the measured values 7;,7 = 1,2,..., M. The integrated form of the

kinetic equation for this reaction is [see equations (9.73)].

_1
CA = CAQ [1 +(n— l)cXBIkT] e

We determine the unknown constants n and & using the least squares method, see basic
course of mathematics. The method consists in finding the minimum of the function

M 9 M 132
S(n, k)= (cffi’ — cCAa’lic) =) {ci‘f — Cao [1 +(n— 1)CXEII€T] 1_"} : (9.86)
i=1 i=1

The condition of the minimum is for the first derivatives to be zero. Hence we solve a
system of two equations for two unknowns

The method is suitable when using a PC, but it is too laborious for “manual” calculation.

9.3.6 Ostwald’s isolation method

The methods presented above are not very suitable for determining the partial orders of
reactions. Ostwald’s isolation method is an experimental procedure which transfers the
task of finding the partial order of a reaction to that of finding the overall order of a
reaction. We will show the principle on the example of the reaction

A + B+ C — products (9.88)
whose kinetic equation is [compare with equation (9.79)]
de dx
_d—: = kCaACngj == dr = k(cao — x)*(cBo — :E)ﬂ(cco —z)7.

If we choose for a kinetic experiment such initial concentrations that cxg < cpg, cag <K
cco, then cgg —z = cpg and cop — T ~ ¢ (compare with the section on pseudofirst-order
reactions in 9.2.3). The kinetic equation rearranges to

dzx

dr = k(cao — x)%cpo cco = k'(cao — x)®
-
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and the partial order o with respect to substance A is determined using one of the
preceding methods. Then we perform a kinetic experiment with the excess of substances
A and C and determine [ from the data. Finally we take substances A and B in excess
and determine 1.

9.4 Simultaneous chemical reactions

We speak about simultaneous reactions when there are several reactions in progress in
a system and these reactions have at least one substance in common. In this section
we will focus on cases with only two reactions taking place in a system. More complex
simultaneous reactions will be discussed in section 9.5. For the sake of simplicity we will
assume that the partial orders of the reactions equal their stoichiometric coefficients, i.e.
that the reactions are elementary [see 9.5.1].

@ Symbols: We will use the symbol

AKX B

to indicate that the reaction rate constant is k.

Example
The following reactions proceed in a system at the same time:

A+B % 2C and R B S. (9.89)

Are they simultaneous reactions?

Solution
The answer is that they are not. The reactions do not have any reactant in common. Hence
they may be studied separately.

9.4.1 Types of simultaneous reactions

We distinguish the following types of simultaneous reactions:

a) Parallel or side reactions. The initial substances react in competing reactions to
form various products. The simplest case is the decomposition of one reactant into
two products

A > R; . A /‘ R

1.€.

. (9.90)
A — Ry \Rz

b) Reversible or opposing reactions. These reactions proceed in both directions.
The simplest case is
A —- R

ie. A=R. (9.91)
R — A

¢) Consecutive reactions. The reactants react to form intermediates from which the
reaction products are formed. The simplest case is

A —- B

ie. A—- B — C. (9.92)
B - C
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d) More complex reactions. These are the combinations of parallel, reversible and
consecutive reactions. For example,

A < " (9.93)
R2 — Rs

is a parallel and consecutive reaction at the same time.

9.4.2 Rate of formation of a substance in simultaneous
reactions

In section 9.1 we defined the rates of consumption and formation of a substance for one
single reaction. If a substance A reacts in n chemical reactions whose rates are r{, g, ...,
rn, we write for the rate of formation of the substance A (the rate of consumption of a
substance is the negatively expressed rate of formation).

dea §nj (9.94)
rA = = VaiT; .
A dr pt Aild
where v,; is the stoichiometric coefficient of substance A in reaction 3.

Example
Two simultaneous reactions proceed in a system:

AB R4+25+B, (1)
A+B B M+sS. (2)
The reaction (1) is first order. The reaction (2) is second order, i.e. first order with respect
to both A and B. Write the relations for the rate of formation of substances A, B and S.

Solution
The rate of the first reaction is r; = kjca, and the rate of the second reaction is ry = kocacg.
From relation (9.94) we obtain

dCA

—— = -1 — 71y = —kica — kscacs,
dr

dCB

—— = 11 —7r9=kica — kecacy,
dr

dCS

d— = 2T1+7‘2:2k10A+I€26ACB.
r

9.4.3 Material balance in simultaneous reactions
For simultaneous reactions, the material balance equations (9.10) generalize to
n
CA = Cap + Z VAiTi (9.95)
i=1

where v; has the same meaning as in equation (9.94), and z; is an analogy to the quantity
x in equation (9.10) for the i-th reaction.
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Example
Consider the same reactions as in the preceding example:

AB R4+25+B, (1)
A+B B M+s. (2)
The initial concentrations of substances A and B are cag and c¢gg. The initial concentrations

of the other substances participating in the reactions are zero. Write the material balance
equations for all substances involved in the reactions.

Solution

CA = Cap —T1 — X2,
CB = Cpo+ 1 — X2,
CR = T1,

cs = 21+ 29,

CM = X9o.

9.4.4 First-order parallel reactions

Type of reaction

AR B,
ABC
Kinetic equations
d
& = —(k1+/€2)CA, (996)
dr
d
B kea, (9.97)
dr
d
€~ kyen. (9.98)
dr

Integrated forms of the kinetic equations

ca = caoexp|—(ky + k2)7], (9.99)
a = cao+ Caop ’f: o L= expl(ky + Ra)7]} (9.100)
Cc = Coo Tt Caop ]fi " {1 — exp[—(k1 + k2)7]} . (9.101)

From equations (9.100) and (9.101) it follows that

CB — CBo ky
—_— = . 9.102
Cc — Coo ko ( )
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The concentrations of products B and C are usually zero at the start of the reaction,
cgo = cco = 0, and the equation simplifies to

CB kl
— = —. 9.103
o (9.103)

Wegscheider’s principle

The ratio of the concentrations of side reactions products does not depend on time. This
principle applies if the side reactions are of the same order and if the initial concentrations
of their products are zero.

9.4.5 Second-order parallel reactions

Type of reaction

A+B B ¢,
A+B B D,

Kinetic equations

d d d
den 2% _ —(k1 + ko)cacg = L (k1 + k2)(cao — =) (cBo — ) , (9.104)
dr dr dr
de
d—TC = kicacg = ki(cao — )(cpo — ), (9.105)
de
d—f = kgeacs = kz(cao — 7)(co — ) - (9.106)

Integrated forms of the kinetic equations

CA = Cao— X, (9.107)
CB = Cpo—T, (9.108)

k1
= Cccot+i— 57, 9.109
c O T+ ks (9.109)

ko
¢cp = cCpo+ T, 9.110
b PO ke ks (9.110)

where
-1
x= cAocBozi and 2z = exp [(k1 + k2)(cao — cBo)T] - (9.111)
2CA0 — CBo

We may explicitly express time from equation (9.111) as

1 1 CB0oCA _ 1 CB()(CA() — .T)
(cao — cgo) (k1 + k2)  caocs (cao — cBo)(k1 + k2)  caolcso — )

;= (9.112)

If the concentrations of products C and D are zero at the start of the reaction, the ratio
of their concentrations at an arbitrary time is given by equation (9.103) and Wegscheider’s
principle applies.
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9.4.6 First- and second-order parallel reactions

Type of reaction

A B o,
A+B 5B D.
Kinetic equations
—% = kica + kacacs, (9.113)
_(ii—cf = kocacy, (9.114)
‘Z_CTC — kyea, (9.115)
CLL;_) = kocacy . (9.116)
Using the material balance equations

CA=Crg—2—Y, CB=C—Y, Cc=Cc+2T, Cp==cpy+Yy, (9.117)

we may rewrite the kinetic equations (9.115) and (9.116) into the form
dz

1 = klaao—z-y), (9.118)
dy
i = ka(cao — x — y)(co — v) - (9.119)

Integrated forms of the kinetic equations

From (9.118) and (9.119) it follows that

Y = cBo [1 — exp (—%xﬂ : (9.120)

1

T

1 r= dzx
- (9.121)

- k Jo CAao — T — CRo [l—exp(—ax)] .

The integral does not have an analytical solution and hence it has to be solved nu-
merically when calculating the reactants concentrations, see basic course of mathematics.

Note: Wegscheider’s principle does not apply for this type of parallel reactions.

9.4.7 First-order reversible reactions

Type of reaction
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Kinetic equations

de dz
_d—: = kica — kacs = dr ki(cao — x) — ka(co + ) . (9.122)

Integrated forms of the kinetic equations

kicao — kacgo
ki + ko
CA = Capg— T, CB=Cpy+ZX. (9.124)

[1 — exXp (—(lﬁl + kQ)T)] y (9123)

9.4.8 Reversible reactions and chemical equilibrium

Let us consider the reversible reaction

GA+bB+- B ST+ (9.125)
SSH+T--- B gA+bB+--- (9.126)

We will assume that, as was mentioned at the beginning of this section, the stoichio-
metric coefficients are equal to the partial orders of the reaction, i.e. that both reactions
are elementary [see 9.5.1]. The rate of the direct reaction (9.125) is r; = kyc%c% - - - and
the rate of the reverse reaction (9.126) is ro = kacich.--- At time 7 — oc the reaction
reaches the state of chemical equilibrium and we can write

b

r1=ry = K1} oCheq = ko€ oyCrieq - » [equilibrium], (9.127)

where ¢;,., are the concentrations of the reactants in the state of chemical equilibrium.
From this it follows

s ot k
C5,eqTeq " _ F1 _ K, [equilibrium], (9.128)

C?\,eqc%,eq e ko

where K is the equilibrium constant on choosing the standard state of unit concentration,
' =1 moldm 3, provided that the equilibrium mixture forms an ideal solution.

Chemical equilibrium is thus the resulting state of reversible reactions. One-way re-
actions, as yet the primary focus of our attention, represent special cases when the equi-
librium is shifted entirely in favor of the products.
Note: Stoichiometric coefficients are equal to the partial orders of reaction only in ele-
mentary reactions [see 9.5.1]. In addition, equation (9.128) is not thermodynamically
consistent because it contains concentrations and not activities [see equations (8.15)].
Activities are equal to concentrations only in ideal solutions.

9.4.9 First-order consecutive reactions

Type of reaction
ABB,
B & C.

We will consider a reaction with the initial concentration of substances B and C being
zZero.
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CA0

Figure 9.4: Time dependence of the reactants concentrations in the consecutive reaction A —
B — C.

Kinetic equations

dCA

—— =k 12
dr 1CA , (9 9)
dc
—d7]-3 = kyca — kocp . (9130)

Integrated forms of the kinetic equations

cA = cage BT, (9.131)
_ kl —ki7 —koT
s = T pcao e —e7hr] | (9.132)
Cc = Cap—Ca—CB=Cag|l+ M gor R hr) (9.133)
kz — kl kQ - kl

Substance B is the intermediate of the reaction. Its concentration first increases with
time and then decreases [see Figure 9.4]. It acquires its maximum value cg max at time
Tmax, Where

ko
kl ka—k1 In (lﬁg/kl)
max — 7 ; max — 5 5 - 9.134
cB, CAQ ( k2> T, T — b (9.134)
The time dependence of the substances A, B and C is illustrated in Figure 9.4.
Special cases
a) Both rate constants are the same, k1 = ky = k. Then
ca =cape T, g = keagre FT. (9.135)
b) The first reaction is much faster than the second, k; > ko. Then
ca~0, cprcae ™, comcan—cn. (9.136)
c¢) The second reaction is much faster than the first, k; < ko. Then
k
CaA = CAoe_le y CB = CAO—l ~ 0, Co = Cap — CA - (9137)
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9.5 Mechanisms of chemical reactions

The simplest mechanisms [see 9.5.1] were described in section 9.4. In this section we will
deal with some more complex cases.

9.5.1 Elementary reactions, molecularity, reaction mechanism

Chemical reactions as we write them usually do not show the real course of processes on
the molecular level but merely the stoichiometric ratios between the reactants.

The reactions proceeding on a molecular level are called elementary reactions. The
number of molecules participating in an elementary reaction is called the molecularity
of the reaction. Based on molecularity we classify elementary reactions as:

a) unimolecular—the reaction occurs due to the decomposition of a molecule,

b) bimolecular—the reaction occurs when two molecules collide,

c¢) trimolecular—the reaction occurs when three molecules collide.

Radioactive decay represents a typical unimolecular reaction.

Most elementary reactions are bimolecular. Trimolecular reactions are very rare.
Higher than trimolecular reactions have not been observed.

If a reaction is not elementary, it proceeds as a sequence of elementary reactions. This
sequence is called the mechanism of reaction.

Note: The reaction
H+ Bry — HBr + Br

is elementary. It is a bimolecular reaction. Hydrogen burning
2H; + Oy — 2H50

is not an elementary reaction. Its mechanism is given by the following sequence of
elementary reactions:

Hy + Oy — HOy" + H,
H, + HO," — H,0 + OH",
H, + OH" — H,0 + H',
H + 0, — O+ OH",
H,+ 0" — H' + OH".

All elementary reactions fall in the group of simple reactions, but far from all simple
reactions are elementary. The order of an elementary reaction is identical with its molec-
ularity, the orders with respect to individual components are equal to their stoichiometric
coefficients and acquire the value of 1, 2 or 3.

9.5.2 Kinetic equations for elementary reactions

For elementary reactions, the kinetic equation (9.8) has the following form:

de
A kA, (9.138)
dr
where a, b, ...are the stoichiometric coefficients of the reactants. There are six basic

types of elementary reactions. Their kinetic equations are given in Table 9.1.



CHAPTER 9. CHEMICAL KINETICS 190

Table 9.1: Types of elementary reactions and their kinetic equations.

molecularity elementary reaction kinetic equation
d
1 A — products G _ kca
dr
d
2 2A — products S kca
dr
de
A +B — products _d—: = kcacs
3 3A — products ——— =kcy
dr
d
2A +B — products —% =kcic
d CA
A+ B+ C — products s = k cacpec

9.5.3 Solution of reaction mechanisms

Setting up the mechanism of a chemical reaction is a complex experimental and theo-
retical task which we will not discuss here. A set-up mechanism of a chemical reaction
(a sequence of elementary reactions) has a corresponding set of kinetic equations, i.e.
first-order ordinary differential equations. Solving the reaction mechanism is no less
complex task. By this we mean finding integral forms of a set of (differential) kinetic
equations describing the given mechanism. A solution in an analytic form is usually re-
quired, which is not always possible. In the case of more complex mechanisms we have to
put up either with a numerical solution of kinetic equations, or with only an approrimate
analytic solution.

Another complication is the fact that radicals (denoted A"), “activated molecules”
(denoted A*), etc. often act as intermediates in elementary reactions. The concentrations
of these reactive components of chemical reactions are usually small and experimentally
difficult to obtain or unobtainable. The numerical values of the rate constants of the
reactions in which they participate are not known, either. It is thus undesirable for these
concentrations to occur in the resulting integrated forms of kinetic equations.

In order to simplify the solution of reaction mechanisms, the following approximations
are used:

e rate-determining process principle,
e Bodenstein’s steady-state principle,
e pre-equilibrium principle.

9.5.4 Rate-determining process

In simultaneously proceeding reactions, the reaction whose rate has the decisive effect
on the rate of formation of products is called the rate-determining reaction or the rate-
determining process. The rate-determining process is usually either the fastest or the
slowest of the simultaneously proceeding reactions.
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In parallel reactions, the rate-determining process is the fastest reaction while in con-
secutive reactions it is the slowest reaction.

Example
Which of reactions (9.93) is the rate-determining process?

Solution

Let the rate constant of the reaction A — R, be denoted k;, the rate constant of the reaction
A — R, be denoted k9, and the rate constant of the reaction R, — R3 be denoted k3 We
assume that the values of the rate constants are different in order because otherwise the term
rate-determining process would not make sense. Several cases may occur:

® ki > ko: the rate-determining process is the reaction A — R; regardless of the value
of the constant k3.
o kb < ky:
— ko < kj3: the rate-determining process is the reaction A — Ry,
— ko > k3: the rate-determining process is the reaction Ry — Rj.

9.5.5 Bodenstein’s steady-state principle

Except for a short initial and final stage of reaction, the concentrations of radicals, ac-
tivated molecules and other reactive components of elementary reactions vary relatively
little with time, i.e. the rate of formation of these species is almost equal to their rate of
consumption. If we assume that the concentration of these components does not change

with time, we obtain
d Ca*

dr
This assumption is called Bodenstein’s principle or the steady-state principle. It does not
apply absolutely accurately but it is often used as a good approximation.

=0. (9.139)

9.5.6 Lindemann mechanism of first-order reactions

Some reactions of the type A — B proceed neither as unimolecular nor as bimolecular
(i.e. those in which a molecule reacts on colliding with another molecule). Lindemann
suggested the following mechanism for these reactions:

A+A B Aya, (9.140)
AT+A B oA4A, (9.141)
A* B B, (9.142)

where A* is the activated molecule, a molecule endowed with a substantially higher
energy than its fellow-molecules.
The rate of formation of the product according to (9.142) is

d
S _ kucar . (9.143)
dr

The concentrations of activated molecules are determined using Bodenstein’s principle:

. klci
N ks + koca ’

dCA*

dr

= kich — kaca-ca —kscp» =0 = ca- (9.144)
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By substituting the concentrations of activated molecules from (9.144) into (9.143) we
obtain the resulting kinetic equation

dCB _ k1k3CQA
dr N k3 + kQCA )

(9.145)

From the form of the kinetic equation it is obvious that the reaction A — B is not a
simple reaction [see 9.1.3]. At low concentrations of the substance A, when kycy < ks,
equation (9.145) rearranges to a second-order equation

dCB k1k3

— = —cCa-

dr — ky
while at high concentrations or high values of ko, when koca > k3, equation (9.145)
rearranges to a first-order equation

9.5.7 Pre-equilibrium principle

Let us consider the reaction
A+B—C

and its mechanism as a sequence of reactions

k
A+B 2 X,
k2

X 8 c,

where X is an unstable intermediate of the reaction. The rate of formation of substance
C is determined by the kinetic equation

— = k3cx, 9.146

dr ax ( )
where cx is the concentration of the unstable intermediate, which mostly cannot be ob-
tained experimentally. If the rate of X decomposition into the product C is much lower
than the rate of formation of X and its decomposition into the reactants A and B, i.e. if
ks < ko and k3 < ki, we may approximate the concentration cx using the relation

K= -

9.147
s (9,147

where K is the equilibrium constant of formation of the intermediate. This relation is
a mathematical expression of the assumption of pre-equilibrium. Combining equations

(9.146) and (9.147) yields

d
fcc _ ksKcacg . (9.148)
dr



CHAPTER 9. CHEMICAL KINETICS 193

9.5.8 Mechanism of some third-order reactions

If the third-order reaction (second-order with respect to A and first-order with respect to
B)
2A+B — 2C (9.149)

were trimolecular [see 9.5.1], there would have to be two molecules of substance A and
one molecule of substance B coming into contact. However, a collision of three molecules
is a rare event. Consequently, a mechanism has been suggested explaining some reactions
of the type (9.149) as a sequence of bimolecular reactions

2A B A, A, B 2A, A, +B B 2cC. (9.150)

The rate of formation of the product is

d Cc

— = ksca,CRB . 9.151

dr 3CA,CB ( )
Provided that the pre-equilibrium principle (see the preceding subsection) applies for the
intermediate Ao, its concentration is given by the relation

CA2 k‘l

—=——=K. 9.152
Ci kz ( )

Substituting into relation (9.151) for cy, from (9.152) leads us to

d
£ _ kKen. (9.153)
dr

Example
The above mechanism is used to explain the oxidation of nitrogen oxide to nitrogen dioxide

2NO+02—)2N02,

which is a third-order reaction. Write the mechanism of the reaction, find out which substance
is the intermediate, and what has to apply for the rate constants of the partial reactions in
order that we could calculate the concentration of the intermediate from relation (9.152).

Solution
The oxidation mechanism is

2NO = Ny,0,,
N202+02 — 2N02

The intermediate of the reaction is nitrogen oxide dimer NoO,. Relation (9.152) is based on
the assumption of pre-equilibrium, see the preceding section. In this case it is assumed that
the dimerization of nitrogen oxide quickly reaches the state of thermodynamic equilibrium,
and that the dimer oxidation to nitrogen dioxide is relative slow, i.e. k3 < k; and k3 < ks.
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9.5.9 Chain reactions

Chain reactions are complex consecutive reactions characterized by a cyclic consumption
and formation of reactive intermediates, most often radicals. We distinguish three stages
of a chain reaction:

a) Initiation or formation of reactive intermediates. Usually it occurs when the
reactants are heated (thermal initiation) or irradiated (photoinitiation).
b) Propagation. This is a cyclically proceeding reaction or a sequence of reactions
(cycle). We distinguish:
— Unbranched-chain reactions, in which the same number of reactive intermedi-
ates is formed as consumed in the course of the cycle.
— Branched-chain reactions, in which more reactive intermediates are formed
than consumed in the course of the cycle.
¢) Termination or end of reaction during which the reactive intermediates cease to
exist in consequence of either their mutual reaction or their adsorption on the walls
of the containing vessel.

Kinetic chain length is the number of cycles in the stage of propagation induced by
one reactive intermediate.

Note: In branched-chain reactions, the reaction in the stage of propagation perma-

nently accelerates. If its termination is not sufficiently fast, the reaction ends up in an
explosion. The reaction

1
H2+§OQ—)H20

may serve as an example of an explosive reaction of this type.
Another type of explosion is thermal explosion in which the heat evolved by an exother-
mic reaction increases temperature and consequently also the rate of reaction.

An example of an unbranched-chain reaction is hydrogen burning in chlorine with
hydrogen chloride formed.
H, + Cl, — 2 HCI.

The reaction is initiated thermally
CIQ —2CI".

(Analogous dissociation of the hydrogen molecule does not occur; it is substantially more
energy-consuming.) One propagation cycle is comprised of two reactions

Cl'+H, —» HCl+ H",
H' + Cly — HCl + CI' .

The number of these cycles, or the kinetic chain length is approx. 10%. One chlorine
radical yields millions of hydrogen chloride molecules! The step

2CI"' = Cl,.

terminates this reaction.

9.5.10 Radical polymerization

Radical polymerization is a special case of a chain reaction in which a monomer molecule
M reacts with a polymer radical M, ,whose chain permanently grows. In the stage of
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propagation, the following reactions take place
M'+M — My,
Mg- +M — Mg- s

My +M = M (9.154)

9.5.11 Photochemical reactions

Photochemical reactions are initiated by electromagnetic radiation. This type of reactions
comprises photosynthesis, the reaction causing the tanning of the skin during sunbathing,
photographic processes, and a number of organic syntheses.

Energy of a photon ¢
The Planck relation applies for this energy

e=hy = h% = heb, (9.155)
where h is the Planck constant, c¢ is the light velocity, v is the frequency, A is the wave

length, and 7 is the radiation wavenumber.

Example
Light of the wave length A = 299.3 nm was supplied to a system. The system absorbed 10 J
of energy. How many photons were absorbed?

Solution
The energy of one photon was
€ =he/A=6.626-10"3*.2.993-10%/(299.3-10°) = 6.626 - 10~ *° J.
The number of the absorbed photons was
10 10
€ 6.626-10"19

= 1.509 - 10'? photons.
Quantum yield of reaction

is defined by the relation
number of molecules changed

¢ = (9.156)

In simple reactions the quantum yield is in the interval ¢ € [0,1]. In chain reactions,
if a photon initiates the formation of a radical, it may be ¢ > 1.

number of photons absorbed

Rate of a photochemical reaction

The rate of reaction of the type

A + photon % B (9.157)
is d
d—CTB — kL, (9.158)

where I, is the energy absorbed per unit time in unit volume.
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9.6 Temperature dependence of the rate of a
chemical reaction

The rate of reaction depends on temperature via the rate constant. In a simple reaction,
both the rate constant and the rate of reaction increase with temperature. The rate of
parallel and consecutive reactions also increases with temperature. In reactions proceeding
by more complex mechanisms, the rate may decrease with temperature.

Example
When does the rate of formation of a product proceeding according to the Lindemann mech-
anism [see 9.5.6] decrease with increasing temperature?

Solution
The rate is given by the kinetic equation (9.145)
d CB lﬁkg 2
= CA .
dr k‘g + kQCA

When the temperature is raised, all the three rate constants k1, ko, k3 will increase. However,
the overall rate of reaction will decrease if the denominator in the kinetic equation increases
more than the numerator.

9.6.1 Van’t Hoff rule

With the temperature raised by 10°C, the rate of a chemical reaction increases 1.5- to
3-times. This qualitative rule often allows for distinguishing chemical reactions from
physical processes and from biochemical reactions proceeding in living organisms. If
the rate of reaction obeys the van’t Hoff rule, it is highly probable that the reaction in
question is chemical. If, on the contrary, the rate of reaction increases substantially less,
the studied process is most likely of a physical nature. This may be, e.g., gas diffusion
or adsorption on a solid surface. A typical physical process is a radioactive decay where
the rate does not depend on temperature at all. However, this may be also a chemical
reaction with a more complex mechanism (see the example in the preceding section). If
a reaction ceases to proceed above a certain limit when the temperature increases, it is
highly probable that it is a reaction mediated by living organisms decaying at higher
temperatures. Fermentation is a typical example of such a reaction.

9.6.2 Arrhenius equation

For the dependence of the rate constant on temperature, Arrhenius suggested the relation
k= Ae~P"/(RT) (9.159)

where A and E* are constants independent of temperature. The constant A is called the
pre-exponential factor, constant E* is the activation energy. The constant A is always
positive, the activation energy is positive in simple reactions (the rate constant increases
with temperature). In radioactive decays, E* = 0 because in this case the rate constant
does not depend on temperature [see 9.6.1].

If we know the values of the rate constant at two temperatures, we can determine A
and E* from the equations

151 In k(T3)

E*=R ,
To—T  k(Th)

A = k(Ty)eP/(RTY) (9.160)
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Note: If we know the values of the rate constant at more temperatures, we determine
A and E* using the least squares method. This procedure is more reliable than the use
of equations (9.160).

In reversible reactions the difference between the activation energy of the direct reac-

— —
tion E* and that of the reverse reaction E* equals the internal energy of reaction
— —
AU =FE* — E* . (9.161)

Example
For the decomposition of acetone

CH3COCH3 — CHQZCO + CH4

we know the values of the pre-exponential factor A = 1.5 x 10*®s™! and the activation energy
E* =286.6 kJmol . Calculate the rate constant of this reaction at temperature 7' = 850 K.

Solution
Substituting into relation (9.159) yields

k= 1’ 5. 101567286600/(8.314-850) = 3.657 - 1073 S—l ]

9.6.3 Collision theory

The collision theory was suggested for the calculation of the rate of reactions in the
gas phase. In this theory the reacting molecules are modelled using hard spheres. It
is assumed that the rate of reaction equals the number of collisions between molecules
per unit time multiplied by the probability that the collision will result in a reaction. It
may be deduced that the number of collisions is proportional to the concentrations of
the reactants and to the root of temperature. The probability that the reaction will take
place is approximated by the term exp[—E*/(RT)], where E* is the lowest value of energy
sufficient for the reaction to take place.
For the temperature dependence of the rate constant it follows from the collision theory
that
k= AVTe BT (9.162)

where A and B are constants.

9.6.4 Theory of absolute reaction rates

The theory of absolute reaction rates (also called the “activated-complex theory” or the
“transition-state theory”) is an attempt at theoretical modelling of an elementary reaction.
It assumes that the molecules of reactants approach each other and form an unstable
formation called the activated complex. This complex can either decompose back to
the reactants, or it can change into the reaction products. In the model it is assumed that
the activated complex is in the state of pre-equilibrium with the reactants [see section
9.5.7]. The model may be symbolically described using the sequence of “reactions”

reactants — activated complex — products, (9.163)
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For the temperature dependence of the reaction rate constant (9.163) we then have

n— T # #
( ”—ﬁ . e R e R (9.164)
A

k= (")
where ¢ = 1 moldm™3 is the standard concentration, n is the order of reaction, N is the
Avogadro constant, and h is the Planck constant. The activation enthalpy AH# and the
activation entropy AS# are the reaction enthalpy and reaction entropy of a hypothetical
chemical reaction reactants = activated complex. In the first approximation they are
considered independent of temperature.

Example
The reaction
2HI — Hy + 1y

was studied at two temperatures. At T} =556 K, the rate constant k; = 3.517 x 10~7 dm3 mol~'s™!,
and at 7, = 781 K, the rate constant ks = 3.954 x 1072 dm® mol~!'s~!. Calculate the values
of AH# and AS#.

Solution
We take the logarithm of equation (9.164) and substitute for T, k;

RTc* AS#*  AH#

Ink; = In — ,
Nah R RT
RTyc AS#  AH#

Inks = In — .
Nah R RT,

The solution of this set of two equations for two unknowns is

TT, - Tiks 556781 . 556-3.954 - 102
AH#* = R 1 = 8.314 = 181160 Jmol !

T =T, " Tok 781 — 556 781-3.517 - 10~ Mot

AH# ke N 4h
AS* = RI =
7, T RT e
1811 517107 - 6.022 - 102 - 6.626 - 10~
_ 181160 oo 851710 7 6.022-10%6.626-10 %

556 8314556 1

= —47.814 Jmol 1K1,

9.6.5 General relation for temperature dependence of the rate
constant

The temperature dependence of the rate constant may be written in the form
k=aTbe T, (9.165)

The relations discussed in the preceding sections are special cases of this dependence.
For b = 0 we obtain the Arrhenius equation (9.159), where @ = A and ¢ = E*/R. For
b = 1/2 we obtain the relation (9.162) from the collision theory, where a = A and ¢
= B. For b = 1 we obtain the relation (9.164) from the absolute-rates theory, where

a= (cSt)("_l)ﬁ exp(AS#/R) and ¢ = AH#/R.
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In practice, the Arrhenius equation is used most often. The more general relation
(9.165) with adjustable values of the constants a, b, ¢ is used in the case of a broad
temperature range and for complex reactions. The relation derived from the collision
theory is used rarely. The relation following from the absolute-rates theory is applied
primarily in theoretical chemical kinetics.

Note: If none of these relations is able to describe the experimental dependence of the
rate constant on temperature well, then either the reaction is not a chemical reaction
or its mechanism is more complicated or the experimental data are faulty.

9.7 Chemical reactors

A chemical reactor is a device, most often industrial, in which a chemical reaction takes
place.

9.7.1 Types of reactors

Based on the way of the reactants transport, we distinguish the following types of reactors:

a) Batch reactors—reactants are put in the reactor of a fixed volume (autoclave,
beaker) and products are withdrawn after the reaction is terminated.

b) Flow reactors—reactants enter the reactor and products (more accurately a mix-
ture of products and reactants) are withdrawn continuously. Flow reactors are
further classified as:

— plug flow reactors—the reactants flow laminarly, the concentration of the
products changes with their position (it is zero at the entry and the highest
at the exit);

— stirred flow reactors—the concentration of the reactants is the same in all
parts of the reactor.

Based on the thermodynamic conditions under which the reaction takes place, we
distinguish the following three types of chemical reactors:

e isothermal,
e adiabatic,
e polytropic.

9.7.2 Batch reactor

Here we are interested in the relations between the reactor volume V', the amount of
substance of the product n,, and the reaction time 7. The ratio of the amount of substance
and volume is the concentration, ¢, = np/V. The relations between the concentrations of
the reactants and time—integrated forms of kinetic equations—were discussed in sections
9.2, 9.4 and 9.5.

Example

A first-order reaction A P, where £ = 0.1 hour !, proceeds in a batch reactor. The
initial concentration of the reactant is cyy = 2.6 moldm™3. The reaction terminates when
the concentration of the substance A falls to ¢4 = 0.1 moldm™3. A total of np = 250 moles
of the product is to be produced. What must be the reactor volume and how long will the

reaction proceed?
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Solution

cp =cpao—ca =2.5moldm™ = V =np/cp =250/2.5 =100 dm?.
The reaction time will be calculated from equation (9.24)

1 1. 2
ot 126 o e hours,
ko ea 01 01

9.7.3 Flow reactor

If the reacting mixture flows through the reactor at a constant flow (volume rate), we

have qv
—=F, 9.166
dr ( )
where F' is the feed, i.e. the volume of reactants entering the reactor per unit time. By

integrating this relation we obtain
(9.167)

where 7, is the residence time, i.e. the time in which the reacting mixture passes through
the reactor, and V, is the reactor volume.

Note: Relation (9.167) and the relations ensuing from it do not apply if the total
amount of substance changes in the course of the reaction.

Example

Every hour, two trucks loaded with clay bricks enter a brick kiln and two trucks loaded with
burnt bricks leave it. The kiln can hold a total of 100 trucks. What is the truck’s residence
time in the kiln?

Solution
The process can be modelled using a plug flow reactor. The “feed” is F' = 2 trucks/hour,
and the “volume” is V = 100 trucks. We apply relation (9.167) to obtain

1
T = % = 50 hours.

From the definition of the reaction rate (9.4), from the general reaction (9.1), and
from the relation (9.166) it follows that

1dg r
_ = . 9.168
From this we obtain a relation for the reactor volume
1 ¢ dg;
v, = —F/ G (9.169)
v; cio T

where ¢; in the upper limit of the integral is the concentration of the chosen component
1 at the exit from the reactor.

Example
Derive the relation for the volume of a reactor in which a first-order reaction A - P.
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proceeds.

Solution
The rate of a first-order reaction is r = kca. We substitute it into (9.169) and integrate
1 ca dey - F _ cap

V= s G .U
—1 Jeno kea knCA

In a stirred flow reactor the concentrations of the reactants and the reaction rate are
constant. Equation (9.169) thus simplifies to
1F

Vi =——(ci—cio)- (9.170)

v; T

Note: A stirred flow reactor can be used as a source of direct experimental data on
reaction rates. The rate is calculated from (9.170) if we know the reactor volume, the
feed, the initial and current composition. Compare with the Note in 9.3.3.

Example

A first-order reaction A - P, where k£ = 0.1 hour!, is under way. The initial concentration
of the reactant is cpo = 2.6 moldm—3, the final concentration is c4 = 0.1 moldm 3. A total
of np = 250 mol of the product is to be produced in 32.57 hours. Compare the volume of a
plug flow reactor, a stirred flow reactor, and a batch reactor which would be needed for the
production of the given amount of the product.

Solution
The specification for the batch reactor is the same as in the Example in 9.7.2. The volume
of the batch reactor is 100 cm?.

For the flow reactors we first calculate the feed. From the material balance we have
1 n 1 250

F = — =
T CAg — CA 32.572.6 — 0.1

=3.07dm? hr L.

The volume of the stirred flow reactor will be calculated from (9.170)

1 F 1
Vr = — = —
12N /{JCA (CA CAO) —1

3.07
0.1-0.1

(0.1 — 2.6) = 767.5 dm3.

The volume of the plug flow reactor will be calculated from (9.169)

F_ cxo 3.07. 26
C= S0 20020 100 dm3
Vo= =01 Mon m

The volumes of the batch and plug flow reactors are the same, the volume of the stirred flow
reactor is more than seven-times higher.

9.8 Catalysis

9.8.1 Basic terms

A catalyst is a substance whose presence changes the mechanism and consequently also
the rate of a chemical reaction. It is not consumed by the reaction but it leaves it
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unchanged, i.e. in the same state of matter, or in the same crystalline modification in the
case of a solid catalyst. The catalyst does not change the composition of an equilibrium
mixture.
Note: The last assertion is not entirely true. A catalyst in a larger amount may act
as an inert substance [see chapter Chemical equilibrium], and its presence changes the
activities of the reactants.

Autocatalysis is a process during which the products of a reaction catalyze its course.
An example of autocatalysis is the oxidation of oxalic acid by permanganate ions in an
acidic environment

5(COOH); +2MnO,~ + 6H" — 8H,0 + 10CO4 + 2 Mn?*,

catalyzed by manganous ions. The initial course of the reaction is very slow, but as soon
as a certain amount of Mn?" ions is formed, the rate of reaction increases many times.

Catalysis may be homogeneous, in which case the catalyst is in the same phase (gas
or liquid) as the reactants (substances participating in the reaction), and heterogeneous,
in which case the catalyst is usually in the solid phase and the reactants are either gaseous
or liquid. Enzyme catalysis is a special case in which the catalyst is an enzyme, a
(macromolecular) protein whose dimensions are 10 to 100 nm.

9.8.2 Homogeneous catalysis

The reaction A + B — P proceeds in the presence of catalyst K by the following mecha-
nism:

k
A+K 2 X,
k2
X+B B k4P,

Substance X is an intermediate for which the Bodenstein principle applies [see 9.5.5]

dex ky

—— = kicack — kacx —kscxecg =0 = c¢cx = ————cack.
dr 1CACK 2CX 3CXCB X k2+k36BAK
For the rate of formation of product P we have the kinetic equation
dCP klkg
—— = kscxcg = —————cackC 9.171
= 3CXCB k2+k30BAKB: ( )

from which it follows that the rate of reaction is directly proportional to the catalyst
concentration.

Acid-base catalysis is a special case of homogeneous catalysis in which reactions in
aqueous solutions are catalyzed by HsO" and OH™ ions.

9.8.3 Heterogeneous catalysis

The reversible reaction
reactants = products,

during which the reactants are in the gas or liquid phase and the catalyst is in the solid
phase, can be divided into the following five consecutive processes:

1. Transport of the reactants toward the catalyst surface.
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2. Adsorption of the reactants on the catalyst surface.
3. Chemical reaction on the catalyst surface.

4. Desorption of the products from the catalyst surface.
5. Transport of the product from the catalyst surface.

The description of the whole process can be simplified by writing a kinetic equation
solely for the rate-determining process and considering the other processes to be equilib-
rium. In consecutive processes, the slowest process is the rate-determining process [see
9.5.4|. It is usually a chemical reaction.

Transport of reactants

Starting substances are transported toward the surface and products from the surface by
way of diffusion. If the diffusion is faster than adsorption (desorption) and chemical
reaction, it is not the rate-determining process. If the diffusion is slow, the transport may
be accelerated by mixing.

Adsorption and desorption

These processes are considered to be in equilibrium and they are discussed in chapter
Physical chemistry of surfaces.

Chemical reaction

Let’s assume the following reaction taking place on the catalyst surface

A B

e

The rate of the reaction is given by the kinetic equation

dfa
——— = kalx — kgbl 172
ar AUA — kBlg , (9.172)

where 6; is the surface concentration of substance i. Surface concentrations may be
determined e.g. from the Langmuir adsorption isotherm, see equations (13.39).

Note: The only difference between kinetic equations for reactions on the surface of the
solid phase and common kinetic equation is that in the former case we write surface
concentrations, i.e. amounts of substance, related to unit surface.

9.8.4 Enzyme catalysis

The Michaelis-Menten mechanism models the reaction of a reactant (substrate) S to
product P amid the catalytic effect of enzyme E in the following way

E+S

1z

ES % E+p, (9.173)

where ES is a complex of the enzyme with the substrate. It is assumed that the con-
centration of the enzyme-substrate complex, ES, does not vary with time (steady state
principle, see 9.5.5), i.e. that

d cgs
dr

= kicgcs — kacgs — kscps = 0.
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From this we obtain ;
1

°BS = ko + k3

The kinetic equation of the product formation is

CECs .

d Cp kgkl k3cEOCS
= CprCe == ———
dr k2+k3Es KM—FCS’

(9.174)

ks + k
s ¥ 2 is the

where cgg = cg + cgs is the initial concentration of the enzyme and Ky =
1

Michaelis constant.



Chapter 10

Transport processes

This chapter deals with thermal conductivity, viscosity and diffusion. All these phenomena,
relate to the transport of a certain physical quantity in a system. Diffusion involves mass
transport from one part of a system to another; viscosity concerns the transfer of molecules
momentum in flowing gas or liquid; thermal conductivity relates to transport of molecules
thermal energy.

10.1 Basic terms

10.1.1 Transport process

In a system which is not in the state of thermodynamic equilibrium, spontaneous processes
occur under unchanging external conditions which in the end lead to equilibrium [see
1.4.1,1.4.2, 1.4.4]. During a transport process the value of the observed quantity changes
with time at a certain location in the system. The observed quantity may be amount of
substance, energy or momentum.

Example

Let us have a metal rod. One end of this rod has an initial temperature of 1000 K and the other
300K. The rod is not at thermal equilibrium—its temperature is different at different positions.
The system undergoes transition to the state of equilibrium during which its temperature
changes with time at every location. As the temperatures equalize, energy is transported from
areas with a higher temperature to those with a lower temperature.

Note: Processes in which transition to equilibrium is accelerated by external distur-
bances, e.g. by stirring, are not considered transport processes.

10.1.2 Flux and driving force

The flux J, in the direction of axis z is defined as the amount of a certain quantity X
which passes through unit area perpendicular to this axis per unit time

1dX
J,==—. 10.1
f 8 dr ( )
In general, the flux is a vector with components (J;, Jy, J,) in the direction of axes z, y, z.

The flux in the direction of axis z is caused by the driving force F,. Driving force
means a change of an intensive quantity with location (this quantity will be the same

everywhere in the system after equilibrium is attained). To be more precise, if we denote

205
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the intensive quantity using the symbol Y, the driving force in the direction of the axis

z will be equal to the derivative
dY
F,=—. 10.2
Note: The term driving force indicates that the quantity F, should have the physical
meaning of strength. This, however, is not always so.

In general, driving force is a gradient of the quantity Y, i.e. a vector with components
(Fz, Fy, F,) in the direction of axes z, y, 2.

Example

In the preceding example, the flux was the amount of heat, related to unit cross-section of the
rod, which passed through a given location per unit time. Heat was the intensive quantity Y,
the change of temperature with location, or more accurately %, was the driving force.

10.1.3 Basic equations of transport processes

It is postulated that the flux is proportional to the driving force
J,=-CF,, (10.3)

where the proportionality constant C' depends on temperature, pressure, and in mixtures
also on composition. This postulate is usually fulfilled well. Deviations from proportion-
ality may be observed only in some materials or in the states very far from equilibrium.

Relation (10.3) is used when the flux occurs in only one direction (e.g. through a rod),
or in isotropic situations, i.e. when all directions are equivalent (heat spreading from a
point source in a thermally homogeneous environment may serve as an example).

10.2 Heat low—thermal conductivity

10.2.1 Ways of heat transfer

Heat may be transferred in three ways: by convection, conduction or radiation.

Convection is a heat transfer driven by the transfer of mass. This type of heat
transfer occurs in single-storey heating systems in which hot water from a boiler is driven
by a pump to the radiators.

Radiation is a heat transfer driven by electromagnetic radiation (photons). This way
heat is transferred from the Sun to the Earth.

Conduction is a heat transfer without any mass transferred. In this case the molecules
endowed with more energy pass heat to those with less energy. Heat transfer through a
wall from a warm room to the colder surroundings may serve as an example.

10.2.2 Fourier’s law

For the heat flux, equation (10.1) acquires the form

_1dQ

= - — 104
J: S dr (10-4)
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The heat flow in a system is caused by temperature differences. The driving force is
a change of temperature with location, or more accurately the derivative of temperature
with respect to location, 9. The general equation (10.3) becomes
1d dT
1dQ _ _,dT" (10.5)
S dr dz
This equation is called the Fourier’s law. The quantity A is the coefficient of thermal
conductivity, or more briefly thermal conductivity.

10.2.3 Thermal conductivity

The coefficient of thermal conductivity is the amount of heat that passes through unit
surface per unit time at unit temperature gradient. The higher the value of A, the faster
the temperatures in the system equalize, or the faster the given environment conducts
heat. Thermal conductivity is a property of material.

@ Main unit: JK='m=1s7!,

Dependence on state variables

According to kinetic theory, the thermal conductivity in gases at low and medium pres-
sures increases with temperature and does not depend on pressure, see section 10.5.3,
relation (10.22). The behaviour of real gases qualitatively corresponds to kinetic theory
results. Only at high pressures the thermal conductivity of gases increases with pressure.

Thermal conductivity of liquids is higher than that of gases. It decreases with tem-
perature and (slightly) increases with pressure.

Thermal conductivity of solids is higher than that of liquids; in metals it is usually
higher than in non-metals. Diamond exhibits an anomalously high thermal conductivity.

Example

Let us consider a dual window of an area of 4m”. The inside window has the temperature
of the room 25°C, the outside window has a temperature of —10°C. The space between the
two windows is 20 cm. What is the amount of heat that passes through the air layer between
the two windows in one hour? The thermal conductivity coefficient of air under the given
conditions is A = 2.41 x 1072 JK " Im=ts7!,

2

Solution
We use equation (10.5) rewritten into the form

dQ@ = —S/\gdr
dz

and integrate

dT
Q=-5S\—r.
dz
We estimate the temperature gradient, i.e. the derivative of temperature with respect to

location
dT . AT _ 263.15— 298.15

dz ~ Az 0.20

=—175Km™!

and substitute
Q=—4x241x107% x (=175) x 3600 = 60732 J.
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Note: When solving the above example we neglected the heat conduction through the
glass and through the glass-air interface. We assumed that the windows were perfectly
sealed, and that the air between the two windows was motionless. We also neglected
the heat transfer by convection. This assumption was not fully justified. The cold air
at the outer window went down while the warm air at the inside window went up. This
air flow could significantly affect the result, i.e. increase the heat transfer.

10.2.4 Fourier-Kirchhoff law

For the dependence of temperature on time 7 and location z we use the following partial
differential equation
oT A 0T
- = —-— 10.6
o cCyy 022 P (10.6)

where c is the molar density (see 2.1.1) and C,,, is the molar isobaric heat capacity (see
3.2.4). If we want to solve this equation we need to know the initial conditions (for 7 =
0) and boundary conditions (for z = 0). The solution yields temperature as a function of
time 7 and location z. Specific cases are solved within the course in Chemical Engineering.

10.3 Flow of momentum—viscosity

10.3.1 Newton’s law

Let us consider a fluid flowing laminarly through a tube in the direction of axis x. In the
middle of the tube, the velocity of the fluid in the direction of the flow is the highest while
at the tube walls it is zero. However, the molecules do not travel only in the direction of
the flow but also in the perpendicular direction, i.e. from the middle of the tube toward
its walls and vice versa, while transporting their momentum. For the flux of momentum
it follows from (10.1)

1 dp,
S dr’
where p, = mu, is the momentum component in the direction of the flux, m is the molecule
mass, and v, is the velocity component in the direction of the flux. The driving force is
the change of the velocity component in the direction of the flux with the distance z from
the middle of the tube, 9%. The general equation (10.3) rearranges to

J, = (10.7)

1dp, do,

Sdar - Tdz
This equation is called Newton’s law. The quantity 7 is the viscosity coefficient, or
briefly viscosity.

(10.8)

Note: Fluids obeying equation (10.8) are called the Newtonian fluids. There is a
large group of substances (macromolecular fluids, suspensions...) for which relation
(10.8) does not apply, and these are called the non-Newtonian fluids. Their study is
the focus of rheology.

The derivative on the left side of equation (10.8) is the force F,

. dv,
-
F, is called the internal friction force (acting on the molecule in the direction of the
axis z).

F, (10.9)
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10.3.2 Viscosity

Viscosity is the measure of internal friction between molecules in a flowing fluid. The
higher the value of 7 the slower is the flow of the fluid (under otherwise identical condi-
tions).
@ Main unit: kgm~!'s~! = Pas.
Older unit: 1 poise (P); 1 P = 107" kgm™'s™'; a hundred-times smaller unit, a centipoise,
1cP = 1mPas used to be in common use.
Note: Make sure that you do not confuse the terms viscosity and density. Mercury
density is much higher than that of honey or puree. Viscosity of honey or puree, on
the contrary, is much higher than that of mercury. Honey or puree would take much
longer to flow spontaneously out through a hole in the bottom of a pot as compared
with mercury.

Dependence on state variables

According to kinetic theory, viscosity in gases at low and medium pressures increases with
temperature and does not depend on pressure, see section 10.5.3, relation (10.21). The
description of the viscosity of real gases by kinetic theory is relatively correct.

The viscosity of liquids is higher than that of gases. It increases (slightly) with pres-
sure! and decreases with increasing temperature. The following empirical relation is often
used for the temperature dependence of viscosity

Inn=A- E, [p] (10.10)
T
where A and B are adjustable constants.

Glass and macromolecular substances exhibit extremely high viscosity. For solid crys-
talline substances, however, viscosity is effectively infinite.

The most widely spread helium isotope “*He represents a special case. In the range of
very low temperatures, 0-2 K and in the pressure range from 0 to about 2.5 MPa, this
isotope forms a superfluid liquid called helium II (helium I is a liquid of common
properties, stable at temperatures above 2K). The viscosity of superfluid helium II is
zero; it is the only liquid without any internal friction. It would flow out through the
smallest possible hole in the bottom of a vessel instantaneously.

Note: The ratio of viscosity and density 7/ is called the kinematic viscosity. In
order to distinguish the two, the viscosity 7 is sometimes called the dynamic viscosity.

10.3.3 Poiseuille’s equation

Let us consider a fluid flowing laminarly through a tube of diameter r, length L and
volume V = 7r2L. At its beginning there is pressure p; and at its end pressure p,. For

the volume flow rate V= 3, Ve have from (10.9)
T
L r*dp
8n de’
1Water is an exception: at low temperatures and moderate pressures, its viscosity decreases with
increasing pressure.

(10.11)
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d
where d—i is the change of pressure with the distance from the beginning of the tube.

By integrating this equation with respect to ¢ and 7, on condition that neither V' nor 7
depends on pressure, we obtain Poiseuille’s equation:

w1 (p1 — p2)

V =
snL

[T, incompressible liquid] (10.12)
If Boyle’s law applies for the pressure dependence of the gas volume (fluid is an ideal
gas), we obtain by integrating (10.11)

_ 7t (pf — pj)

61 Lo 7, |[T,ideal gas] (10.13)

where pg is the pressure at which the volume V' is measured.

Note: Relations (10.12) and (10.13) are used to measure viscosity. 7, L,pi, pa are
known, V and 7 are measured, 7 is calculated. Relation (10.12) is suitable for liquids
at common temperatures and pressures, relation (10.13) can be used for gases in the
temperature and pressure range in which the state equation of an ideal gas applies.

Example

A total of 90.2 cm? of air flew through a tube with a length of one metre and a radius of 1 mm
in 100 seconds. The pressure at the beginning of the tube was 102kPa and at its end 101
kPa. The volume was measured at a pressure of 101 kPa. Calculate the viscosity of air at a
given temperature.

Solution

Under the given conditions, equation (10.13) can be used for air:
_wrt (p} — p3) L 3.14 x (1073)* (102 000% — 101 000?)
~ 16VLp, 16 x90.2x 1076 x 1 x 101000

100 = 1.8 x 10" kgm~ts 1,

10.4 Flow of matter—diffusion

Diffusion is a process during which concentrations are spontaneously equalized in a
system with different concentrations. For the sake of simplicity we will deal solely with
diffusion in binary mixtures.

10.4.1 Fick’s first law of diffusion

The flow of substance is caused by differences in its concentration. The driving force is a

change of a component concentration with location, or, to be more precise, a derivative
dCZ’
of concentration with respect to location, P
z

In a binary mixture we have

1 d’I’LZ dCZ‘
Z— =-Dy—,
S dr T dz

where D;; is the diffusion coefficient of component 7 in a mixture with component j, while

i.j=12 [T,p] (10.14)

Dlg - D21 . (1015)
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10.4.2 Diffusion coefficient

The diffusion coefficient gives the number of moles of a given component in a mixture
which passes through unit area per unit time at unit concentration gradient of the com-

ponent.
(U] Main unit: m2s~1.

Dependence on state variables

In gases, the diffusion coefficient increases with temperature and decreases with pres-
sure; according to kinetic theory the diffusion coefficient does not depend on the mixture
composition, see section 10.5.3, equations (10.24) and (10.23).

The diffusion coefficients in liquids are smaller than in gases (diffusion is slower). In
solids they are yet smaller than in liquids.

In dilute solutions of component 7 in solute j the diffusion coefficient may be estimated
from the Einstein relation

RT

Dyj= ———
J 67 Namjr;

(10.16)
where 7; is the viscosity of solvent j and r; is the effective radius of the diffusing molecule
1. The relation applies on condition that the radius of diffusing molecules is much larger
than the radius of the molecules of the solvent. This relation is typically used for the
diffusion of colloid particles in a low-molecular solvent.

10.4.3 Fick’s second law of diffusion

The dependence of a component concentration on time and location is described by the
partial differential equation

aci 820,5

5 = Dij—aZQ , (10.17)
which is referred to as Fick’s second law of diffusion. By solving this equation given
initial and boundary conditions we may determine the concentration of a substance in

dependence on time and location.

Note: Compare relation (10.17) with (10.6). Both partial differential equations have
the same form. The Navier-Stokes equations describing fluid flow are more complex.

10.4.4 Self-diffusion

Self-diffusion is a processes during which molecules diffuse in an environment formed by
identical molecules. Fick’s first and second laws apply for self-diffusion, with the binary
diffusion coefficient D;; being replaced with the self-diffusion coefficient D.

Note: Strictly speaking, it is impossible to measure self-diffusion because it is impossible
to distinguish the diffusing molecules from the molecules of the environment. Self-
diffusion is therefore determined using radioactive isotopes of the given substance which
are considered identical with non-radioactive isotopes.
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10.4.5 Thermal diffusion

Let us consider a mixture of gases in a system with a temperature gradient. The lighter
gas diffuses in the direction of increasing temperature and the heavier gas in the direction
of decreasing temperature. This phenomenon is called thermal diffusion. It may be used
for the separation of gases.

10.5 Kinetic theory of transport processes in dilute
gases

Kinetic theory views transport processes as a consequence of processes going on at the
molecular level.

10.5.1 Molecular interpretation of transport processes

Thermal conductivity is interpreted as the result of the transport of energy which molecules
pass to one another in mutual collisions. Faster molecules, which travel from places with
a higher temperature, pass part of their kinetic energy on collision with slower molecules
at places with a lower temperature and thus provide for energy transport in the system.
The result of these mutual collisions is the equalization of temperatures, i.e. attainment
of thermal equilibrium.

Viscosity is the result of the chaotic movement of molecules during which the particles
travelling from areas with a higher flow rate of the fluid pass part of their momentum to
the slower molecules on collision. This leads to the equalization of the flow rates, which
is macroscopically manifested as internal friction in the flowing fluid.

Diffusion is also the result of the chaotic movement of molecules. By random moves
the molecules travel from higher-concentration areas to lower-concentration areas. This
causes spontaneous equalization of concentrations in the system.

Accuracy of the molecular description of transport processes depends primarily on the
accuracy of the model used for the description of forces acting between the molecules. We
will present only the two simplest models: an ideal gas and the hard spheres model.

10.5.2 Molecular models

An ideal gas is the simplest model of intermolecular forces. It assumes that molecules
are mass points which do not interact at all.

This model is not very successful in relation to transport properties—mno energy or
momentum transport by way of collisions between molecules occurs because the proba-
bility of a collision of two mass points is zero. In this case the heat flow is caused solely
by molecules collisions with the warmer or colder walls of the containing vessel. The heat
flow mechanism is thus radiation rather than conduction.

Note: In literature, we may sometimes encounter the term “Kinetic theory of an ideal
gas”. This, however, never relates to an ideal gas but to the hard spheres model.

Hard spheres. The second simplest model is a gas whose molecules are replaced
with hard spheres, particles which do not attract each other but cannot permeate each
other. This model provides a qualitatively correct description of the behaviour of real
gases. In the region of low densities, where collisions between three and more molecules
can be neglected, explicit relations for transport quantities can be derived for this model.
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10.5.3 Basic terms of kinetic theory

The collision diameter o is the diameter of the range of repulsive forces of a molecule.
In the model of an ideal gas it is zero, in the hard spheres model it equals the diameter of
the sphere. In real molecules it is determined experimentally. For example, the collision
diameter of an argon atom is roughly 3.4 x 1071° m.

The mean free path / is the average distance a molecule travels between two colli-

sions. We have
=t (10.18)
V2mo? N .
where N is the number of molecules in unit volume. For an argon atom at a temperature
of 273K and pressure 101 kPa, the mean free path equals approximately 10~" m.
The collision frequency Z, the number of collisions made by a single molecule per

unit time, is given by the relation

u

7 =
14

=n0’N, (10.19)
where @ is the mean velocity of the molecule. An argon atom at a temperature of 273 K
and pressure 101 kPa collides about five-thousand-million-times in one second.

The collision density Z is the total number of collisions per unit volume per unit

time.
IN _ N
= 5

2= — =7mou (10.20)

For argon under normal conditions we obtain an unimaginably high number A" = 6x103*

IIli3 Sil.

10.5.4 Transport quantities for the hard spheres model

For viscosity at low pressures we may derive the following relation from the hard spheres
model
_ 5 MRT
" 16 N4yo? T
where o is the collision diameter of the molecule and M is its molar mass. The formula
clearly shows that the viscosity of a diluted gas increases linearly with the second root of
temperature, and that it does not depend on pressure.

For thermal conductivity we may derive the following relation from the hard spheres
model

n (10.21)

o n
21 o, 10.22
oMY ( )

where Cyy, is the molar isochoric heat capacity. The viscosity 7 is given by relation
(10.21). From this relation it follows that the thermal conductivity of a dilute gas does
not depend on pressure but only on temperature, through n and Cy,.

For the diffusion coefficient of a binary mixture we have

A

D12

3RT \/2RT(M1 + M,) (1023)

- 160'%2NAp 7TM1M2 ’
o1+ 09

where 019 = 7
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For the self-diffusion coefficient we have

,_ SRT [RT (10.24)
802 Nap \V\7M

It follows from relations (10.23) and (10.24) that the diffusion and self-diffusion coef-
ficients of a gas at low densities increase with temperature and decrease with increasing
pressure; the diffusion coefficient does not depend on composition.

Note: The hard spheres model is a good approximation for the description of viscosity
and diffusion of gases. In the case of thermal conductivity, however, it provides results
which are correct only within orders of magnitude.

10.5.5 Knudsen region

The relation (10.18) for the mean free path can be rewritten to the form

{= __RT , (10.25)
V2ma2p Ny

where N, is the Avogadro constant. The mean free path is thus inversely proportional to
pressure, and at very low pressures it may exceed the dimensions of the containing vessel.
In this case we speak about the Knudsen pressure region. In the Knudsen region
the formulas of the preceding section are inapplicable. In this region, collisions between
molecules do not occur and transport quantities lose their physical meaning, just like in
an ideal gas.

Example

Calculate the pressure at which the mean free path of argon molecules at a temperature of 300
K would equal 1 cm. Substitute argon molecules with hard spheres of 0.34 nm in diameter.
Solution

From equation (10.25) we obtain

8.31 x 300

— = 0.8 Pa.
P A% 314 % (0.34 x 10-9)2 x 0.01 x 6.02 x 102




Chapter 11

Electrochemistry

Electrochemistry is part of physical chemistry focused on the study of thermodynamic
and kinetic processes in the solutions of electrolytes and melts, and in processes related
to electrolysis and those occurring in galvanic cells.

11.1 Basic terms

11.1.1 Electric current conductors

Electric current conductors are materials allowing for the transport of electric charge.
Conductors may be divided into three classes:

e First-class conductors—the electric charge is carried by electrons; metals are
typical representatives of this class.

e Second-class conductors—the electric charge is carried by ions; typical repre-
sentatives of this class are the solutions of electrolytes and melts (see 11.1.2).

e Third-class conductors—the electric charge is carried by both ions and electrons;
this class is typically represented by ionized gas (plasma).

11.1.2 Electrolytes and ions

Electrolytes are chemical substances which are present in melts or solutions partially or
fully in the form of ions. The positively charged ion is called the cation, the negatively
charged ion is the anion. We will also use the term electrolyte for electrolyte solutions
and melts.

Note: Water is the most common solvent of electrolytes. Some polar compounds, e.g.
methanol, formaldehyde, acetonitrile, or ammonia can be also used as solvents.

A strong electrolyte is a substance that is present in a melt or solvent solely in the
form of its ions. Typical strong electrolytes are aqueous solutions of most salts, strong
inorganic acids (nitric, hydrochloric, ... ), hydroxides of alkaline metals and alkaline earth
(sodium hydroxide, calcium hydroxide, ...).

Example
An example of a strong electrolyte is a sodium chloride melt in which complete dissociation
to ions occurs according to the reaction

NaCl — Nat + Cl

215



CHAPTER 11. ELECTROCHEMISTRY 216

where Na™ is a sodium cation and Cl~ is a chloride anion. Sodium chloride dissolved in water
dissociates according to the same reaction.

A weak electrolyte is a substance that is present in a melt or solvent both in the
form of its ions and in the form of undissociated molecules. Typical weak electrolytes are

water, aqueous solutions of weak inorganic acids (carbonic acid, boric acid, ...), most
aqueous solutions of organic acids (acetic acid, oxalic acid, ...), and solutions of weak
hydroxides (ammonium hydroxide, ... ).

Example

An example of a weak electrolyte is the solution of acetic acid in water. During the reaction
CH3COOH = CH3CO0™ + H*

chemical equilibrium is established between the undissociated acid and its ions.

E Symbols: When writing chemical equations we will use the symbol “ — ” to indicate
complete dissociation, and the symbol “ = ” to indicate a reaction proceeding until the
state of a chemical equilibrium.

Note: The reaction mentioned in the above example is often written in a different way:
CH3COOH + HyO = CH3COO™ + H30+

where H3O™ is called the oxonium cation. The reason given for this procedure is
that the hydrogen cation H is actually a proton which cannot exist independently in
the solution and is always bound to water. On the other hand, we cannot say for sure
whether it is linked with one molecule of water (H307), two (H503), or more. For the
sake of simplicity we will write HT while being aware of this ambiguity.

Note: The boundary line between strong and weak electrolytes is not sharp. The term
strong electrolyte is usually applied when more than 90% of molecules are dissociated,
the term weak electrolyte indicates that the dissociation is less extensive.

The kind of solvent used is one of several factors deciding whether a substance is a
strong or a weak electrolyte. The solution of nitric acid in water, e.g., is a strong
electrolyte, the solution of nitric acid in methanol is a weak electrolyte.

11.1.3 Ion charge number

The ion charge number is given by the ratio of the ion charge and the absolute value of
the electron charge. For example, the charge number of a bivalent zinc cation is +2, the
charge number of a sulfate anion is —2. Instead of the term “ion charge number” we will
write simply “ion charge” when there is no risk of ambiguity.

El Symbols: The symbols 2% and 2z~ will be used to denote the absolute values of charge
numbers.

11.1.4 Condition of electroneutrality

It is obvious that after partial or complete dissociation of an electrolyte into ions the
system stays outwardly electrically neutral. This fact is called the global condition of
electroneutrality. Every part of a system also stays electroneutral, which is called the
local condition of electroneutrality.
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Note: On the molecular level, the local condition of electroneutrality means that in the
near vicinity of a given ion there are primarily ions of the opposite charge which partly
neutralize the given ion charge. In this connection we say that every ion is surrounded
by ionic atmosphere.

The condition of electroneutrality can be expressed mathematically: let us have a
compound K,+A,- which dissociates according to the equation

K,+A,- =vT K7 407 A% (11.1)

+ . . . - . . . _
where K*" is a cation carrying charge 2", and A* is an anion carrying charge z~. We

thus have
vtzt=v 2. (11.2)

ctzf=c 27, (11.3)

where ¢ is the concentration of cations and ¢~ the concentration of anions. When there
are several kinds of ions present in a system, the generalized condition applies

dociat =) cia (11.4)

11.1.5 Degree of dissociation

The degree of dissociation « is a special case of the degree of conversion, see 8.2.2,
for the dissociation reactions of the type (11.1). If we divide the numerator and the
denominator in relation (8.5) by the volume, we obtain the degree of dissociation expressed
using the initial and equilibrium concentrations of the dissociating substance
Cio — G
o= (11.5)

Cio

Example

The initial concentration of acetic acid was 1 moldm=3. Part of the molecules dissociated
into ions. At equilibrium, the concentration of H' ions equalled 0.1 moldm~3. Calculate the
degree of dissociation.

Solution
The concentration of acetic acid at equilibrium is ¢; = 1—0.1 = 0.9 moldm™2. By substituting
into relation (11.5) we obtain

_1-09

0.1.
1

«

11.1.6 Infinitely diluted electrolyte solution

An infinitely diluted solution is formed by 1 molecule of an electrolyte K,+A,- in a large
amount of solvent. This system is the basic model applied when describing the behaviour
of dilute solutions.

In an infinitely diluted solution, ions do not influence one another. The degree of
dissociation equals one, regardless of the nature of the electrolyte.
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11.1.7 Electrochemical system

An electrochemical system is comprised of a vessel containing an electrolyte into which
two electrodes are dipped. The electrodes are connected by first-class conductors either
with a source of electric current—in this case we speak about electrolysis, or with
an electrical device—in this case we speak about a galvanic cell. During electrolysis,
chemical reactions of ions occur at the electrodes due to the passage of electric current. In
a galvanic cell, on the other hand, electric current is generated in consequence of chemical
reactions proceeding at the electrodes.

The cathode is an electrode at which reduction occurs. Reduction in this context
means a reaction during which electrons are consumed. An example of a reduction is the

reaction
Cu?’t +2e¢ =Cu.

The anode is an electrode at which oxidation proceeds. Oxidation in this context
means a reaction during which electrons are released. An example of an oxidation is the

reaction
Cu = Cu?®t 4+ 2¢".

11.2 Electrolysis

During electrolysis, the anode carries a positive charge and the cathode a negative charge
due to the influence of an external source. Anions travel through the electrolyte toward
the anode, cations travel toward the cathode. Electrochemical reactions take place at the
electrodes.

11.2.1 Reactions occurring during electrolysis

Electrochemical reactions depend primarily on the nature of the electrolyte, on tempera-
ture, the current density, and on the material of the electrodes. In terms of the material
used, we classify electrodes as inert and active. Inert electrodes do not participate in
electrochemical reactions proceeding at them—a platinum electrode is a typical example
of an inert electrode. At these electrodes, the products of oxidation or reduction are
either discharged or they participate in further reactions, most often with the solvent.
Active electrodes take part in electrochemical reactions. They may either dissolve or
their material may react with the corresponding ions.

Example
Examples of products discharging at an inert electrode:

In’*tT +2e = 7n,
2C17 = Cly+2e™.

Examples of the reactions of products at an inert electrode:

Na* +e” = Na, Na + H,O = NaOH + LH,,
OH- = OH +e, OH" = IH,0 + 70,
504217 = S04 + 2e7, SO, + H,O = H,SO4 + %02,

NO?T = NO3. + e, N03. + %HQO = HN03 + iOQ
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Example
During electrolytic refining of copper, raw copper forms the anode and an aqueous solution of
copper sulfate forms the electrolyte. Copper dissolution occurs at the anode

Cu = Cu®" 4+ 2¢".

while electrolytically pure copper is discharged at the cathode. The anode is the active elec-
trode and the cathode is the inert electrode in this case.

11.2.2 Faraday’s law

Faraday’s law relates the electric charge (), which passes through a system during elec-
trolysis, with the amount of substance of the ion n; discharged at the electrode

Q
ZZ'F’

(11.6)

n; =

where z; is the ion charge. F' is the Faraday constant which is, but for the sign, equal
to the charge of 1 mole of electrons

F = Njle | =96485.3Cmol'. (11.7)

Given that the charge is the product of the electric current I and the time of electrolysis 7,

Q=Ir,

M, It
i = ) 11.
m T (11.8)

where M; is the molecular mass of the ion.
Note: If a charge of 1 F' passes through a system, then 1 mole of univalent anions (or

1/2 mole of bivalent anions, etc.) reacts at the anode, and at the same time 1 mole of
univalent cations (or 1/2 mole of bivalent cations, etc.) reacts at the cathode.

When we are interested in finding the total mass m of substance K, +A,- used up at
the electrodes (in the form of ions), we can use Faraday’s law in the form

MIt  MIr
= = 11.

where M is the molar mass of the substance K, +A,-.
Faraday’s law can be also used when the products of oxidation or reduction react at
the electrode further on. In such cases we first have to write the overall reaction and then

use the relation
N Mz It

2 F
where z; is the number of electrons in the reaction and v; is the stoichiometric coefficient
of substance 1.

m; vi, (11.10)

Example

An aqueous solution of aluminium sulfate was electrolyzed for one hour by an electric current
of 0.1 A. The molar mass of aluminium is M; = 27 gmol~! and the molar mass of aluminium
sulfate is M = 343 gmol .

a) Calculate the mass of aluminium discharged at the cathode.
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b) Calculate the mass of aluminium sulfate that dissociated at the electrodes.
c) Calculate the mass of oxygen discharged at the anode.

Solution
a) We calculate the mass of discharged aluminium from relation (11.8)

27 x 0.1 x 3600
MAL= T ogagss V34

b) The mass of aluminium sulfate that was used up during the electrolysis will be calculated

from relation (11.9)
343 x 0.1 x 3600

3 x2x96485.3

c) Oxidation of the anion SO?  and the reaction of the radical SO, with water occur at the
anode. Overall we may write

=0,213g.

1
SO} +Hz0 = HyS04 + 0z 4207

If we use relation (11.10), where vo,= 1/2 and 2z, = 2, we have

32 x 0.1 x 3600
m =
02 2 x 96485.3

1
- =0.030g.
X 5 g

11.2.3 Coulometers

Coulometers are devices measuring the electric charge that has passed through an electric
circuit. In these apparatuses electrolysis proceeds while either the gain in the electrode
mass (coulometer for silver or copper) or the volume of gas discharged during the elec-
trolysis (electrolytic-gas coulometer) is measured. The charge passed through the circuit
is measured using Faraday’s law.

Example

(Acidified) water is electrolyzed in a coulometry monitor for explosive gas. The volume of
the discharged stoichiometric mixture of oxygen and hydrogen, the so-called explosive gas, is
measured. Determine the volume of the discharged explosive gas if a charge of 1 F' passes
through the circuit at a temperature of 300 K and pressure 100 kPa. Assume that under the
given conditions, the equation of state of an ideal gas can be applied.

Solution

The following reactions occur during the electrolysis of water:
H,O = H™ + OH™ dissociation of water,
Ht + e = %Hz reduction at the cathode,
OH- = %HQO + iOg + e oxidation at the anode.

A total of 1/2 mole of Hy and 1/4 mole of Oq, i.e. 3/4 moles of electrolytic gas were discharged
by a charge of 1 F'. From the state equation of an ideal gas we obtain

_ nRT 3/4 x8.314 x 300
- p 100

V = 18.706 dm?>.
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11.2.4 Transport numbers

During electrolysis, the electric charge is carried in the electrolyte by both cations and
anions, but the amount of charge they transport is different. The cation transport
number ¢ is defined as the ratio of the charge carried by the cations Q' and the total

charge Q = Q" + Q™

+
th = Q—. (11.11)
Q
Similarly, the anion transport number is defined as
=9 (11.12)
Q
It is obvious that
th+t =1. (11.13)

The amount of the transported charge relates to the velocity with which the ions travel
through the electrolyte. We have

Lot _ v
= =, (11.14)
where v™ is the velocity of the cation and v~ is that of the anion.

The velocity of ions in a solution of a given concentration, temperature and pressure
depends on the voltage between the two electrodes and on the distance between them.
The higher the voltage and the closer the electrodes to each other, the higher is the ions
velocity. The ionic mobility is defined as the velocity of an ion at a potential gradient

of 1Vm™!. ) ,
ut = EUJ’, u” = Ev_, (11.15)

where u™ is the cation mobility, u~ is the anion mobility, F is the voltage and £ is the
distance between the electrodes. The same relations as (11.14) apply between transport
numbers and ionic mobilities

u™t u”
tre— t=— 11.16
ut +u- ut +u- ( )
Relations (11.11) through (11.16) can be easily extended to cases when there are more
kinds of anions and cations in an electrolyte. For example, generalized equation (11.13)

becomes
Dt +> =1, (11.17)
{ J

Transport numbers and ionic mobilities depend on the concentration of the electrolyte,
temperature and (to a small extent) pressure.

11.2.5 Concentration changes during electrolysis

In consequence of unequal velocity of ions, concentration changes in the vicinity of the
electrodes occur during electrolysis. If the ions are discharged at the electrode, their
concentration in the vicinity of the opposite electrode decreases. If the ions reaction at
the electrode is such that they return to the solution, their concentration in the vicinity
of the given electrode increases. In both cases, the condition of local electroneutrality,
relation (11.3), is always fulfilled.
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11.2.6 Hittorf method of determining transport numbers

The Hittorf method of determining transport numbers is based on the measurement of
concentration changes. Let us consider an electrolyte dissociating into ions according to
relation (11.1). The vessel containing the electrolyte is divided into two compartments:
the anode compartment and the cathode compartment. We use the symbol An,, to denote
the change in the amount of substance of the electrolyte in the anode compartment (the
amount after the termination of the electrolysis minus the amount prior to its start).
Similarly the symbol An,; will be used to denote the change in the amount of substance
of the electrolyte in the cathode compartment. Some of the following relations apply for
transport numbers:

o= _%, (11.18)
o Z+g/§rnm’ (11.19)
- = _72_’22_ /i"cat, (11.20)
= %. (11.21)

Relation (11.18) is used when the cation is discharged at the cathode.

Relation (11.19) is used when the cation reacts at the cathode and returns back to
the electrolyte.

Relation (11.20) is used when the anion is discharged at the anode.

Relation (11.21) is used when the anion reacts at the anode and returns back to
the electrolyte.

Note: The Hittorf method cannot be used directly when ions are formed during re-
actions at the electrodes which were not present in the initial electrolyte. During the
electrolysis of sodium chloride, e.g. the ions OH™ are formed and start to participate in
the charge transport together with the initially present ions Na™ and C1~. In this case
the Hittorf method does not allow for determining what amount of charge has been
transported by the CI~ and OH™ anions.

Example

During the electrolysis of HCl, the charge () = 1 F' passes through the system. The transport
number of the cation HT is ¢+ = 0.82. Determine the concentration changes in the anode
and cathode compartments.

Solution
Hydrochloric acid dissociates into ions according to the reaction

HCl=H* +Cl™.
It thus holds that 2™ = v, = 2= = v_ = 1. Both ions are discharged at the electrodes, i.e.
relations (11.18) and (11.20) apply. From the first of them we obtain
__ 4 QIF _
Ang, = —t prani —0.82 mol.

A total of 0.82 moles of hydrochloric acid were used up in the anode compartment.
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Now we first calculate the anion transport number from relation (11.13)
t=1-tt=1-0.82=0.18.

and finally use relation (11.20) to obtain

Aneyy = —t = —0.18 mol.

Q/F
VAR 28

A total of 0.18 moles of hydrochloric acid were used up in the cathode compartment.

11.3 Electric conductivity of electrolytes

Ohm’s law applies in electrolytes just like in first-class conductors:

E
R = T (11.22)
where R stands for resistance, F for voltage, and Idenotes electric current.
Note: To be more precise, Ohm’s law applies in cases where no polarization of electrodes
occurs, see 11.9. In order to suppress the effect of polarization, alternate current is
used when measuring resistance.

11.3.1 Resistivity and conductivity

The resistivity p is the resistance of a conductor of unit length and unit cross-section.
It is defined by the relation

A
p=R7. (11.23)
where A is the cross-section and / is the length of the conductor.
(U] Main unit: Qm
The conductivity x is the reciprocal value of resistivity.
1
K== (11.24)
p

(U] Main unit: @ 'm! =Sm 1.

Example

The resistance R = 100€2 was measured in a potassium chloride solution. Each of the
electrodes had a surface area of 4cm?, and the distance between them was 2cm. Calculate
the conductivity.

Solution
From relations (11.23) and (11.24) we obtain

o 2 x 102
" RA 100 x4 x 104

K =0.5Sm™!.
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11.3.2 Conductivity cell constant

Calculating conductivity from relations (11.23) and (11.24) is impractical in electrolytes
due to problems related to the determination of accurate values of the electrodes surface
area A and the distance between them £. For this reason, conductivity is usually calculated
using the relation

C

= —. 11.25
= (11.2)
The quantity C' is called the conductivity cell constant, and it is determined by cali-
bration.
@ Main unit: m™".
Example

The conductivity of a potassium chloride solution of the concentration ¢ = 0.1 moldm/? is
k = 1.288Sm L. The resistance of this solution was measured in a conductivity cell and the
value R = 2202 was found. Calculate the conductivity cell constant.

Solution
From equation (11.25) we obtain

C =Rk =220 x 1.228 = 540.9m~".

11.3.3 Molar electric conductivity

The molar electric conductivity A (or shortly molar conductivity) is defined by the

relation K
A=—, (11.26)
c

where c is the electrolyte concentration in the units molm™3.
@ Main unit: Sm? mol ™.

Example

The resistance of a copper sulfate of the concentration ¢ = 0.02moldm 2 is R = 144012 ,
and the conductivity cell constant is C' = 541 m~!. Calculate the molar conductivity of the
solution.

Solution
The first step is to determine the conductivity from relation (11.25)

041

_ _ ~1
= 1140 0.3757Sm™*.

K

Then we use relation (11.26) to calculate the molar conductivity—we make sure that we
converted the molar concentration value to the Sl system

0.3757

= m = 187.8 x 10_4Sm2 mol_l .

Molar conductivity depends on concentration, temperature and pressure. Its concen-
tration dependence is dealt with in section 11.3.7. The value of A usually increases with
temperature. The pressure dependence is very low and it is usually neglected.
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11.3.4 Kohlrausch’s law of independent migration of ions

The molar conductivity at infinite dilution A, is defined by the relation

Ay = limA. (11.27)
c—0
It applies that
Ao =v AL + 07 A, (11.28)

where Al is the molar conductivity of the cation at infinite dilution and AZ is
the molar conductivity of the anion at infinite dilution. Relation (11.28) is called
Kohlrausch’s law of the independent migration of ions. It expresses the fact that
ions in an infinitely diluted solution do not influence each other, see 11.1.6.

The molar conductivity of ions at infinite solution can be found in tables. Their values

together with relation (11.28) are used to calculate the molar conductivity of electrolytes
at infinite dilution.
Note: The term molar conductivity is often used also for the conductivity related to unit
concentration of the fractions of molecules and ions containing one positive or negative
charge (e.g. 1/2H2S04, 1/3Fe3t, 1/3 [Fe(CN)g]>7), in older literature, referred to as
the equivalent conductivity A, and equivalent conductivity of ions, defined by
the relations

A A AL AZ
_ _ + -
Ae=—r=—""1" A= z;:ro’ Moo = f (11.29)

Thus, e.g., Ae(1/3Fe3T)= 1/3A(Fe?t) and A, = (1/2H3504) = (1/2) A(H2SOy).
Kohlrausch’s law of the independent migration of ions then acquires the form

Moo = Al oo + AL - (11.30)

It has to be checked whether the tables we use give molar or equivalent conductivities.

11.3.5 Molar conductivity and the degree of dissociation

The following relation applies between the molar conductivity, the degree of dissociation
and the ionic mobility.
A=aF (1/+ Zrut+vT 27 u_) . (11.31)

If we use the same relation at an infinite dilution, where oo = 1, and neglect the concentra-
tion dependence of the ionic mobility, we obtain the Arrhenius relation for the degree

of dissociation
a=—". 11.32
A ( )

11.3.6 Molar conductivity and transport numbers

The following relations apply at infinite dilution
AL =Fztut A =Fz u . (11.33)

Their combination with equations (11.16) yields relations for transport numbers at infinite

dilution
t+_1/+AO+O ti_y*Ago

=" A %7 A

(11.34)
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11.3.7 Concentration dependence of molar conductivity

Molar conductivity usually decreases with increasing concentration of the electrolyte. In
strong electrolytes it is roughly a linear function of the second root of concentration

A=Ay —ave. (11.35)

where ¢ is a temperature-dependent positive number. This relation does not apply for
weak electrolytes.

Note: The character of the experimental dependence of A on ¢ enables to find out
whether an electrolyte is strong or weak.

11.4 Chemical potential, activity and activity
coefficient in electrolyte solutions

This section describes thermodynamic behaviour of electrolyte solutions in the absence
of an external electric field. We will focus on the description of the chemical potential,
activities and activity coefficients.
Electrolyte solutions represent a special case of mixtures whose components may be
divided into three groups:
1. Solvents, most often water. The quantities relating to the solvent will be denoted
using the subscript 1.
2. Undissociated electrolytes, e.g. undissociated molecules of a weak acid. This com-
ponent is missing in the solutions of strong electrolytes.
3. Ions.

11.4.1 Standard states

Solvent

For the chemical potential of a solvent, the standard state of a pure substance at the
temperature and pressure of the system is chosen [see equations (6.72) and section 6.5.3].
For the solvent activity a;, equation (6.99) applies, a; = x1 71, where z; is the molar
fraction of the solvent and 7, is its activity coefficient.

Note: For the thermodynamic description of non-ideal behaviour of a solvent, the

osmotic coeflicient defined in 6.5.5 is sometimes used instead of the activity coefficient.

The activity of a solvent will be approximated by one, if not otherwise stated
a=1. (11.36)

The reason for this approximation is that solvents are usually present in solutions in a
large excess and therefore they behave almost as pure substances.

Undissociated electrolyte

The standard state of unit molar concentration, ¢** = 1moldm™3, [see 6.5.3], or the

standard state of unit molality, m® = 1molkg™" [see 6.5.3] is usually chosen. In the

[ _ Ci I

former case the activity coefficient is defined by the relation a; " = %’)/Z ] , [see equation
c

[m]
. . m m m .
(6.101)], in the latter case by the relation o/ = %fyl[—] . [see equation (6.102)].
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In aqueous solutions of electrolytes at room temperature, the molar concentration in
mol dm ™3 is approximately equal to the molality. In that case also the respective activities
and activity coefficients are approximately equal.

Example

An aqueous solution of acetic acid has the concentration ¢ = 0.3334 moldm 3. lts density at ¢
=20°Cis p = 1.0012kgdm 3. The molar mass of the acid is M = 60.05gmol . Calculate
the molality of acetic acid.

Solution

The mass of 1dm? of the solution m = p = 1.0012kg; the mass of the acetic acid is
m, = ¢cM = 0.3334 x 60.05 = 20.024 g = 0.020 kg. The mass of the water is thus
mu,0 = m - my = 1.0012 - 0.020 = 0.9812 kg. From the definition of molality, see 1.6.5,
it follows that

Na 0.3334
m., = =
T mmo  0.9812
We can see that the difference between the molality and molar concentration is negligible here.

= 0.34 molkg™'.

In an infinitely diluted solution we have
e = Al = (11.37)

In dilute solutions the activity coefficients of an undissociated electrolyte are usually less
than 10% different from one. We will thus mostly consider them to be unity.

@ Symbols: In order to simplify the writing of this type of equations we will leave out the
superscript [c] or [m] in activities and activity coefficients whenever it is clear from the
context which of the standard states is meant.

Ions

The same standard states are chosen for ions in a solution as for an undissociated elec-
trolyte (i.e. unit molar concentrations or unit molalities). For an infinitely diluted solution
equation (11.37) applies.

Note: The significant difference between the description of an undissociated substance
and that of ions is due to the fact that the activity coefficients of the ions are consid-
erably different from unity even in dilute solutions.

11.4.2 Mean molality, concentration, activity and activity
coefficient

Let us consider a strong electrolyte of the molality m which dissociates into ions according
to equation (11.1)

Ko+A,- =v K7+ A% .
The mean molality of the ions m, is defined by the relation

me = ()" ()] (11.38)

where v = vT +v~, m™ = vtm and m~ = v~ m. From this it follows that

()

vt

1
vt “1v

(v) ] . (11.39)

m, =1m
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The mean concentration cy, the mean activities a[ic], a[im] and the mean activity coef-

], [m]

ficients v4', v are defined in a similar way.

1 1
v

= [ )T = @) @]

Note: The mean activities and mean activity coefficients are introduced because the
activities and activity coefficients of ions are experimentally unavailable.

I
/
e

2
+
SN——
N
+
/N
\QI
N——
:I
—_
—~
—_
—_
I'N
(=]
~

Example

Let us consider a solution of aluminium sulfate of the molality 0.2 molkg™!. Calculate the
mean molality of Alo(SO,); and write the relations for the mean activity and the mean activity
coefficient.

Solution
For the molality of ions we have

m"=v"m=2x02=04, m =v m=3x02=06.
From relation (11.38) we obtain
m, = (0.4%2 x 0.6%)1/° = 0.51.

We would obtain the same result from relation (11.39). Check it!
From relations (11.40) we have

1/5

Y

o= [ (o)
= [0 6]

1/5

11.4.3 Ionic strength of a solution

The ionic strength of a solution I is defined by the relation
1= ! > m; 22 (11.41)
2 - 1 Y1) :

where m, is the molality of ions 7 in a solution, and z; is the ion charge. Summation is
done over all kinds of ions present in the solution. If the solution composition is given in
molar concentrations, the ionic strength is approximated using the relation

1
I=s > ez (11.42)

Example

Calculate the ionic strength of

a) a solution of FeCl3 of the molality m = 0.1 mol kg™t

b) a solution containing KCl of the molality 0.1 mol kg~* and CuCl, of the molality 0.2 mol kg™!.
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Solution
a) From the material balance it follows that the molality of the ferric ions is 0.1 mol kg™, the
molality of the chloride ions is 3 x 0.1 = 0.3molkg™'. From equation (11.41) we obtain

1
I= (0.1x3%+0.3x1%) =0.6molkg !

b) From the material balance it follows that the molality of the potassium ions is 0.1 mol kg™,
the molality of the cupric ions is 0.2mol kg, and the molality of the chloride ions is

0.1+2 x0.2=0.5molkg™.

From equation (11.41) we obtain

1
I= (0.1x1%+0.2x 22405 x 1?) = 0.7molkg .

11.4.4 Debye-Hiickel limiting law

Based on a theoretical model of a dilute solution of a strong electrolyte, Debye and Hiickel
derived a relation for the calculation of the activity coefficient of an ion ¢

Iny =—-Az2VI, (11.43)

where z; is the ion charge number and I is the ionic strength of the solution. For the

parameter A we have
63 NA2 \/2/,01

where e is the absolute value of the electron charge, N is the Avogadro constant, ¢, is
the permittivity of a vacuum, ¢, is the relative permittivity of the solvent, and p; is the
solvent density. It is obvious from the relation that the parameter A depends solely on
the properties of the solvent and not on the properties of the ions. Equation (11.43) is
called the Debye-Hiickel limiting relation for the activity coefficient of an ion. It may
be also applied for ions in a mixture of electrolytes.

Example

The density of water at the standard pressure and a temperature of 298.15K is 997.07 kg m 3,
its relative permittivity is 78.303, the permittivity of a vacuum is 8.8542 x 1072 C2N~! m~2,
and the electron charge is 1.602x 1071 C. Calculate the value of the parameter A for water
at the given temperature and pressure.

Solution
Substituting into (11.44) yields

(1.602 x 10719)3 x (6.022 x 10%)2 x ,/2/997.07
8 x 3.1416 x (8.8542 x 10~12 x 78.303 x 8.314 x 298.15)3/2

= 1.1762 (kg mol)'/2.

A =




CHAPTER 11. ELECTROCHEMISTRY 230

By combining equations (11.2), (11.40) and (11.43) we obtain the Debye-Hiickel rela-
tion for the mean activity coefficient

Inye =—Az" 2 VI. (11.45)

Relations (11.43) and (11.45) express well the experimental values of activity coefficients
in dilute solutions, where I < 0.01 molkg~!, but they fail at higher ionic strengths of the
solution.

Example

Calculate the activity coefficients of the ions and the mean activity coefficients in a solution
containing 0.004 mol HCl and 0.002 mol CaCl, in 1 kg of water at a temperature of 25°C,
given that A = 1.1762 (kg mol~!)!/2,

Solution
We first determine the molalities of the ions from the specification and from the material
balance. We obtain

myg+ = 0.004, mg,z2+ = 0.002, mg- = 0.004 + 2 x 0.002 = 0.008 mol kg~ .

We calculate the ionic strength of the solution from (11.41)

1
I= (0.004 x 17+ 0.002 x 2 + 0.008 x 1?) = 0.01 molkg™*.

The activity coefficients of the ions will be calculated from (11.43)
v = 0.889,  you+ = 0.624, 7y = 0.889.

The mean activity coefficients of HCI and CaCl, will be calculated from the results for the
ions activity coefficients and from relation (11.40)

.10 = (0.889 x 0.889)"/% = 0.889

1/3
e cact, = (0.624 x 0.889%) " = 0.790.

11.4.5 Activity coefficients at higher concentrations

Several semiempirical expansions of equation (11.45) have been suggested for the range
of higher values of the ionic strength, e.g.

1 Azt 2= VI
ny,=— ————
= 1+ V1

where B depends on the nature of both the solvent and the ions.

+Bzt2 I, (11.46)

11.5 Dissociation in solutions of weak electrolytes

This section is focused on the dissociation of weak acids, bases and their salts. This is
nothing but application of the theory of chemical equilibrium to electrolyte solutions.
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11.5.1 Some general notes

When solving dissociation equilibria we observe the following rules:

1. The activity of water is assumed to be unity. For the activity of an undissociated
electrolyte and for the activities of ions, the standard state of unit concentration
is chosen, see 11.4.1.

2. The activity coefficient of an undissociated electrolyte is in most calculations as-
sumed to be unity. It is considered only in very accurate calculations, but in that
case we have to know its concentration dependence.

3. The activity coefficients of the ions:

— in less accurate calculations they are considered to be unity,

— if the ionic strength of the solution is I < 0.01, they are calculated from the
Debye-Hiickel relation,

— if the ionic strength is higher, we have to know their dependence on this ionic
strength or on the concentration.

4. If the concentration of hydrogen ions is comparable in order with their concentra-
tion in pure water, we also have to consider equation (11.47) for the dissociation
of water when solving a chemical equilibrium.

11.5.2 Ionic product of water
Water dissociates according to the reaction
H,O =H" + OH™. (11.47)

The equilibrium constant of this reaction is called the ionic product of water K. We
have

A+ Gop-  CH+ Cop- Vi
K, = oo ()2 ) (11.48)
where the activity of water is considered to be one.
The ionic product of water depends on temperature and pressure. At a temperature
of 298.15K and the standard pressure 101.325kPa it is K,, = 1.005 x 1074, This very
low value allows for the simplification of the equation to

Ky = % (11.49)

Note: Relation (11.49) can be applied only for pure water. If it contains other ions, we
have to consider activity coefficients and use relation (11.48).

For the dependence of the ionic product of water on temperature we have, see equation
(8.18),

(aanW> _AH (11.50)

oT p_ RT2?’

where A, H? is the standard reaction enthalpy of water dissociation. (Symbol ¢ (or equiva-
lently ®) for an “unspecified standard state” should be replaced by the respective standard
state of a compound occurring in the dissociation reaction. It is the state “pure substance
in the liquid state (*)” for water and “infinite dilution extrapolated to ¢ (1)) for ions
H* and OH™, see 8.2.3 for details.) But for the sign it is equal to the enthalpy of the
neutralization of a strong acid by a strong base

AH® = — Ao H . (11.51)
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Example

Calculate the ionic product of water at the standard pressure and at temperatures of 0°C and
100°C. Assume that in the given temperature range the reaction enthalpy does not depend
on temperature and equals A, H°® = 56500 J mol~!.

Solution
By integrating equation (11.50) we obtain

A H® 1 1
InKo(T) = InKy(298.15) + ( )

R \20815 T
56500 1 1
= In(1.005 x 10~ * ( — —) )
n % )+ 8314 \29815 T

For T' = 273.15 K we obtain

K, (273.15) = 1.25 x 1077,
and for T" = 373.15K

K, (273.15) = 9.81 x 10713,

The results show that the ionic product of water largely depends on temperature. In the
studied temperature range it increased 785-times!

The pressure dependence of the ionic product is low; it exhibits itself only at extremely
high pressures.

11.5.3 Dissociation of a week monobasic acid

A weak monobasic acid HA dissociates according to the equation
HA =Ht + A" . (11.52)

The equilibrium constant of this reaction is called the acid dissociation constant. We

write

Qu+ GA-  Cu+ CA- 73 1

K = (11.53)

anA cHA YHA C

If we do not consider any other reaction in the system (e.g. dissociation of water), we may
express the composition of an equilibrium mixture using the degree of dissociation:

caa = (1 —a)e, cpt+ = ac, CA- = QcC.
Equation (11.53) can then be written in the form

o’ecyi 1

=2 -
(1 —a)yua

(11.54)

where ¢ is the initial concentration of the acid.

Example

The dissociation degree of acetic acid of the concentration ¢ = 0.0025 moldm~2 is o = 0.0825.
Calculate the dissociation constant of the acid

a) given that ygp = v+ =1,

b) given that ygao = 1 and .= 0.983, which is the estimate from relation (11.45).

c) Compare the two results.
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Solution
Substituting into relation (11.54) yields

a)
~0.0825% x 0.0025 x 12

=1.85x10°°
(1 0.0825) x 1 SR

0.0825% x 0.0025 x 0.983?
K= =1.79%x107°,
(1 —-0.0825) x 1
c) If we neglect the effect of the activity coefficients, the error in the dissociation constant

will be about 3 per cent in this case.

Note: The dissociation of a weak acid, equation (11.52), may be also written as
HA 4+ HyO = H30" + A,
see the Note in section 11.1.2. Then we have for the dissociation constant

2
Cazo+ Ca- 71 1

GH,0 CHA YHA C

For ap,0 = 1, which applies practically every time, this relation is identical with
equation (11.53), since ¢y, o+ = cp+-

11.5.4 Dissociation of a weak monoacidic base

A weak monoacidic base BOH dissociates according to the equation
BOH =B* +OH™. (11.55)

The equilibrium constant of this reaction is called the base dissociation constant, for
which we have >
CB+ Com-
| — Bt Con- T+ —. (11.56)
CBOHYBOH C°

If we neglect the contribution of the ions formed in consequence of water dissociation
to the concentration of the hydrogen ions, we may rewrite equation (11.56) to

oleyi 1

K=
(1= o) ypon c*

(11.57)

where c is the initial concentration of the base and « is the degree of dissociation.

11.5.5 Dissociation of weak polybasic acids and polyacidic
bases

A weak dibasic acid HyA dissociates in the first stage according to the equation
HoA = H" + HA™ (11.58)
and in the second stage according to the equation

HA =H"4+ A%, (11.59)
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If we denote the equilibrium constant of the first reaction K; and of the second reaction
K5, we have

- -1
CH2A /YHZA c’
2 -1
K, = CH+ Ca2- YH+ 7YA2 —. (11.61)
CHA-"THA- c

Note: In the concentration range in which the Debey-Hiickel limiting relation applies,
we have

4
YH+ = YHA- >  YA2- = VH+ -

Note: When K7 > K> (the differences in the values of dissociation constants are of the
order of 3 and higher), it is not necessary to consider dissociation in the second and
higher stages. The same applies to diacidic bases. Similarly, we also neglect dissociation
in higher stages in polybasic acids and polyacidic bases.

11.5.6 Dissociation of strong polybasic acids and polyacidic
bases

A strong dibasic acid HyA dissociates in the first stage completely
HoA — HT + HA™ (11.62)
and in the second stage up to the attainment of equilibrium
HA =H"4+ A%, (11.63)
For the dissociation constant of the reaction (11.63) we have

CH+ CA2- ’Yi 1

K = (11.64)

CHA-
where we assume, in compliance with the Debye-Hiickel limiting relation, that yg+ =
Yia- = Y and yao- = 4.

If we do not consider any other ions in the solution but those formed in consequence
of reactions (11.62) and (11.63), we may rewrite equation (11.64) to
ca(l+a)yi 1
K=—"*>"=—, 11.65

1-« cst ( )
where c is the initial concentration of the acid and « is the degree of dissociation of the
anion HA™.

A strong diacidic base B(OH), dissociates in the second stage completely and in the
second stage up to the attainment of equilibrium:

Joo Crlon 7: 1 , (11.66)
Cron+ st
Equation (11.65) also applies here, with ¢ standing for the initial concentration of the
base and « for the degree of dissociation of the cation BOH™.

We do not present relations describing the dissociation of strong tribasic and higher
acids or triacidic and higher bases. We would obtain them in a similar way—it would
be enough to write equations for the dissociation in higher stages and the corresponding
equilibrium constants.
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11.5.7 Hydrolysis of salts

Hydrolysis is a phenomenon that occurs in the salts of strong bases and weak acids (e.g.
sodium acetate), in the salts of weak bases and strong acids (e.g. ammonium chloride),
and in the salts of weak bases and weak acids (e.g. ammonium acetate). These salts are
strong electrolytes and consequently they dissociate in aqueous solutions completely. The
dissociation products, i.e. the anion of a weak acid A~ or the cation of a weak base BT,
react further with water until a hydrolytic equilibrium is established.

11.5.8 Hydrolysis of the salt of a weak acid and a strong base

If we denote the salt of a strong base and a weak acid using the symbol NaA, the reactions
taking place can be written as

NaA — Na® + A~ (11.67)

and
A +H,O=HA +OH . (11.68)

The equilibrium constant of the reaction (11.68) is called the hydrolytic constant. We

write

K, = 2aadon” (11.69)
aa- ag,o

In dilute solutions the equation simplifies to

__ CHA Con- 1

The following relation applies between the hydrolytic constant K}, the ionic product
of water K, and the dissociation constant K of a weak acid HA

Ky ==X, (11.71)

11.5.9 Hydrolysis of the salt of a weak base and a strong acid

The following reactions proceed in the solutions of the salts of a weak base and a strong
acid BCl
BCl — Bt +CI™ (11.72)

and
B* +H,O=BOH+H". (11.73)

The equilibrium constant of reaction (11.73) is also called the hydrolytic constant. We

write

K, = ZBonant (11.74)
ag+ ay,o0

In dilute solutions the equation simplifies to

1
K, = ponart (11.75)

Cp+ st

Relation (11.71) also applies for the hydrolytic constant of reaction (11.72), with
K standing for the dissociation constant of a weak base this time.
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11.5.10 Hydrolysis of the salt of a weak acid and a weak base

The salt of a weak monoacidic base and a weak monobasic acid BA is a strong electrolyte
and it dissociates completely according to the equation

BA — BT+ A", (11.76)
Two hydrolytic reactions proceed in the system

B* +H,0 =BOH + H', (11.77)
A" +H,O=HA+OH . (11.78)

In addition to them, the dissociation of water, i.e. the reaction (11.47), also has to be
considered.

Let the equilibrium constant of reaction (11.77) be denoted Ky and the equilibrium
constant of reaction (11.78) be denoted Ky 2. Then we write

Ky1 = w, (11.79)
ag+ AH,0

Ky = —oH-HA (11.80)
U,A—CLH2O

In dilute solutions the equation simplifies to

CH+ CBOH 1
Ky, = — 298~ 11.81
ot cg+ ( )
o COH— CHA 1

When calculating the equilibrium composition we solve a set of three equations:
(11.81), (11.82), and (11.49), with the latter describing the dissociation of water.

11.6 Calculation of pH

11.6.1 Definition of pH
The quantity pH is defined by the relation

pH = — logag+, (11.83)

where ag+ is the activity of hydrogen ions. For practical calculations it is convenient to
rewrite the equation to

pH = — log (CCH—: 7H+) . (11.84)

The activity coefficient of hydrogen ions is calculated from the Debye-Hiickel relation
(11.43) at low concentrations. At higher concentrations it is replaced with the mean
activity coefficient ..
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11.6.2 pH of water

The pH of pure water is calculated from the relation

1
pH = — 3 log K, , (11.85)

where K, is the ionic product of water, see 11.5.2.

Example

Calculate the pH of pure water at the standard pressure and at temperatures of 0°C, 25°C
and 100°C. The ionic product of water at 25°C is 1.00x 1074, its values at the other two
temperatures are the results of the Example in Section 11.5.2.

Solution
At 0°C the ionic product of water is K, = 1.25 x 107'°. Substituting into (11.85) yields

1
pH = —3 log(1.25 x 107 ) = 7.45.

At 25°C and the standard pressure the ionic product of water is K, = 1.00 x 10~** and
1
pH = — 5 1og(1.00 x 1071*) = 17.00.
At 100 °C the ionic product of water is K, = 9.81 x 10~ ** and

1
pH = — 5 log(9.81 x 1073) = 6.00.

Note: In the past, water and aqueous solutions were studied almost exclusively at
room temperature and atmospheric pressure. This is the reason for the deeply rooted
conviction that the pH of pure water equals 7. The results of the above example make
it clear that water has its pH = 7 only at a temperature of 25°C and a pressure of
101.325 kPa.

11.6.3 pH of a neutral solution

A neutral solution is such an aqueous solution of a salt that does not contain any other
ions of H" and OH™ but those formed in consequence of the dissociation of water. For
the pH of a neutral solution, the same relation applies as that for the pH of pure water,
i.e. equation (11.85).

Example
Calculate the pH of a solution of NaCl at a temperature of 25°C and a pressure of 101.325
kPa.

Solution

The presence of sodium chloride does not affect K, the equilibrium constant of reaction
(11.47) because NaCl is an inert component in this reaction, see 8.5.4. The pH is thus the
same as that of pure water at the given temperature and pressure, i.e. 7.00.



CHAPTER 11. ELECTROCHEMISTRY 238

11.6.4 pH of a strong monobasic acid

For a strong monobasic acid HA it applies that cg+ = ¢, where c is the acid concentration.
Then

CYH+
cst )

pH = — log (11.86)

Example
Calculate the pH of a solution of HCI of the concentration ¢ = 3moldm™3. The mean activity
coefficient at a given temperature and pressure is y. = 1.316.

Solution
From relation (11.86) we approximate the activity coefficient of hydrogen ions using the mean
activity coefficient to obtain

pH = — log(3 x 1.316/1) = —0.596 .

Note: It is obvious from the result of the above example that the often heard assertion
about pH ranging in the interval from 0 to 14 is not true. Concentrated acids may have
their pH negative, concentrated bases may have it higher than 14!

Relation (11.86) applies on condition that the concentration of hydrogen ions formed
by the dissociation of water may be neglected. This assumption fails only in relation to
the solutions of acids (and bases) of an extremely low concentration.

Example
Calculate the pH of a solution of HCI of the concentration ¢ = 108 mol dm 2 at a temperature
of 298 K and the standard pressure.

Solution
At a concentration as low as this, the activity coefficient of hydrogen ions is practically equal
to one. If, however, we used relation (11.86), we would obtain a nonsensical result

pH = — log(10 ® x 1) =8

implying that the solution of hydrochloric acid is basic. The error is caused by the neglect
of the concentration of hydrogen ions formed by the reaction (11.47). The correct procedure
consists in solving a chemical equilibrium. The concentration of hydrogen ions is ¢ = 1078+,
and the concentration of OH™ ions is coy- = x, where z is the concentration of the ions
formed by the dissociation of water. We substitute the concentrations into equation (11.49)
and set the activity coefficients equal to one

Ky =10"= (108 + )z =  1=95x108%.
From this we obtain the correct result
et =108 495 x 1078 =1.05 x 107" moldm 3 — pH = 6.978 .

11.6.5 pH of a strong monoacidic base

Provided that the concentration of the OH™ ions formed by the dissociation of water
is negligible, it applies for a monoacidic base BOH that cyy- = ¢, where c is the base
concentration. The pH is determined by the relation

K st
pH = — log< w© ) )
C You-

(11.87)
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11.6.6 pH of a strong dibasic acid and a strong diacidic base
For the pH of a strong dibasic acid H,A we have

CYHa+
Cst

pH = — log —log(1+ ), (11.88)

where c is the acid concentration and « is the degree of dissociation in the second stage.
We obtain it by solving equation (11.65)

o —(c+ K"+ \/(c+ K2 +4K'c o Kt Ko
2¢ ’ YH+YA2- oAt

: (11.89)

where v, is given in 11.5.6.

Note: If ¢ > K' or ¢ < K', the numerator of (11.89) is a difference of close numbers.
Either use a sufficient number of digits in the evaluation, or a numerically stable equiv-
alent form a = 2K'/[c+ K' + \/(c+ K")2 + 4 K' c]. The cases of weak acids and bases
are similar.

For a strong diacidic base we have

KW Cst

CYou-

pH = — log < ) +log (1 +a), (11.90)

where relations (11.89) apply for the degree of dissociation of the base in the second
stage .

Relations (11.88) and (11.90) apply on condition that it is not necessary to consider
the dissociation of water. This has to be taken into account only at extremely low con-
centrations, for ¢ < 107% in order. In such cases we may assume that the dissociation
in the second stage is complete, i.e. & — 1, and proceed similarly as in the Example in
section 11.6.4.

11.6.7 pH of a weak monobasic acid

A weak monobasic acid dissociates up to the attainment of a chemical equilibrium between
the ions and undissociated acid molecules, see 11.5.3. We have

1 K'cy2
pH = — log ( ()2

2
where c is the initial concentration of the acid and « is the degree of dissociation for which
it follows from equation (11.53)

-K'+VK?+4K'c , K yna
« = 7 K = 2 7
2c TE

) — % log (1 — ), (11.91)

(11.92)

where K is the dissociation constant of the acid.
If the dissociation degree is low, o < 0.1 in order, relation (11.91) can be simplified to

1 K'cH2
pH = — = log ( (cst)j> : (11.93)
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Example

Calculate the pH of a dichloroacetic acid solution in water of the concentration ¢ = 0.01 mol dm™—3
at a temperature of 298.15 K and the standard pressure. Under the given conditions the dis-
sociation constant of the acid is K = 0.0514. Assume that all the activity coefficients are
unity. Compare the result with the value calculated from the simplified relation (11.93).

Solution
We calculate K’ and the degree of dissociation from relation (11.92)
K = 0.0514 x 1 x 1 — 0.0514,
12
—0.0514 4 1/0.0514% + 4 x 0.0514 x 0.01
o = = 0.857
2 x0.01

and the pH value from (11.91)

1 1
pH = — 7 log (0.0541 x 0.01) —  log (1 — 0.857) = 2.06.
If we used the simplified relation (11.93), we would obtain

1
pH = — - 1og (0.0514 x 0.01) = 1.63.

This value is considerably different from the correct result pH = 2.06. It is so because the
condition allowing for applying formula (11.93), i.e. a low degree of dissociation, is not fulfilled.

Equations (11.91) and (11.93) apply on condition that the effect of water dissociation
on the pH can be neglected, which is usually so. However, we have to consider water
dissociation if by calculation we obtain pH > 6. This happens in two limiting cases:
1. The acid concentration is very low, ¢ = 107¢ in order. At very low concentrations
a weak acid dissociates completely. The same procedure can be applied as in the
Example in section 11.6.4.

2. The product of the acid dissociation constant and its concentration is low, K ¢ < 1072,
In this case the set of equations (11.48) and (11.53) has to be solved.

11.6.8 pH of a weak monoacidic base

A weak monoacidic base dissociates up to the attainment of a chemical equilibrium be-
tween the ions and undissociated base molecules, see 11.5.4. We have
1 KZ (Cst)Z 1
H=--1 T — log (1 — 11.94
pit = g tog (G50 ) 4 S os (1 - ) (11.91)
where c¢ is the initial concentration of the base and « is the degree of dissociation for
which it follows from equation (11.57)
K 4+ VEPF ARG K o
_h T TARC g I mom. (11.95)
2c Yi
where K is the dissociation constant of the base.
If the dissociation degree is low, a < 0.1 in order, relation (11.94) may be simplified

1 K2 (Cst)Q
H=--1 ] 11.96
ptt = - 5 1o (55) (11.96)

Relations (11.94) and (11.96) apply on condition that the effect of hydrogen ions
formed in consequence of water dissociation can be neglected.

(07

to
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11.6.9 pH of weak polybasic acids and polyacidic bases

In weak dibasic acids and diacidic bases, when K, < K7, it is enough to consider solely
dissociation in the first stage. To calculate the pH of a weak acid and a weak base, we
use relations (11.93) and (11.96), respectively.

If the conditions are not as above, we have to take into account dissociation in the
second stage and solve, in the case of a weak dibasic acid, the set of equations (11.60)
and (11.61). We calculate the concentration of hydrogen ions and substitute into relation
(11.84). The procedure is similar for weak diacidic bases.

In weak polybasic acids and polyacidic bases, dissociation in the third stage and higher
usually does not have any effect on the pH value.

11.6.10 pH of the salt of a weak acid and a strong base

In consequence of hydrolysis, see section 11.5.8, solutions of the salts of strong bases and
weak acids exhibit alkaline reactions. When calculating the pH it is usually necessary to
consider not only the hydrolytic equilibrium but also the dissociation of water.

The set of equations (11.70) and (11.49) does not have an analytical solution. When
the degree of hydrolysis is low, however, we obtain an analytical relation for the pH

pH=—-log ——, (11.97)

where K, is the ionic product of water, K is the dissociation constant of the acid, and ¢
is the initial concentration of the salt.

Example

Calculate the pH of an aqueous solution of sodium formate of the concentration ¢ = 0.001 moldm™3
at a temperature of 298 K and the standard pressure. Under these conditions the dissociation
constant of formic acid is K = 1.77 x 10™*, and the ionic product of water is K, = 1074

Solution
Substituting into (11.97) yields

1 (10—14 x 1.77 x 1074

He — -1
P °8 0.001

5 ) = 7.376.

11.6.11 pH of the salt of a strong acid and a weak base

In consequence of hydrolysis, see section 11.5.9, solutions of the salts of strong acids
and weak bases exhibit acidic reactions. When calculating the pH it is usually necessary
to consider not only the hydrolytic equilibrium but also the dissociation of water. We
solve the set of equations (11.75) and (11.49), which does not have an analytical solution.
When the degree of hydrolysis is low, however, we obtain an analytical relation for the
pH X
1 w C
pH = — 5 log Kot
where K, is the ionic product of water, K is the dissociation constant of the base, and ¢
is the initial concentration of the salt.

(11.98)
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11.6.12 pH of the salt of a weak acid and a weak base

When calculating the pH, we have to solve the set of three equations (11.81), (11.82) and
(11.49), of which the first two describe a hydrolytic equilibrium and the third describes
the dissociation of water. This set does not have an analytical solution and thus has to
be solved numerically. If, however, the degrees of hydrolysis a; and as are low, we obtain
a simplified relation for the pH

K. Ky
K, '

1
pH = — 3 log (11.99)
where K, is the dissociation constant of the acid, Ky is the dissociation constant of the
base, and K, is the ionic product of water.

Note: From relation (11.99) it follows that at K, > Kj, the solution of the salt solution
is acidic while in the opposite case it is alkaline.

11.6.13 Buffer solutions

A buffer solution (buffer) is a system whose pH changes only a little with the addition
of an acid or a base. It is usually an aqueous solution of a weak acid and its salt with a
strong base (e.g. CH3COOH + CH3COONa), or a solution of a weak base and its salt
with a strong acid (e.g. NH,OH + NH,CI).

We obtain the pH of a buffer solution formed by a weak acid HA of the concentration
c and its salt NaA of the concentration ¢s by solving equation (11.53)

pH = — log (;ﬁ [—(K’ + ) + (K + )2 + 4K’CD : (11.100)
CS

where K' = K ¢ %I—QA, and K is the dissociation constant of the acid. If the degree of

+
dissociation of the acid is very low, the relation simplifies to

K'cvyy

pH = — log (11.101)

cst Cs
We obtain the pH of a buffer solution formed by a weak base BOH of the concentration
¢ and its salt BCI of the concentration ¢g by solving equation (11.57)

2K, c*
v [—(K' +o) + /(K + )2 + 4K’0]

pH = — log (11.102)

where K' = K ¢ m—;‘, and K is the dissociation constant of the base. For a low degree
E
of the base dissociation this relation rearranges to

K, ¢,

H=-log ———.

(11.103)

In relations (11.100) through (11.103) the influence of water dissociation is not con-
sidered. If their application leads to a pH close to the pH of pure water, it is a warning
signal indicating that their application was not necessarily justified.
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Note: The reason for the low sensitivity of the pH of a buffer solution to the addition
of an acid or a base relates to Le Chatelier’s principle, see 8.5. In the case of a weak
acid and its salt, the following reaction proceeds in the system

HA=H"+ A", NaA — Na® +A™.

The addition of an acid to this system, i.e. HT ions, will suppress the dissociation of the
acid because H™ ions are actually the products of the reaction, see 8.5.1 The addition
of a base, i.e. OH™ ions, will increase the dissociation of the acid. The hydroxylic ions
react with the hydrogen ions and thus withdraw the products of the dissociation.
The buffer capacity of a buffer, 3, related to the added base is defined by the

relation
. d Cp

B = ﬁ ;
where ¢, is the concentration of the added base. The buffer capacity S, related to the
added acid of the concentration ¢, is

(11.104)

_de,
~ dpH’

The higher the buffer capacities 3, and (,, the less the buffer solution changes its pH. The
highest buffer capacity is that in solutions in which ¢; = ¢, where ¢ is the concentration
of an acid or a base.

Ba

(11.105)

11.7 Solubility of sparingly soluble salts

If the concentration of a saturated solution of the salt B,+A,- is lower than about 0.01
mol dm ™3, we speak about a sparingly soluble salt. An equilibrium between the undis-
solved and dissolved salt is established in the system. The dissolved salt dissociates into
ions completely. Overall we may write

B,+A,—(s) = v B* 4+ 1 A7 (11.106)

The equilibrium constant of this reaction is called the solubility product K,. We
have

vt v

K. — ag.+ @ .-

vt Za v sty —v
= Co+Crum c , 11.107
an+Au_ Bzt CA Y+ ( ) ( )

where v = vt + v

Example

The solubility product of silver chromate at a temperature of 298 K and the standard pressure
is Ky =9 x 1072, Calculate the solubility of silver chromate

a) given that v = 1,

b) given that the Debye-Hiickel relation with the constant A = 1.176 applies.

Solution
a) We have
Ag,CrO4(s) = 2 Agt + CrOf .

From the material balance it follows that ¢y + = 2¢ and ¢¢,02- = ¢, where c is the concen-
tration of the dissolved chromate. By substituting into (11.107) we obtain

Ix1072=2xe)? xc/(c")? = c¢=131x10""moldm™3.
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b) We use the preceding result to calculate the ionic strength of the solution, see equations
(11.42)

I=>-(2xcx1?+¢cx2)=3xc=3x137Tx107* =411 x 107*.

N | =

We use relation (11.45) to calculate the mean activity coefficient
Inye=-1176 x 1 x 2 x V4.11 x 10~% = —0.0477 => ~4 = 0.953.
Now we substitute the mean activity coefficient into (11.107)

Ix1072 =(2x¢)? xecx0953/(c")? = ¢=137x10""moldm3,

If we add to a solution of a sparingly soluble salt an electrolyte that shares a cation or
an anion with the salt, the solubility of the salt will decrease. If we add a small amount
of an electrolyte that does not share an ion with the salt, the solubility of the salt will
increase.

Example

Calculate the solubility of silver chromate in a solution of potassium chromate of the con-
centration ¢ = 0.001 moldm™3. Use the data from the preceding Example and compare the
results with its solubility in pure water.

Solution
From the material balance it follows that c,,+ = 2c and Coro2- = €+ 0.01, where c is the

concentration of the dissolved chromate. We substitute into (11.107) while assuming that
v = 1.

Ix1072 =(2¢)? x (c+0.01) =4 xc?%x0.01 = c=15x10""moldm™3.

This result can be made more accurate by considering the mean activity coefficient. As
compared with the solubility in pure water, see the preceding Example, the solubility of silver
chromate decreased almost 10-times.

11.8 Thermodynamics of galvanic cells

11.8.1 Basic terms

A galvanic cell is an electrochemical system, see 11.1.7, in which a potential difference
occurs between the anode and the cathode due to electrochemical reactions. This po-
tential difference is called the (equilibrium) cell potential, in older literature also the
electromotive force of the cell.

The anode, i.e. the electrode at which oxidation takes place, is charged negatively. The
cathode, i.e. the electrode at which reduction takes place, is charged positively, compare
with the beginning of section 11.2.

In the simplest case, both electrodes share a single electrolyte. If it is not so, the
galvanic cell is made up of two or more half-cells. The half-cell is formed by an electrode
and an electrolyte that surrounds it.

Note: In electrochemistry the term electrode is commonly used as a synonym to the
term half-cell, e.g. “calomel electrode” or “glass electrode”.
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The interface between two half-cells is usually a frit which prevents the electrolyte
surrounding the anode from mixing with that surrounding the cathode. A potential
difference occurring at the interface between the two electrolytes is called the diffusion
or liquid junction potential.

We often seek to suppress this liquid potential. This can be achieved by connecting
the electrolytes by a salt bridge, which is usually a U-shape tube filled with a saturated
solution of potassium chloride or potassium sulfate.

If no electric current passes through a galvanic cell, we say that the cell is in a zero-
current state. The zero-current state may be attained in two ways:

a) the cell is disconnected,
b) the cell is connected with an external source compensating for the equilibrium cell
potential.

From the thermodynamic point of view, we classify galvanic cells as reversible and
irreversible. A reversible cell is such in which
a) no reaction proceeds in the zero-current state,

b) if the voltage of the external source exceeds the cell potential, the same reactions take
place in it as in a cell without any external source, but in the opposite direction.

Example
The Daniell cell is an example of a galvanic cell. It is formed by two half-cells. One of them is
a zinc electrode surrounded by a solution of zinc sulfate, and the other is a copper electrode
surrounded by a solution of copper sulfate. The zinc electrode is the anode at which oxidation
proceeds

7Zn = 7Zn?t + 26" .

The copper electrode is the cathode at which reduction proceeds
Cu’t +2e = Cu.

We add up the reaction at the anode and that at the cathode to obtain the overall reaction
taking place in the cell
Zn + Cu’®t = Zn?* + Cu.

If the electrodes are connected by a first-class conductor, electrons travel through the conductor
from the anode to the cathode.

If the solutions of ZnSO,4 and CuSQ, are separated by a frit, the zinc ions travel through
the frit from the anode to the cathode while the sulfate ions travel in the opposite direction.
The liquid potential originates at the interface.

11.8.2 Symbols used for recording galvanic cells

Galvanic cells are schematically recorded in a line, with the following conventions applied:

e The anode is written on the left, the cathode on the right. Their charges may, but
do not have to, be marked.

e The phase interface is marked by a single vertical bar ”|”. We find it at the place of
contact of the electrode and the electrolyte, two electrolytes separated by a frit, or
at the place of contact of an undissolved salt and a metal in the case of electrodes
of the second type, see 11.8.10.

e If there is a salt bridge suppressing the diffusion potential at the place of contact
of two electrolytes, we write a double vertical bar ”||” instead of a single one.
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e With the electrolyte we note its molality or activity in brackets. This may be
omitted if it is unimportant in the given case.

e For gas electrodes, the gas pressure or fugacity is given in brackets. For amalgam
electrodes, the composition of the amalgam is given in brackets.

e A dash (—) is written between a gas electrode and its carrier.

e In the case of electrodes of the second type, the symbol (s) is written with the
chemical formula of undissolved salt, emphasizing that it is not salt in a solution.

Example

Describe the following galvanic cells:

a) © Zn | ZnSO4(m;) || CuSO4(m,) | Cu &

b) & Pt—Hy(p*) | HCl(ax = 1) | AgCl(s) | Ag &

Solution

a) The cell is formed by a zinc anode dipped into a solution of zinc sulfate of the molality
m;y. This half-cell is separated by a salt bridge from another half-cell formed by a solution of
copper sulfate of the molality m, into which a copper cathode is dipped.

b) The cell is formed by a hydrogen anode with platinum as its carrier. Hydrogen pressure
equals the standard pressure. The electrode is dipped into a solution of hydrochloric acid
whose mean activity equals one. A silver electrode covered with solid silver chloride is dipped
into the same electrolyte. This electrode is the cathode.

11.8.3 Electrical work

For the electrical work W, we have
Wa=—-2FF, (11.108)

where z is the number of electrons exchanged during the reaction in the cell, F' is the
Faraday constant, and FE is the cell potential.

Note: Work is related to 1 mole of reaction turnovers, see 8.1, and consequently depends
on the way the reaction is written.

The following relation applies between electrical work and a change in the Gibbs energy
during reaction at a given temperature and pressure, see equation (3.15)

AG=Wy=—-2z2FF, [T, p, reversible process] . (11.109)

Example
The following reaction proceeds at the electrodes in a Daniell cell

Zn =7n*" +2e, Cu?t +2e = Cu.

The equilibrium potential of the cell is 1 V.

a) Calculate the work done by the cell at one mole of reaction turnovers.

b) Calculate the work done by the cell at one mole of reaction turnovers if the reaction is
written in the form

1 1 1 1
EZn:§Zn2++e_, §Cu2++e_:§Cu.
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Solution
a) From the reactions record it follows that z = 2. By substituting into (11.108) we obtain

We = —2 x 96485.3 x 1 = —192970.6 Jmol~!.

The work done has an opposite sign and it is equal to 192970.6 J mol~1.
b) From the reactions record it follows that z = 1. The work done is half, 96 485.3 J/mol.

11.8.4 Nernst equation

Let the following overall chemical reaction proceed in a galvanic cell

aA+bB...=sS+1tT... (11.110)
By combining equations (8.10) and (11.109) we obtain for the cell potential
T Sab ...
pope - Bl B (11.111)

a
z F ai ag ...

where a; is the activity of substance i. Relation (11.111) is called the Nernst equation
for the equilibrium cell potential (electromotive force of the cell). The quantity E° is
called the standard equilibrium cell potential. It is the potential of a cell in which
reaction (11.110) proceeds with the activities of all substances involved in the reaction
being equal to one.

If the cell is in the state of thermodynamic equilibrium, £ = 0 and we write

. RT

where K is the equilibrium constant of the reaction (11.110).

Note: For the activities of solids acting in the Nernst equation we choose the standard
state of a pure substance at the temperature and pressure of the system—then a;
= 1. For the activities of ions we choose the standard state of unit molality—then
a; =m; *yi[@. For the activity of gaseous substances we choose the standard state of an
ideal gas at a given temperature and the pressure p** = 101 325 Pa—then a; = f;/p.

Relation (11.111) applies on condition that the cell diffusion potential, Ey, is zero
(either the electrodes share an electrolyte or the diffusion potential is suppressed, e.g. by
a salt bridge). If it is not so, then

RT . agai...

E=F°— In :
zF  afap...

+ Eq. (11.113)

11.8.5 Electromotive force and thermodynamic quantities

From the relation between the cell potential and the reaction Gibbs energy (11.109) we
have the following relations for the reaction enthalpy A, H, the reaction entropy A,S, and
the reaction isobaric heat capacity A.C),

OF
OFE

2
AC, = 2FT (a—E> . (11.116)
p
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Note: The same relations apply between the standard cell potential (electromotive
force) and the standard reaction thermodynamic functions.

In a reversible cell, relation (11.108) applies between the electrical work and equilib-
rium electromotive force. If the electrodes are connected in a short circuit, the electrical
work is zero. If there is an electrical device between the electrodes, the following analogy
of relation (11.108) applies for the electrical work

Wy = —2FE,,, (11.117)

where Fi, < FE is the so-called terminal voltage, the measured voltage between the
electrodes.
If the cell works reversibly, we write for the heat supplied to the cell

E
Q=TAS=zFT (g—T> , [T, p, reversible process] . (11.118)
p

If, however, the anode and the cathode are connected in a short circuit, i.e. there is no
electrical device between them and consequently no electrical work is done, the heat is

equal to the enthalpy change
oF
T|—| —F
(o),

In real (irreversible) cells in which the anode and the cathode are connected via an
electrical device, @ is found between the values determined from equations (11.118) and
(11.119). We can calculate them using the first law of thermodynamics

Q=AH=:F . [T, p,Wa=0]. (11.119)

Q=AU —Wq, (11.120)

where AU is the reaction internal energy and W, is the electrical work calculated from
relation (11.117).

11.8.6 Standard hydrogen electrode

The standard hydrogen electrode is such at which the following reaction occurs
.- 1

while the activity of hydrogen ions is equal to one, ag+ = 1, and the fugacity of hydrogen
is equal to the standard pressure, fy, = 101325 Pa.

Note: The standard hydrogen electrode consists of a platinum strip covered with plat-
inum black, saturated with hydrogen under a pressure of 101325 Pa, and dipped into
a solution of hydrochloric acid of the molality 1.2molkg ' (the corresponding activity
of hydrogen ions is unity).

11.8.7 Nernst equation for a half-cell

An electrochemical reaction occurs at the electrode in a half-cell, e.g.

B*" +zte” =B. (11.122)
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For this reaction we can write

RT an
In

b =P° — .
ztF ap=+

(11.123)

The quantity ® is called the electrode potential, ®° is the standard electrode po-
tential.

The electrode potential is defined as the equilibrium potential (electromotive force) of
a galvanic cell in which one electrode is the standard hydrogen electrode and the other is
the studied electrode. When oxidation proceeds at the studied electrode, we speak about
the oxidation potential ®,.,, when reduction occurs, we speak about the reduction
potential ®,.4. It applies that

Doy = —Dreq, @, =%, (11.124)

Note: Based on an international agreement, we can find only the values of standard
reduction potentials in tables.

11.8.8 Electromotive force and electrode potentials
Electrode potentials allow for the calculation of the potential a cell using the relation
E = ®g + Ppeq, (11.125)

where ®,, is the potential of the anode (on which oxidation occurs), and ®eq is the
potential of the cathode (on which reduction occurs). The same relation applies for the
standard cell potential and the standard electrode potentials

E° =% + @2 (11.126)

red *

In view of relations (11.124) we can rewrite equations (11.125) and (11.126) to the forms
in which only reduction potentials appear

E = —®q(anode) + ®eq(cathode), E° = —&;  (anode) + Py 4(cathode). (11.127)

red

Note: Equation (11.125) and the first of equations (11.127) apply only for galvanic cells
with one electrolyte and for cells without transference. For cells with transference, the
diffusion potential has to be added to the cell potential.

11.8.9 Classification of half-cells

Half-cells are divided into several categories:
e A metal electrode, in which the electrolyte contains the ions of the given metal.
These half-cells are divided into the following sub-categories:
— amalgam,
— first-type,
— second-type.
e A nonmetal electrode, in which the electrolyte contains the ions of a nonmetal.
These half-cells are divided based on the nature of the electrode:
— gas electrode,
— solid electrode.
e Reduction-oxidation half-cells
e ITon-selective half-cells.
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11.8.10 Examples of half-cells

Presented below are some typical examples of the individual half-cell categories and sub-
categories. The reactions at the electrodes and the Nernst equation are given for reduction.

Amalgam half-cell

In this half-cell the electrode is formed by mercury in which a metal is dissolved. The
electrolyte contains the cations of this metal.

Example

An electrode is formed by cadmium dissolved in mercury. The molality of the dissolved cad-
mium is denoted m,. The electrolyte is an aqueous solution of cadmium sulfate. The molality
of the Cd?* ions in the solution is denoted m,.

Reaction:
Cd*t +2e  =0Cd.

Nernst equation:
RT m, 7Ycd

~2F my e

Half-cell of the first type

The electrode is formed by a metal, with the electrolyte containing the cations of this
metal.

Example
A copper electrode is dipped into a solution of copper sulfate of the molality m.
Reaction:

Cu®t +2e” = Cu.

Nernst equation:

R T mst

Half-cell of the second type

Half-cells of the second type are formed by a metal electrode coated with a layer of a
sparingly soluble salt whose cation is the given metal. The electrode is dipped into an
electrolyte which has the same anion as the sparingly soluble salt.

Example
A silver electrode coated with a layer of solid silver chloride (a silver chloride electrode) is
dipped into a solution of hydrogen chloride of the molality m.
Partial reactions:
AgCl(s) = Agt +Cl™, Ag'+e = Ag(s).

Overall reaction:
AgCl(s) +e = Ag(s) +Cl .

Nernst equation:
o RT . mys
(D = (I) —_ ? lIl mst .
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Note: Half-cells of the second type are used as so-called referential electrodes to
determine standard potentials of other half-cells. Compared with the standard hydro-
gen electrode (see 11.8.6) which was chosen for the definition of half-cell potentials,
referential electrodes offer a number of practical benefits. Their potentials in relation
to the standard hydrogen electrode are measured very accurately.

Gas half-cell

An inert electrode is washed by a gas. In the electrolyte there are ions (either anions or
cations) of this gas.

Example
An example is the standard hydrogen electrode, see 11.8.6. Another example is a chlorine
electrode—a platinum electrode washed by chlorine of the partial pressure p. The electrode is
dipped into a solution of hydrogen chloride of the molality m.
Reaction:

C12 +2e = 2C1 .

Nernst equation:

RT  ~7im’/(m")”
— n

2F pe/p*
where ¢ is the fugacity coefficient of gaseous chlorine.

® = P°

Reduction-oxidation half-cell

This half-cell is comprised of an inert electrode dipped into an electrolyte containing a
substance in two different oxidation degrees, e.g. ions Fe?* and Fe3t.

Example
Another example is the so-called quinhydrone electrode. It is a platinum electrode dipped into
a saturated solution of quinhydrone, an equimolar mixture of quinon CgH4O5 and hydroquinon
CgH4(OH), containing hydrogen ions of the activity ag+. It is assumed that the activities of
quinon and hydroquinon are equal.
Reaction:

C6H402 +2 H+ +2e” = C6H4(OH)2 .

@:Qe—ﬂlni.
F ag+

Ton-selective half-cell

This is a cell exchanging only ions of one type with another half-cell.

Example

An example is the so-called glass electrode. This half-cell is comprised of a silver chloride
electrode dipped into an electrolyte containing a HCl solution of the molality m;. This elec-
trolyte is enclosed in a vessel made of special glass permeable only for hydrogen ions. Qutside
the vessel there is another HCl solution of the molality m,. The hydrogen ions are exchanged
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between these two solutions.
Nernst equation:

RT movyio

R
7 — = const — N In (my v+ 2) .
In this case ®° does not have the physical meaning of the standard potential, but it is a
constant dependent on the material of the half-cell.

11.8.11 Classification of galvanic cells

If electric energy is generated in a galvanic cells in consequence of chemical reactions, we
speak about a chemical cell. If, on the other hand, it is generated in consequence of the
equalization of differences in the concentrations of substances present in different parts of
the cell, we speak about a concentration cell.
Concentration cells are divided into two categories:
e Electrolyte concentration cells
The anodic and cathodic compartments are formed by the same electrolyte of
different concentrations. Both electrodes are identical. Electrolyte concentration
cells are further divided into
— cells with transference,
— cells without transference.
e Electrode concentration cells
The concentration differences occur at the (otherwise identical) electrodes. These
are dipped into a shared electrolyte. Electrode concentration cells are further
divided into
— gas concentration cells comprised of two identical gas electrodes with different
partial pressures of the gas
— amalgam concentration cells comprised of two mercury electrodes containing
a dissolved metal of different concentrations.

11.8.12 Electrolyte concentration cells with transference

The cell is formed by two identical electrodes dipped into the same but unequally con-
centrated solution. Both half-cells are separated in a way that allows for the transfer of
ions.

Example
Consider a galvanic cell formed by two identical hydrogen electrodes dipped into HCI solutions
of the activities a; and as, with a; < a,. The solutions are separated by a frit allowing for the

transfer of ions:
Pt—H,(p) | HCl(a1) | HCl(as) | Pt—Hs(p) -

Solution
The following partial reactions occur in the cell:

1 Hy(g) =H%(a;) + e oxidation at the anode,
ttHf (aq) =tT H"(as) transfer across the frit,
t=Cl (az) =1t Cl (a;) transfer across the frit,

Hf(a2) + ¢~ = 3 Hy(g) reduction at the cathode.
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The Nernst equation:
RT Mo+ 2

E=2t"—1In
F MY+

Note: Since both electrodes are identical, the standard cell potential E® is zero and
does not appear in the Nernst equation. This fact is characteristic of all concentration
cells.

11.8.13 Electrolyte concentration cells without transference

The cell is formed by two identical electrodes dipped into the solutions of the same
electrolyte, but of different concentrations. Both half-cells are separated in a way that
enables ion transfer.

Example
Consider the following galvanic cell

Pt—H,(p) | HCl(a,) | AgCl(s) | Ag—Ag| AgCl(s) | HCl(az) | Pt—Ha(p) ,
where ay > a4.

Solution

Its difference from a cell with transference is that instead of a frit it has a silver chloride
electrode. It acts as a cathode with respect to the hydrogen electrode on the left of the cell
record and as an anode with respect to the hydrogen electrode on the right. The following
partial reactions proceed in the cell:

s Ha(g) =Ht(a1) + e~ oxidation at the hydrogen anode,
AgCl(s) + e~ = Ag(s) + Cl (a1) reduction at the silver chloride electrode,
Ag(s) + Cl (ay) = AgCl(s) + e~ oxidation at the silver chloride electrode,
H*(az) + e = 1 Hs(9) reduction at the hydrogen cathode.
E=o BTy Ma0en
F my Y+

11.8.14 Gas electrode concentration cells
The cell is comprised of two identical gas electrodes containing gas of different partial
pressures. The electrodes are dipped into a shared electrolyte.

Example
Let us consider a cell formed by two hydrogen electrodes with the partial pressures of hydrogen
p1 and po, with p; > po, dipped into a shared electrolyte.

Solution
The following reactions proceed in the cell:

L Hy(py) =H"(a) + e~ oxidation,

Hf(a) + e~ =3 Hy(ps) reduction .
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Nernst equation:

RT |, pio

n 7
2F  pago
where ¢, and ¢, are the fugacity coefficients of hydrogen.

F =

11.8.15 Amalgam electrode concentration cells

The cell is formed by two mercury electrodes in which the same metal of different concen-
trations is dissolved. The electrodes are dipped into a shared electrolyte in which there
are cations of the given metal.

Example
Let us consider a cell formed by two cadmium amalgam electrodes dipped into a shared

electrolyte
Cd(Hg)(a1) | CdSO4(a) | Cd(Hg)(az)

where a; > a. The following reactions proceed in the cell:

Cd(a1) = Cd’*(a) + 2 oxidation,
Cd*"(a) +2e~ = Cd(as) reduction .
Nernst equation:
E= % In Z—:

11.9 Electrode polarization

During electrolysis, the products of electrochemical reactions are discharged at the elec-
trodes. These products cause the formation of a galvanic cell whose potential (electromo-
tive force) suppresses the electrolysis (this is another example of Le Chatelier’s principle,
see 8.5). This phenomenon is called electrode polarization, the respective electrode
potential is called the polarization voltage, F,. Ohm’s law then acquires the form

E—-E,=IR. (11.128)
It is obvious that the electrolysis starts at voltages higher than the polarization voltage.

Example

During the electrolysis of hydrochloric acid, hydrogen is discharged at the cathode and chlorine
at the anode. A galvanic cell originates formed by a hydrogen anode, chlorine cathode, and a
hydrogen chloride solution. Electrolysis starts only when the voltage of the source is higher than
the potential (electromotive force) of the given cell (approximately 1.36V under laboratory
conditions).

In addition, polarization voltage may be due to concentration changes during electrol-
ysis, see 11.2.5. An electrolyte concentration cell originates, see 11.8.13, whose potential
also suppresses the electrolysis. In this connection we speak about concentration po-
larization while in the above example it was chemical polarization.

It is necessary to distinguish between the polarization voltage and the decomposition
voltage, the real voltage of the source at which undisturbed electrolysis starts to proceed.
The difference between the decomposition and polarization voltages is called overvoltage.
It is caused by complicated kinetic phenomena during electrolysis.



Chapter 12

Basic terms of chemical physics

Chemical physics is an important area of modern physical chemistry embracing theoret-
ical fields on the boundary between chemistry and physics. Chemical physics describes
the studied system either as a system of macroscopic phases without any further inner
structure, or as a set of elementary particles and the atoms and molecules composed of
them, from which the properties of the whole system are then derived by mathematical
procedures. Comparison of both the above approaches allows for gaining a lot of infor-
mation both about the system as a whole and about the properties of the molecules it
contains.

12.1 Interaction of systems with electric and
magnetic fields

In addition to the classic thermodynamic quantities such as temperature, volume and
pressure, other system properties need to be defined for systems interacting with the
surrounding fields.

12.1.1 Permittivity

The vector of the intensity of the electric field around a point charge following from the
Coulomb law is .
1 Qr

where () is the electric charge given in coulombs, 7 is the vector determining the position
of the point in relation to the charge, and ¢ is the permittivity of the surrounding
environment.

The lowest value of permittivity is that of vacuum, ¢y = 8.854x10 12C2N tm 2.
Other environments exhibit a higher permittivity, which is usually expressed using the
relative permittivity

Ep = o (12.2)
Relative permittivity shows the ability of a substance to weaken the electric field, and it
may be determined by measuring the ratio between the capacitance C' of a capacitor with
the given substance and another with vacuum, Cj,

_¢
-5

Er

255
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Note: In older literature, relative permittivity is called the dielectric constant.
@ Main units: permittivity: C? N~ m~2, relative permittivity is a dimensionless number.

Example

Determine the relative permittivity of water if you know that the capacitance of a capacitor
with an empty cell is 5pF, and that it increases to 390 pF after the cell is filled with water.
Assume that the capacitance is determined solely by the filling of the cell.

Solution

The capacitance of the capacitor is proportional to the permittivity of the space between the
electrodes. With the cell empty, the permittivity is very close to that of vacuum. The relative
permittivity of water is thus equal to the ratio between both capacitances,

— O _ 0 g
C() 5pF

Er

12.1.2 Molar polarization and refraction

Molar polarization is another quantity derived from relative permittivity:

_e=ly, _&a-1M (12.3)
m e +2 m e +2 P) ) .
where V;, is the molar volume [see 2.1.1].
(U] Main unit: m3mol~".
Molar refraction is defined in a similar way:
2

-1

=2 (12.4)

m_m m

where n is the refractive index of the given substance.

In terms of the electric and magnetic properties of substances, electromagnetic radia-
tion can be described as electromagnetic field oscillations. Since non-polar substances, i.e.
those without permanent dipole moments [see 12.1.3] in the range of higher wavelengths,
have to satisfy the Maxwell relation!

& = n, (12.5)

their molar polarization and refraction acquire the same values.

12.1.3 Dipole moment

A pair of opposite electric charges of magnitude () at a distance L constitutes an electric
dipole. The measure of its magnitude is the dipole moment defined by the relation

i=QL, (12.6)

where vector L points from —@) to Q.

@ Main unit: Cm.
More precisely e, = n? (see (12.11)), where u, = 1.
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Older unit: debye, 1D = 3.33564 x 1073 C m.

In terms of the electric charge distribution, a molecule represent a much more compli-
cated system containing positive charges (atomic nuclei) and negative charges (electrons).
The electric field far enough from the molecule can be regarded as caused by one dipole
determined by a combination of charges.

A homonuclear diatomic molecule (a molecule comprised of a pair of identical atoms)
exhibits a symmetrical charge distribution and therefore its dipole moment is zero. These
substances are called non-polar (Ng, Cly). If it is comprised of different atoms (HCI), the
charge distribution is asymmetrical, the molecule has a nonzero dipole moment, and the
substance is polar. In more complex molecules, the dipole moment depends on the type
of atoms and their mutual orientation. The overall dipole moment is the vector sum of
the dipole moments of individual bonds.

Example
Explain why CO, has a zero dipole moment while HyO is polar.

Solution

Both the bonds C-O and O-H are polar and have a nonzero dipole moment. However, the
CO5 molecule is linear and the dipole moments of both bonds cancel. The molecule of water
is nonlinear and its total dipole moment is the vector sum of the dipole moments of the two
bonds.

Note: Also nonpolar molecules create a certain electric field around them, which is
usually characterized by higher multipole moments (quadrupole, octupole, etc.).

12.1.4 Polarizability

In the presence of an electric field, the charge distribution in the molecule changes so
that even nonpolar molecules acquire a nonzero dipole moment, i.e. they polarize. The

=%

magnitude of this induced dipole moment (ji*) is proportional? to the intensity of the

surrounding electric field (£). The proportionality constant is called polarizability («),
pur=af. (12.7)

Main unit: C?m J~1.

Note: Polarizability « is usually converted to the so called polarizability volume o/,

/ (67

- 47 €0 ’
traditionally called also “polarizability”. It has dimensions of volume and equals very
roughly 1/10 of the volume of a molecule.

Polarization also occurs in polar molecules. In this case the total dipole moment is
the vector sum of the permanent and induced dipole moments.

12.1.5 Clausius-Mossotti and Debye equations

For nonpolar substances, the molar polarization P, is related to the polarizability of the
molecules by the approximate relation called the Clausius-Mossotti equation,
N AQ
3eo ]

2There are two simplifications here: The field is not too strong and the molecule is approximately
rotationally symmetric so that g* has the same direction as &

(12.8)

M:
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where N4 is the Avogadro constant.
For polar substances, the molar polarization is also influenced by the magnitude of
the dipole moment. For not too large dipole moments relation(12.8) becomes

Na o
Py =— 12.9
M 380 (O& + 3kBT> ’ ( )

where kg is the Boltzmann constant (kg = R/Ns = 1.381x10 2 JK'). This more
general relations is called the Debye equation, and it expresses the fact that polar
molecules tend to further increase the permittivity of their environment by orienting
themselves prevailingly in the direction of the electric field. With increasing temperature,
however, the thermal motion of the molecules disturbs this orientation, and the effect of
the molecular dipole moments gradually decreases. By measuring the thermal dependence
of molar polarization it is possible to determine both the polarizability of molecules and
their dipole moment.

Example

The relative permittivity of chlorobenzene at 20°C is 1 = 5.71. At 25°C it drops to €9 = 5.62.
Calculate the polarizability and the dipole moment of chlorobenzene. Its density in the given
temperature interval is approximately constant, p = 1.11gcm 2 and M = 112.5gmol .

Solution

By substituting into equations (12.3) and (12.9) for both temperatures while using the con-
stants kg = 1.381x 10722 JK~! and gy = 8.854x 1072 C?J'm~2 we obtain a set of two
equations with two unknowns (in Sl units)

112.5%1073 5.71 — 1 6.022 x 1023 N w2
= (0]
1.11x10® 57142 3 x8.854x1012 3 x 1.381x1072 x 293.15

and

11251072 5.62—1  6.022x10% N %5
L11x10° 5.62+2 3x8854x102 \* " 3x1.381x10"% x 298.15 )

By solving this set of equations we obtain o = 1.5x 1073 C2m? J~! (o/ = 1.35x 1072 m?)
and p = 3.86x1073°Cm = 1.16D.

12.1.6 Permeability and susceptibility

The magnetic field® B produced by a short segment of wire described by vector 7 carrying
electric current I in the direction of £ is given by the Biot-Savart law,
w1 Ux 7

B=I
A7 73

, (12.10)

where 7 is the vector determining the point at which the magnetic field is measured and
x indicates the vector product*. The proportionality constant j is the permeability of
the surrounding environment. Its value for vacuum is py = 47 x 107 Js2C 2m . For

3More precisely induction of the magnetic field or magnetic flux density.
4Vector ¢ = @ x b is perpendicular to both @ and b, the magnitude of ¢is |¢]| = ¢ = absin~y, where 7 is
the angle between vectors @ and b, and vectors @, b, and & form a right-handed system.
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other types of environment the permeability is different and it is sometimes expressed by

the relative permeability

R (12.11)
Ho

or more often by the susceptibility (more precisely volume magnetic susceptibility)
X = pr— 1. (12.12)

@ Main units: permeability: Js2C 2m !, relative permeability and susceptibility are dimen-
sionless numbers.

Since different substances can either weaken or strengthen the magnetic field, magnetic

susceptibility may be positive or negative. For most common substances it is very small

(of the order of 1072 and lower), and it can be determined by measuring the force acting

on the substance in the field of a strong magnet. Materials weakening the field (x < 0) are

called diamagnetic, materials strengthening the field (x > 0) are called paramagnetic.

Some substances with freely moving electrons (iron, nickel, ...) strengthen the magnetic

field many times (x =~ 10? up to 10%). These substances are referred to as ferromagnetic.

Note: The same symbol 4 is used in this chapter for two different physical properties—
permeability and molecule dipole moment (see 12.1.3).

12.1.7 Molar magnetic susceptibility

The quantity called molar magnetic susceptibility is the magnetic-field analogy of the
molar polarization (see 12.1.2),
Xm = XV - (12.13)

12.1.8 Magnetizability and magnetic moment

For most substances, the temperature dependence of molar magnetic susceptibility can
be expressed by the relation

2

Ho My,
—Nylay, , 12.14
XM A (a + kel ) ( )

which is analogous to the Debye equation (12.9). In (12.14), o, is the magnetizability
of the molecules and m,, is their permanent magnetic moment. The magnetic moment
of molecules is a consequence of the quantum behaviour of electrons in the electric field
of atomic nuclei. It is strong for molecules with unpaired electrons (see 12.2.6). Mag-
netizability of molecules reflects their ability to generate an induced magnetic moment
by the influence of the surrounding magnetic field. If we substitute these quantities for
the given substance into relation (12.14), we obtain the temperature dependence of molar
susceptibility

B
X = A+ (12.15)

which was discovered empirically as the Curie law earlier.

Permanent moments strengthen the magnetic field in a substance (paramagnetic be-
haviour) while induced moments usually weaken it (diamagnetic behaviour). Conse-
quently, the diamagnetic or paramagnetic behaviour [see 12.1.6] of a substance is de-
termined by the relative magnitudes of both terms in equation (12.15).
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12.1.9 System interaction with light

The last type of a substance interaction with the external field to be discussed is the
absorption of light passing through the substance. In order to be able to measure the light
attenuation, we first have to define its intensity I as the amount of energy transferred
by light in one second across an area of 1m?, perpendicularly to the direction of the
radiation.

Let us observe the behaviour of light passing through a solution of the absorbing
substance in a solvent which does not absorb light in the given wavelength range. For a
solution of the concentration ¢ (see 1.6.4), with the light passing through a layer of the
thickness ¢, the Lambert-Beer law applies

I'=10"°¢1T, (12.16)

where I’ and I are the light intensities after and before passing through the solution,
and ¢ is the molar absorption coefficient. Its value depends on temperature, the type
of the dissolved substance and the solvent, and on the wavelength of the passing light
(12.42). In addition to the absorption coefficient, also used is the quantity

A=cct (12.17)
called absorbance, and the ratio
II
T=— 12.18
: (1218)

called transmittance.
Main units: molar absorption coefficient: m?mol !, absorbance and transmittance are
dimensionless quantities.

Example

Light of the wavelength 600 nm passes through a measuring cell which is 5 mm thick. The
solution in the cell contains CuSQO, of the concentration ¢ = 10 molm~3. The intensity of the
light passing through the cell drops to 30 per cent. What is the molar absorption coefficient?

Solution
From equation (12.16) it follows that

_ log(I'/I) log(0.30)

— = =10.46 m? mol~!.
cl 10 molm—3 x 0.005m m-mo

The Lambert-Beer law describes the absorption of light on the macroscopic level.
However, it cannot explain why the light is absorbed by the substance. For this purpose
the system has to be described as a set of molecules. This microscopic approach is applied
in section 12.3.

12.2 Fundamentals of quantum mechanics

12.2.1 Schrodinger equation

The starting point for describing a system on the microscopic level is the description of a
set of particles (elementary particles, atoms and molecules) using their wavefunction .
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The wavefunction is obtained by solving the Schrodinger equation. It is written for
time-independent case as follows

V2U(7) + V(7)¥(0) = E¥(7), (12.19)

Z 87T m;
where ¥ = (71,7, ...,7n) is the generalized vector giving the position of all particles in
the system, and V(¥ ) is the potential energy of the system. The symbol V2 = §2/972
0%/ 0x2 + 0%/ 0y? + 0% /022 denotes the Laplace operator, and A is the Planck constant
(h = 6.626 x1073* Js). The Schrodinger equation has a stable solution only for certain
values of E, called the eigenvalues of energy, with the corresponding wavefunctions
U called eigenfunctions. The second power of the absolute value of the wavefunction,
|2 = ¥*¥ (* denotes complex conjugate), gives the probability density of the occurrence
of a system in the state defined by the vector /. These solutions are characterized by one
or several integers known as quantum numbers®. If the same energy corresponds to
several different combinations of quantum numbers, we say that the given energy level
is degenerate. The number of these combinations is called the degree of degeneracy
(g) of the energy level.

12.2.2 Solutions of the Schrodinger equation

The general solutions of the Schrodinger equation for systems containing more particles
is usually very complicated. However, it is often possible to obtain its solution by par-
titioning the total potential energy of a system into energies corresponding to individual
molecules of the system

N
=YV, (12.20)
i=1
where V() is the total potential energy of a system of N molecules, and V; are the energies
of the individual molecules. For each molecule we then separate the terms corresponding
to different types of motion:

translation,

rotation,

vibration,

movement of electrons around the nuclei,

V; = Vtrans + ‘/;ot + V;/ib + V;)l . (12-21)

Thus we also separate the wavefunctions and the corresponding energy eigenvalues of
these motions from one another. The solution of the Schrodinger equation for basic types
of particles motion is presented in the following sections.

12.2.3 Translation

The simplest type of molecular motion is a translation inside a rectangular box—parallelepiped
of the sides a, b and c. The Schrodinger equation has the form

 812m \ 922 + 0y? + 0722

5This applies only to the so called bound states. Continuum states, as e.g. freely moving particle, do
not have discrete energy levels.

h2 2 2 2\
(a A )+vtrans(x,y,z>w=Etransw, (12.22)
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where Virans(,y, 2) is the potential energy of a particle given by the relation

0, inside box

Viwans (T, Y, 2) = {OO’ outside box. (12.23)
The translational energy of the particle is then given by the eigenvalues
R? (n? n? n2
E rans — o - 5 12.24
' 8m ( * b? + ( )

where n,, n,, and n, are translational quantum numbers (ng, n,, n, = 1,2,3...). The
wavefunction is uniquely determined by the triplet (ng, ny, n,).

12.2.4 Rotation

Rotation is another type of molecular motion. The simplest model of a molecule is a
rigid rotor, i.e. a pair of atoms at a fixed distance r. Its energy is given by the relation

1
Vit = 51& : (12.25)
where w is the angular velocity and
I=pr?, (12.26)
is the moment of inertia. It is expressed using the reduced mass
mime
= — 12.27
h= (12.27)

where m; and ms are the masses of the atoms.

Example
Calculate the reduced mass of the molecule *H3>Cl.

Solution
The mass of an atom is calculated as the ratio of the atomic mass and the Avogadro constant
[see 1.5.2]

l1gmol!
- —1.66x10~2
= 6,022 10% mol ! &
35 g mol~!
Mo = gmo — 5.18x10 % g,

6.022 x 1023 mol~!
The reduced mass is thus

1.66x10 g x 5.18x10 3 g

= =1.61x10"*
1.66x10 2" g + 5.18x10 P g &
i.e. slightly lower than the hydrogen atom mass.
The energy eigenvalues are
h2
E. I(l+1 12.2
0= g 1), (12.28)
where [ = 0,1,..., is the rotation quantum number, often denoted by symbol J. The
energy values for [ > 0 correspond to several eigenfunctions whose form depends on
another quantum number m (m = —I,—l+1,...,+l). The energy levels of the rigid rotor
are thus degenerate and the degree of degeneracy g is
g=21+1. (12.29)

The general closed solution of the Schrodinger equation for the rotation of more com-
plex molecules does not exist and can be obtained only approximately.
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12.2.5 Vibration

Vibration is the last type of molecular motion to be described. The potential energy of the
simplest two-atom molecule can be approximately written as the harmonic oscillator

1
Viib = ok (T — Teq)? (12.30)

where z is the distance of atoms and zq the equilibrium distance corresponding to the
minimum potential energy. The proportionality constant x is the force constant of
vibration which is the measure of the force with which the molecule is kept in the equi-
librium position. The higher the value of x the higher is the force returning the particle
to the equilibrium position. The eigenvalues of the vibrational energy obtained from the
solution of the Schrédinger equation (12.19) are

1
Evib = hv (’U + §> y (1231)
where v is the vibrational quantum number and v is the characteristic frequency of vi-

bration given by the relation
1 [k
v=——, 12.32
o\ (12.32)
and g is again the reduced mass (12.27).

The vibrational quantum number acquires the values v = 0,1, 2, ... The lowest energy
level %hl/ corresponding to v = 0 is usually referred to as the zero point energy. The
degree of degeneracy of individual levels is g = 1.

For the oscillations of polyatomic molecules the following relation applies

1
Evib = Z hVi (’Ui + 5) y (1233)

where the summation is over all possible types of independent (so called fundamental)
vibrations of molecules.

Note: In a more accurate description of molecular vibrations we would find out that

for higher vibrational quantum numbers the energies deviate from the values of the
corresponding harmonic oscillations. Formula

1 1\?
Eyip, = hv ('U + 5) — hvz, (’U + 5) y (1234)

where z. is the anharmonic constant, is a better approximation of the energy of an
anharmonic oscillator than (12.31).

12.2.6 Motion of electrons around the nucleus

Another important type of motion is that of electrons in the electrostatic field of the atom
nucleus. For the interaction of one single electron with a positively charged nucleus, such
as occurs in the case of an isolated hydrogen atom or a He™ cation, the following relation
applies for the potential energy

1 Zeé?

Va(r) = drey T

(12.35)

Y
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where 7 is the distance between the nucleus and the electron, €, is the vacuum permittivity
[see 12.1.1], e is the elementary charge (e = 1.602 x 107 C), and Ze is the nucleus charge.

In the absence of an external electromagnetic field, the energy of an atom depends
solely on the principal quantum number n,

pet 72 1
8e2 h? n?’

Ey = (12.36)

where y is the reduced mass of the electron-nucleus system and n =1,2,3,...
For n = 1 the Schriédinger equation has only one possible solution corresponding to
the minimum energy of an atom. It is the ground state of the electron at equilibrium.

The wavefunction is spherically symmetrical with the most probable distance between the

electron and the nucleus at 12
€0
= ) 12.37
T werz ( )

If we substitute u = m, = 9.109x103 kg and Z = 1 into this equation, we obtain a
quantity denoted ay,

=5.202x 10" m. (12.38)

It is called the Bohr radius and is used as the atomic unit of length.

If the atom absorbs energy, the electron may transit from the state of equilibrium to
a state with a higher energy (n > 1), called the excited state. For these states there
are always several wavefunctions of the same energy but differing in the values of the
angular momentum quantum number® (/) and the magnetic quantum number
(m). Their energies are thus degenerate.

In the presence of a magnetic field the energy of atoms with quantum numbers m > 0
slightly changes. The change can be interpreted as an interaction of the magnetic field B
with a moving electron creating a current loop around the nucleus. It holds

eh

T M

AEg = 1 mB=mgpmB, (12.39)

where mp = 9.274 x 10~2* Am? is the magnetic moment of a free electron called the Bohr
magneton”. Since the magnetic quantum number m has both positive and negative
values, the energy of the atom may both increase and decrease against (12.36).

During interaction with the magnetic field, the electron and the nucleus display another
property called spin. The magnitude of the electron spin is s = 1/2 while the nucleus
spin depends on the number of nucleons and acquires values which are integer multiples of
one half. An energy change due to the interaction of the magnetic field with the electron
spin is given by

AEy = g.mpm, B, (12.40)

where g, = 2.0023193 is the spin g-factor also called gyromagnetic ratio of free
electron and the spin projection (magnetic quantum number) m, adopts values from —s
to s, i.e. £1/2 (cf. (12.29)).

6also called azimuthal quantum number
"The magnetic moment of a free electron is actually g./2 = 1.00116 times larger, see (12.40).
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Note: The nucleus itself may interact with an external magnetic field and it may also
have its own spin. An energy change caused by the interaction of the magnetic field
with the nucleus spin is

AEnucl =gNnmpnymgs B ) (1241)

where gy is the nucleus g-factor, mg = —S5,—-S + 1,...,+S, where S is the total spin
quantum number of the nucleus, and my is the nuclear Bohr magneton, which is defined
similarly as in relation (12.39), only the electron mass is replaced by the nucleus mass.

Complete calculation of the energy of atoms containing more electrons is very compli-
cated. The reason is that the potential energy in the Schrédinger equation includes other
terms such as the mutual repulsion of electrons, and it can be solved only approximately.
For every type of atom there is nevertheless a unique set of possible energy states which
can be taken up by its electrons.

12.3 Interaction of molecules with electromagnetic
radiation

In section 12.1.9 we dealt with the interaction of substances with radiation (light), and
radiation was interpreted as a variable electromagnetic field. Radiation, however, can be
also explained as a flow of immaterial particles—photons. Given this dual character of
electromagnetic radiation, quantities of two kinds, waves and particles, are used for its
description.

12.3.1 Wave characteristics of radiation

The basic characteristic of every wave motion is its frequency, v, defined by the number of
oscillations per unit time. Another quantity is the wavelength, A, the distance covered
by the wave during one oscillation. The wavelength depends on the speed of radiation.

In vacuum it holds

C
A= (12.42)

where c is the light velocity in vacuum (¢ = 3x108ms™!).

There is yet another quantity used for describing spectra, the wavenumber, &, which
represents the number of waves per unit length
v

=-. (12.43)

> =

U=

—~

one oscillation per second), wavelength: m,

wavenumber: m™!.

Example
The red light frequency is approximately 4.3 x 104 Hz. Calculate its wavelength and wavenum-
ber.

Solution
¢ 3x108ms~! _
A:;: m ="7x10 7m:700nm,
1 1
V=— =143x10°m1!.

X 7x10"m
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12.3.2 Particle characteristics of radiation

It follows from the particle character of radiation that the energy of radiation is divided
into further indivisible amounts—quanta, which represent the energies of individual pho-
tons. The energy of one photon depends on the radiation frequency, and is given by

formula®
E=hv, (12.44)

where h is Planck’s constant [see 12.2]. The higher the radiation frequency the higher
is the energy of individual photons. The radiation intensity [see 12.1.9] is given by the
product of the number of photons passing through unit area per unit time and their
energy.

Example
What is the energy of one photon of red light of the wavelength 700 nm?
Solution
he  6.626x1073*Js x 3x 108 ms™!
E=h=—= =2.84x10719J.
D 700x 10~ m 8

12.3.3 Spectrum

Mutual interaction between electromagnetic radiation and a substance is determined by
the quantum behaviour of photons [see 12.3.2] and the quantization of the energy states
of molecules [see 12.2]. The dependence of the strength of this interaction on the wave-
length, frequency or the wavenumber of the radiation is called the spectrum. E.g., the
dependence of the molar absorption coefficient [see 12.1.9] on the wavelength etc. is the
absorption spectrum.

Spectra may be classified based on several criteria:

e Based on the wavelength of the radiation used, spectra are classified as radiowave,
microwave, infrared, visible light, ultraviolet and X-ray.

e Based on the source of the photons used, spectra are classified as emission, when
we measure the characteristics of photons originating in the substance, absorp-
tion, when we measure the amount of photons absorbed by the substance, and
Raman, when we measure the change of the photon wavelength after their colli-
sion with molecules.

e Based on the type of the quantum states of molecules, spectra are classified as
electron, vibrational, rotational and magnetic resonance.

e Based on the appearance of the originating spectrum, spectra may be roughly
distinguished as line spectra, where interaction occurs in narrow wavelength re-
gions (peaks) which are usually clearly separated from each other, and continuous
spectra, where absorption occurs in broader wavelength regions (bands) which, in
addition, often overlap.

Rough connection of different spectra classifications based on the individual categories
follows from the following table:

8This formula is occasionally referred to as “Planck quantum hypothesis” or “Planck law”; the latter
term is rather reserved for the historically first consequence, the Planck law of black body radiation.
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Type of Radiation characteristic Type of quantum
spectrum frequency [Hz] wavelength [m] transitions
X-ray 3x 106 to 3x10%° 1x1072 to 1x1078 transition of
inner electrons
ultraviolet 7.7x 10" to 3x10'° 1x1078 to 4x 1077 | transition of
valence electrons
visible 3.8x10M to 7.7x10™ | 4x1077 to 7.9x 107 | transition of
valence electrons
infrared 1x 10" to 3.8x10™ | 7.9%x 1077 to 3x10~® | vibrations and ro-
tations
microwave 3x108 to 1x 10! 3x103to 1 ESR!, rotations of
heavy molecules
radiofrequency 3x10% to 3x108 1 to 100 NMR!

12.3.4 Electronic spectra

The simplest spectrum of electron transitions is given by the absorption or emission of
a photon in an isolated hydrogen atom. The energy of the hydrogen atom acquires the
values given by the relation (12.36), and the energy change of the transition between
different quantum states is thus

4
e 1 1

n? n3
where n; and ny are the principal quantum numbers of the states between which an
electron jump occurs. The energy of the emitted or absorbed photon is equal to the
above change of the atom energy. If we substitute (12.45) into (12.44), we obtain for the
radiation wavenumber . .

V=TRpg <nf n%) , (12.46)
where
_pet
- 8eihdc
is the Rydberg constant for the hydrogen atom. Individual wavenumbers for the con-
stant quantum number n; are arranged in a spectral line series of gradually increasing
values approaching a limit. The Lyman series (n; = 1) lies in the ultraviolet region of
the spectrum, the Balmer series (n; = 2) can be found in the visible region, whereas
the Paschen (n; = 3) and other series lie in the region of infrared radiation. Each series
limits to the series edge as ny — 00. The series edge corresponds to the dissociation
energy of the electron.

Other atomic spectra are substantially more complex, owing to the complexity of the
energy levels of multielectron atoms. They are nevertheless composed of individual lines.
Their positions and intensities are characteristic for each atom and consequently allow for
the identification of elements using spectroscopic methods.

In addition, electron transitions may occur in multielectron atoms between the inner
and excited electron levels. These transitions correspond to substantially higher energy

Ru =1.09737x10% cm~! (12.47)

1ESR—electron spin resonance and NMR—nuclear magnetic resonance, see (12.3.7)
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changes, so that the frequency of the corresponding radiation is in the X-ray region of the
spectrum. For the wavenumber we have the relation

1 1
v=Ry(Z-0?|5--], 12.48
0z (15 ) (1248)
where Z is the atomic number of the element and o is a constant corresponding to the
given series. The preceding relation can be rewritten into the form of the Moseley’s law

Vi=aZ+0, (12.49)

where a and b are constants characteristic for the series.

The electron spectra of molecules are yet more complex. Owing to the mutual influence
of many electrons and nuclei in the molecule, interaction with photons occurs at many
wavelengths, and the resulting spectrum does not have the form of lines but that of the
absorption coefficient [see 12.1.9] dependence on the wavelength. The maximum values
on this curve usually correspond to the transitions of bonding electrons between different
energy states.

12.3.5 Vibrational and rotational spectra

In di- and polyatomic molecules, photons are also absorbed due to the quantization of the
molecules vibrational energy [see 12.2.5]. Transitions between individual quantum states
can occur only when the vibrational quantum number changes by one, Av; = +1. Due to
this selection rule, each vibrational frequency has thus only one single maximum where
the photons with a frequency corresponding to the characteristic frequency of vibration
(12.33) are absorbed. In addition, the absorption line is active (have measurable intensity)
only if the electric dipole moment changes in the course of vibration; homonuclear diatomic
molecules therefore are inactive. Since in the case of more complex (particularly organic)
molecules individual vibration frequencies can be assigned to certain functional groups,
it is possible to use the vibrational spectrum to identify the structure of molecules. The
vibrational spectra lie in infrared region.

Note: When applying anharmonic terms in calculating energy, (12.34), the single peak
splits into a band composed of several lines close to each other.

Similarly as vibrations, the rotations of molecules are also quantized [see 12.2.4].
Since, however, the differences between the energy quantum levels for rotations are rel-
atively small, pure rotational spectra lie in the microwave region. Rotations also affect
the appearance of vibrational spectra. In low-resolution spectra the range of frequencies
where absorption occurs expands and an absorption band is formed. Spectra with a
high resolution split into several absorption maxima.

The selection rule for a rotational transition is the change if the rotational quantum
number [ by one. In addition, the rotating molecule must have nonzero dipole moment.
It follows from (12.28) for I — | — 1 that the frequencies form a band with

h l
V= )
472 ]

(12.50)

Lines in the bands in rotational (and also rotation-vibration) spectra are thus separated
by Av = h/(47%I).
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Example
What is the distance between atoms in a 'H3°Cl molecule if the lines in rotation-vibration
bands are separated by 2060 m~1?

Solution
From relation (12.50) it follows for the rotational moment

_ h h 6.63x10734Js

= = = =2.72x10 %" kg m2.
12 Ay dn2cAD  Ax 3142 x 3x10°ms L x 2060 m % gm

Since the reduced mass of the molecule is 1.61 x 107" kg (see the example in section 12.2.4),
the interatomic distance is

I 2.72x 1074 kg m?
r = —_— =
U 1.61x107%" kg

=1.30x10"""m = 0.13 nm.

12.3.6 Raman spectra

Molecules may also interact with electromagnetic radiation in a way other than the photon
absorption or emission. A photon colliding with a molecule may be scattered. It means
that it changes its frequency (and therefore energy) as well as the direction of motion. A
change in the photon energy determines the change in energy of a molecule before and

after the collision,
AE =hAv. (12.51)

Photons of visible or ultraviolet light interact readily with rotational and vibrational states
of molecules. The spectrum of scattered light is then called the Raman spectrum.

If the photon loses part of its energy during the collision, and its frequency after the
collision is thus lower, we speak about the Stokes radiation. If, on the contrary, the
photon gains further energy on colliding with a previously excited molecule, we speak
about the anti-Stokes radiation.

The condition for a peak in a Raman spectrum is either a change of the molecule po-
larizability due a change of the vibrational state [see 12.1.4], or anisotropic polarizability,
i.e. the change of polarizability (in selected direction) due to rotation. The Raman spec-
tra thus add to information gained using the absorption or emission rotation-vibration
spectra.

12.3.7 Magnetic resonance spectra

In the presence of a magnetic field the energy of electrons and nuclei may change in
dependence on the spin quantum number [see (12.40) and (12.41)]. Consequently, photons
with appropriately chosen frequency may be absorbed, and subsequently again emitted, in
transition between the spin quantum states. The name “resonance” comes from a classical
picture of the spin as rotation of electrons giving rise to a magnetic moment. Interaction
of this magnetic moment with a magnetic field creates a torque causing a precession of
the rotating object (flywheel). When the frequency of the incident radiation matches the
frequency of the precession, a resonance occurs and a signal is detected.

If a molecule with an odd number of electrons transits between the states given by the

1

quantum numbers m; = —3 and m,; = —i—%, we speak about electron spin resonance
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(ESR), and the resonance frequency is given by

gemp B
V—=—"7"—.

. (12.52)

The resulting frequency depends on the magnitude of the magnetic field, and it is usually
in the range of microwave radiation. The ESR is primarily employed in detecting free
radicals in chemical kinetics.

If it is the nucleus spin that interacts with the magnetic field, we speak about nuclear
magnetic resonance (NMR). The resonance frequency is given by the relation

my B
y = INTINZ (12.53)
h
and it occurs in atoms with a nonzero spin of the nucleus, particularly in hydrogen.
Magnetic field acting on the nucleus is, however, influenced by the magnetic moment of
the surrounding electrons. The accurate value of the resonance frequency is thus different
for different functional groups containing hydrogen (e.g. OH, CHz, CHy). The relative
change in the resonance frequency
V — Uref

§ = (12.54)

Vref

is called the chemical shift, and v, is the resonance frequency of a reference substance,
usually tetramethylsilane Si(CHj)4, commonly referred to as TMS.

Example
What is the resonance frequency shift of a substance whose chemical shift is 6 = 1 ppm if the
spectrometer works at a frequency of 500 MHz?

Solution
The chemical shift of 1 ppm corresponds to a relative frequency shift by 107, and we have

U — Vpet = 0 Vet = 1078 x 500 x 10° Hz = 500 Hz.

The resonance frequency thus has to be measured very accurately.
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Chapter 13

Physical chemistry of surfaces

13.1 Phase interface

When a system contains more phases (see 1.1.4), the area where two phases come in
contact is referred to as the interface. It is characterized by its area, and for curved in-
terfaces also by the surface curvature. If the interface area is relatively small, its influence
on the overall behaviour of the system can be usually neglected. If, however, the interface
is larger, its properties have to be considered in the overall description of the system.

13.1.1 Interfacial tension

The surface work needed for the creation of an interface of an infinitesimally small area
dA is
dw = Yif dA, (13.1)

where the proportionality constant 7y is the interfacial tension.

Symbols: The subscript ¢ denotes the type of phases meeting at the interface, e.g. vy
would be used for a solid-liquid interface.

Main unit: Jm 2= Nm .

Note: The term interfacial tension is used because its numerical value is equal to the

force acting perpendicularly on 1 m of length in the direction of the surface (tangential

force) against its expansion.

The value of interfacial tension depends on temperature, pressure and the composition
of both phases in contact. The temperature dependence is described in section (13.1.8).
In a one-component system, the interfacial tension thus depends only on temperature and
pressure is equal to the equilibrium pressure. The composition dependence in multicom-
ponent systems is described in section (13.1.9). The pressure dependence is relatively
low and usually can be neglected.

13.1.2 Generalized Gibbs equations

By including surface work in the Gibbs equations (see 3.4.1), which represent combined
formulations of the first and second laws of thermodynamics in a closed system, we obtain

dU =TdS — pdV + vy4dA, (13.2)

dH =TdS + Vdp+ ypdA, (13.3)

271
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dF = —SdT — pdV + y4dA, (13.4)
dG = —SdT 4+ Vdp + ypdA. (13.5)
From these relations we may define interfacial tension by
ou o0H oF oG
e () () () (%) . e
0A sV 0A Sip 0A TV 0A Tp

13.1.3 Interfacial energy

The energy of an interface o is comprised of the work needed for its creation and the
heat connected with the change of the surface area. It is given by the relation

oU
Off = (8—A>TV . (137)

By applying the Maxwell relations (see 3.4.3) to the Gibbs equations we obtain
Oy
= -T . 13.8
O = Vif < oT i ( )

The value —T'(07/0T) corresponds to the heat exchanged with the surroundings and
related to unit area. On changing the area by AA we obtain

_ als
01 (%) aa. (139

Note: The total interfacial energy is far less dependent on temperature than the inter-
facial tension itself.

Example
Determine the work, heat and internal energy change of water if its liquid-vapour interface
area increases by 2m? at a temperature of 291 K. For water at 291 K we have:

y=T3mNm !, (0yg/0T) = —0.145mNm 'K L.

Solution
Work is given by relation (13.1), i.e. w = v, AA, and thus

w="T3x10"3-2=0.146Nm = 0.146 J.
Heat may be calculated from
Q= —2-291(-0.145x1073) = 84.4x 1073 J.
From the first law of thermodynamics (AU = @ + W) we obtain
AU = 0.146 + 0.0844 = 0.2304 J.

It is obvious from the result that under normal circumstances, when the change of the surface
area is relatively small, we do not have to consider surface changes in relation to energy.
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13.1.4 Surface tension and surface energy

When we are concerned with a liquid-gas (vapour) interface, we use the term surface
tension rather than interfacial tension.
El Symbols: 'When denoting the surface tension, the subscripts indicating the phases in
contact are often left out, i.e. v4 = 7.
In a one-component system the surface tension depends only on temperature (pressure
is equal to the vapour equilibrium pressure), and the surface energy is

c=y-T (d—T> . (13.10)

Example
Explain why a liquid in a zero-gravity space occupies spontaneously the shape of a sphere.

Solution

Since the sphere is a body that has a minimum outer surface area for a given volume, its surface
energy is also the lowest. Any other shape of a body has a higher energy and consequently
would be less advantageous as far as energy is concerned.

13.1.5 Work of cohesion, work of adhesion, and spreading
coefficient

In addition to interfacial tension and energy, some other quantities are also employed for
interfaces description. The work needed for pulling apart a continuous liquid column of a
unit cross-section in a way that allows for the formation of vapour in the space between
them is called the work of cohesion, w.. It is related to surface tension by the relation

We =27,y =27. (13.11)

The work needed for pulling apart a liquid and a solid phase liquid-vapour and solid-
vapour interfaces is called the work of adhesion, w,. It is related to unit area,

Wa = Yeg + Vsg — Vst - (13'12)

The difference between the work of cohesion and the work of adhesion is called the spread-
ing coefficient, S,
Ss = Wy — We = Ysg — Vst — Vg - (13.13)

13.1.6 Contact angle

If the spreading coefficient of a liquid on a solid is positive, i.e. the work of adhesion is
greater than the work of cohesion, the liquid spreads across the solid surface and it is
said to wet the solid completely. If, however, the spreading coefficient is negative, the
liquid forms drops on the surface (see Figure 13.1), with the following relation applying
between the interfacial tensions

Vsg = Vst + Yeg cOS O, (13.14)

where 6 is the contact angle, i.e. the angle formed by the liquid phase on contact with
the surface. Based on the value of this angle we distinguish two cases:
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a)

(8)

o /5

(s)

b)

(8)
1))

(s)

Figure 13.1: Two examples of the “wetting” of a solid.

e 0 < m/2, the solid surface is (incompletely) “wetted” (Figure 13.1a),
e 0 > m/2, the body surface does not wet (Figure 13.1b).
If there are two mutually partially miscible liquids present in a system in addition to
the gas phase, we may also use relation (13.13), while the lower liquid phase takes over
the role of the solid phase.

Example

Ascertain the spreadability of n-octanol (oct) on water (w) and that of water on bromoform
(brm) at 20°C if you have the following data (20°C):

Yo = Yw(g) = 712.5mNm~*,

Ywoct = 8.5mNm

Solution

-1

bl

Yormw = 40.8mN m~1.

Yoct = Yoct,(g) = 27.5mNm™

1

b

f)/brm = Vbrm’(g) - 415 mN mil,

For the air+octanol+water system we substitute into (13.13) to obtain (the lower layer is

water)

Ss = Yaw,(g) — Yw,oct — Yoct,(g) = 72.5—85—-275=36.5>0

and see that n-octanol spreads on water and does not form separate drops.
In the air+water+bromoform system (bromoform is the lower phase),

SS - ’ybrm,(g) - ’Ybrm,w - fyw,(g) = 41.5 - 408 — 72.5 = _71.8 < 0

and consequently water will not spread on bromoform and, when there is only a small amount
of water, drops will be formed.

13.1.7 Laplace-Young equation and Kelvin equation

The interfacial tension affects also other thermodynamic properties of a system when the

interface surface is curved.
If, e.g., the liquid is in the form of droplets of the radius » which are surrounded by

the gas phase, the Laplace-Young equation applies for the pressure in both phases

2
pV —p® = Ap =T

r

(13.15)

where p(") and p(® stand for the pressures in the liquid and in the surrounding gas. The
pressure in the liquid is thus higher than in the gas.
Correspondingly, the pressure inside a bubble surrounded by a liquid is higher than

that in the liquid

p(g) _ p(l) =Ap

(13.16)



CHAPTER 13. PHYSICAL CHEMISTRY OF SURFACES 275

Figure 13.2: Pressure inside a bubble

Example

Determine the difference between the pressure inside a soap bubble (Figure 13.2) of the radius
r and the surrounding atmospheric pressure. The surface tension of the soap solution forming
the cover of the bubble is 7.

Solution
According to the Laplace-Young equation (13.15) the following relation applies between the
atmospheric pressure and the pressure in the liquid making up the cover of the bubble

o0 — peD) = 2y
T

whereas between the pressure in the liquid and inside the bubble we have

2
pE) _ 0 = 27
T2

By summing up the two equations, on condition that r; ~ r5 &~ r, we obtain

@) _ 47
.

p(g2) -p

Given that the liquid inside a droplet has a higher pressure than the liquid over the
non-curved surface, it also has a higher chemical potential or fugacity.
El Symbols: The chemical potential or fugacity for a curved surface will be denoted using the
subscript 7. The same quantities for a flat surface are denoted using the superscript ©.

Kelvin’s equation

applies
p2+2/r 2~V D
A/L:/LT—M®ZRT1H£:/ Vn(ll)dp:h, (13.17)

fe @ r
where f, is the fugacity of a substance in a droplet of the radius r, f© = f(T) is the
fugacity of a substance in the saturated state with a non-curved surface, 7 is the surface
tension, and V, is the molar volume of the liquid.
Note: If a system contains both a liquid in the form of droplets and a common liquid
(e.g. in a beaker), the fugacity of the liquid in droplets is higher than that of vapour or
of the equilibrium liquid over the non-curved surface. The droplets will thus gradually
evaporate until they vanish completely.

The behaviour between a liquid and a solid phase may be described in a similar way
(if we assume a spherical shape of the crystals). In this case, however, we have to employ
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the interfacial tension v, and the chemical potential. An analogy to Kelvin’s equation is

the relation ©
2 Y5eVin®
A,u:/LT—,u@:RTlnL:%eim, (13.18)
fe r

where p, is the chemical potential of a solid substance in a crystal of the radius r, u? is
the chemical potential of a solid in an infinitely large crystal, -, is the interfacial tension
between the solution and the solid phase, and V,® is the molar volume of the solid.
Note: In an exact description, the non-spherical shape of the crystal and the different
surface tensions on its different planes have to be taken into account.

13.1.8 Temperature dependence of surface tension

The surface tension of a liquid that is in equilibrium with its vapour usually decreases
with temperature and is zero at the critical point.

Eo6tvos and later Ramsay-Shields found out that in a very broad temperature interval
(up to almost critical temperature) the following empirical relation applies

d
(d—T> [y (V)*%] = const (13.19)
which can be rewritten into the form of the Ransay-Shields equation
y (VIR =k (T. - T -6), (13.20)

where V. is the molar volume of a saturated liquid at temperature T, T, is the critical
temperature of a substance, and k, 6 are empirical constants which for nonassociated
liquids have the values

k=212 (mNm ) (cm®mol )*3  §=6K. (13.21)

Relation (13.20) does not apply for substances such as water, alcohols, organic acids, etc.
Another empirical relation between temperature and surface tension was found by
Mac Leod

: (13.22)

where M is the molar mass, p) and p® are the densities of a saturated liquid and a sat-
urated vapour.! The quantity [P] is called the parachor. It is practically independent
of temperature, and it may be estimated on the basis of atomic and structural contribu-
tions. This means that if we know the temperature dependence of the density, we may
also estimate the temperature dependence of the surface tension.

13.1.9 Dependence of surface tension on solution composition

The surface tension of mixtures largely depends on their composition, and there is not yet
any exact method for its calculation. For a mixture of substances of a similar character
we may at least approximately use the empirical equation for the parachor, from which

it follows that
k i 71/4
71/4 — p(l) Z T ’ (13.23)
=1 4

1At low temperatures we may naturally neglect the density of the gas phase as compared with that
of the liquid phase.
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Figure 13.3: Substance concentration in the vicinity of an interface.

where k is the number of components in the mixture, and p and pgl) are the densities of
the mixture and its components.

For solutions with a low concentration of the dissolved component we may apply the
relation

vy=7(c=0)+kec, (13.24)

where c¢ is the concentration of the dissolved substance, y(c = 0) is the surface tension of
the solvent, and k is a temperature-dependent constant. k£ usually has a negative value,
and consequently the surface tension decreases with the concentration c. Substances with
a high absolute value of k are called surfactants or surface-active agents.

For aqueous solutions of alcohols, acids, aldehydes or other organic substances with a
polar group at the end of a non-polar hydrocarbon skeleton, another empirical equation,
found by Szyszkowski, applies in a broad concentration interval

vy=7v(=0)—aln(l+bc), (13.25)

where a and b are constants which are little temperature-dependent.

13.1.10 Gibbs adsorption isotherm

A detailed microscopic description of an interface in mixtures is very complicated. It is
therefore expedient to model the overall system as a set of volume phases of a constant
composition, and the surface phase (Figure 13.3). The surface phase, o, is defined
here as an infinitesimally thin layer of a negligible volume separating the volume phases.
This layer, however, contains certain amounts of all system components. The amount of
substance 7 in the surface phase is characterized by adsorption

i (13.26)

E") is the amount of substance 7 and A is the area of the interface.
Main unit: molm~2
The surface phase can be placed in the region of the volume phases transition arbi-

trarily. Its position is usually chosen for the adsorption of the solvent or the main unit of

where n
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a Freundlich

Langmuir

D;
Figure 13.4: Adsorption isotherms

the mixture to equal zero (I'y = 0). The adsorption of other mixture components is then
referred to as the relative adsorption with respect to component 1, I'; ;.
Note: At a liquid-vapour interface, a positive value of I'; 1 indicates that the amount-
of-substance ratio between the dissolved substance ¢ and the solvent in the surface layer
is higher than in the liquid phase. The dissolved substance thus concentrates on the
liquid surface. If (I';; = 0, the concentration ratio of both substances in the surface
and liquid phases is identical.

The relation between relative adsorption and surface tension is called the Gibbs ad-
sorption isotherm

0y
== . 13.2
- (2) 37

Using relations (6.71) and (6.101), we may express this equation by the relation?®

]
<3_7> __RT g (2 . (13.28)
aci T C; ’ 801' T

[e]

) . Hln Al

For an ideal mixture ¢; { =5~ ) — 0 we have
! T

ac;
ci [0y
I, =— ) 13.29
! RT(&)T (13.29)

This equation allows for determining the relative adsorption of a dissolved component in
the surface layer provided that we know v = 7(c¢;).

Example
Given that Szyszkowski's equation (13.25) applies, derive relations for I's; at low, medium
and high concentrations. Assume ideal behaviour of the solution.

Solution
From Szyszkowski's equation (13.25) we obtain

oy ab
802 1 + b Co ’
2We have to distinguish between the surface tension, 7y, and the activity coefficient of component 3,

7.
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For low concentrations (¢, — 0) we then have

ab
FZ,I = ———=0Cy.

RT

For medium concentrations we obtain

F__Cg _ab _(L> bes
T RT \ 1+4be) \RT/)1+bey’

For high concentrations (bcy >> 1) it applies that

a

Iy = —.
21 = RT

13.1.11 Swurface films

Some surfactants practically do not dissolve in a liquid but stay on the surface. This
surface phase is known as the surface film. Surfactants cause a surface pressure, pg,,
on the liquid surface, which is given by the relation

Pour = ¥(¢; = 0) — 7, (13.30)

where v(c; = 0) is the surface tension of a pure liquid and 7 is the surface tension of a
mixture.

When there is a relatively small amount of a surfactant on the liquid surface, i.e. at low
values of the relative adsorption I'; 1, the behaviour of the surface film can be expressed
by a two-dimensional analogy of the equation of state of an ideal gas that may be written
in the form

Pow =Ti1 RT. (13.31)

At higher adsorption values the dependence of pg,. becomes more complicated, due to
the occurrence of phenomena corresponding to condensation etc.

Example

Calculate the pressure created by a surface film containing CigHs7;NH-HCI and spread on an
area of 14 x 35cm? = 0.049m? in an amount of 1.1x 1078 mol at a temperature of 22°C.
Assume that the given substance practically does not dissolve in water, and that equation
(13.31) applies.

Solution
Since the substance does not dissolve, all of it is absorbed in the surface phase and I'y; =
['y = ny/A. By substituting into (13.31) we obtain

1.1x1078
DPsur = %48 8.314-295.15 = 0.551x 10 Nm* = 0.551mNm!.
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Figure 13.5: Adsorption isobars

13.2 Adsorption equilibria

Substances adsorbing from a gas to a solid also create a usually thin surface phase on the
solid surface.

The solid phase that adsorbs the gas is called the adsorbent, and the adsorbed gas
is referred to as the adsorbate.

The amount of adsorbate is most often expressed by way of

e The dimensionless mass ratio a
adsorbate mass  Madsorbate

a/ - —
adsorbent mass  Madsorbent

: (13.32)

e The amount of substance of the adsorbate per unit mass of the adsorbent
n
a, = adsorbate ’ (1333)
Madsorbent
e The gas volume adsorbed per unit mass of the adsorbent under specified conditions

(most often at Trer = 273.15 K and pressure por = 101.325 kPa)
Vadsorbate (Tref y Pref )

Gy = , (13.34)
Madsorbent
e If we know the adsorbent surface area, we can also express its amount as
adsorbate mass m
aj = — adsorbat (1335)
adsorbent surface area A

Main units: a is a dimensionless quantity, a, : molkg™!, a, : m®*kg !, a, : kgm2.

13.2.1 Qualitative description of adsorption

The adsorption isotherm expresses the dependence of the adsorbed amount of the gas
component on its partial pressure at constant temperature. Figure 13.4 shows the basic
types of adsorption isotherms. It is obvious that the adsorbed amount monotonously
increases with pressure.

The adsorption isobar expresses the dependence of the adsorbed amount of gas on
temperature at constant partial pressure. Figure 13.5 shows the most typical course of
adsorption isobars. It makes it clear that the adsorbed amount of gas decreases with
temperature.
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Figure 13.6: Adsorption isosteres

The adsorption isostere shows the dependence of the partial pressure of the gas on
temperature at a constant adsorbed amount. Three isosteres are drawn in Figure 13.6. If
we draw Inp; in dependence on 1/T, the isosters become practically straight lines.

13.2.2 Adsorption heat

The course of the isosteres allows for the determination of the adsorption heat (en-
thalpy), which is given by the relation

(13.36)

alnpi o AadsIJ o Hr(r?,)z _Hr(ri)z
oT  RT? RT?

where Hr(f ) is the molar enthalpy of the adsorbed gas, and Hr(f,)i is the molar enthalpy of

51

the gas phase.

13.2.3 Physical adsorption and chemisorption

There are two possible types of bond between the adsorbent and adsorbate molecules:

a) Mutual interactions such as those between molecules in the liquid phase, the van der
Waals forces, prevail between the adsorbent and adsorbate molecules. This phenomenon
is referred to as physical adsorption.

b) A very strong, almost chemical bond exists between the adsorbent and adsorbate
atoms. This phenomenon is referred to as chemisorption.

The basic differences between physical adsorption and chemisorption are shown in the
following table.

Physical adsorption Chemisorption
Specificity unspecific specific
Number of adsorbed layers > 1 1
Adsorption heat in kJmol™! 5-50 50-800
Rate of adsorption high relatively low

Desorption by decreasing pressure by increasing temperature




CHAPTER 13. PHYSICAL CHEMISTRY OF SURFACES 282

13.2.4 Quantitative description of the adsorption isotherm in
pure gases

Quantitative description of adsorption is most often performed using an adsorption isotherm
equation. For pure gases, the following isotherms are used in simple cases:
a) Empirical Freundlich isotherm

a=ap’, (13.37)

where «, 8 are temperature-dependent parameters. It usually applies that 8 < 1. This
equation provides a good description of both physical adsorption and chemisorption at
medium pressures. The following limits follow from this equation
. [0Oa :
lim|{—] =o0 [forg <0, lim a = o0, (13.38)
p—0 \ Op T P—00
b) Langmuir isotherm
bp
1+bp’
where a,,.x, b are parameters, and a,, has the physical meaning of the maximum amount
of adsorbate at p — oo.

(13.39)

a4 = Qmax

Note: This isotherm can be derived on condition that:
e Only one single layer of adsorbed molecules is formed.
e The adsorbent surface is homogeneous.

e The adsorbed molecules do not influence each other.

Example

Nitrogen adsorption on charcoal at 0°C in the pressure range up to 100 kPa is expressed
by the Langmuir isotherm with the parameters ay., = 36cm®g™, b = 0.053kPa~" (the
adsorbed amount of nitrogen is expressed by volume converted to 71 = 273.15 K, and pressure
prer = 101.32kPa). Calculate the amount of nitrogen adsorbed per 10 g of charcoal at a
pressure of 5 kPa.

Solution
From relation (13.39) we obtain

0.053-5

L =36——2"2 _954cmdg?,
“ 1+0.053-5 e
Gy Dret 0.00954 - 101.32
= TN adsorben =10 = 0.004256 l.
"= Madsorbent "B 8314 -273.15 mo

13.2.5 Langmuir isotherm for a mixture of gases
For a k-component mixture of gases we obtain by expanding equation (13.39)

bip;
1+ Z?Zl bjpj ’

where p; is the partial pressure of component 7 in the mixture.

(13.40)

Q; = Omax,i
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13.2.6 Capillary condensation

Sometimes the description of gas adsorption merely as a thin layer formed on the outer
surface of a solid does not suffice. Adsorption of gases which are under critical temperature
and which wet the adsorbent surface may occur in narrow pores of the adsorbent. This
phenomenon is known as capillary condensation. It is a process during which vapour
condensation on a liquid occurs at pressures lower than the saturated vapour pressure of
gases, while satisfying the following relation

f p 27 VY

1nf—® R~ lnﬁ =~"RT (13.41)

where r is the pore radius, and p? is the saturated vapour pressure.

Note: Capillary condensation is used to explain differences in the course of the ad-
sorption isotherm recorded in measurements performed while gradually increasing and
subsequently decreasing the gas pressure (the so-called hysteresis of the adsorption
isotherm).

13.2.7 Adsorption from solutions on solids

On the surface of solids which are in contact with a solution, adsorption of both the
solvent and the solute occurs. We speak about adsorption of a solute in the narrow sense
of the word when the solute is adsorbed much more than the solvent.

In simple cases, both the Freundlich and Langmuir isotherms are employed for the
quantitative description of adsorption. For this purpose they are used in the form of
equations (13.37) and (13.39)), only this time concentrations are used in place of partial

Y max 1 E c Y

where a, [, amax are temperature-dependent parameters which are characteristic of the
given trio of substances, i.e. the solvent, the solute and the adsorbate, as is the amount
of solute (adsorbate) adsorbed by unit mass of the adsorbent, and ¢, is the equilibrium
concentration of the solute.

(13.42)

Example

Adsorption of acetone(2) from an aqueous solution on charcoal at 18 °C can be expressed using
the Freundlich isotherm ay(mmol g™!) = 5.12 ¢3-°?, where the acetone concentration ¢, is given
in moldm™3. Calculate the adsorbed amount of substance of acetone for cy = 0.2 mol dm™3.

Solution
By substituting into the above relation we obtain a; = 5.12 - 0.252 = 2.217 mmol g .



Chapter 14

Dispersion systems

Dispersion systems are systems containing at least two phases, with one phase being
dispersed in the other phase in the form of small particles.

14.1 Basic classification

A dispersed phase is referred to as the dispersion ratio or dispersion phase. The
phase whose continuity remains preserved is referred to as the dispersion environment.
Dispersion systems may be classified using several criteria:

e State of matter of the dispersion environment and the dispersion phase

e Size of particles of the dispersion phase

e Structure of the dispersion phase.

Classification based on the phases state of matter is summarized in the following table:

Dispersion environment Dispersion phase Term used for the system

Gas Liquid Mist

Gas Solid Smoke (Dust)

Liquid Gas Foam

Liquid Liquid Emulsion

Liquid Solid Colloid solution, suspension
Solid Solid Solid foam, porous substance
Solid Liquid Solid emulsion

Solid Solid Solid sol, eutectic alloy

Based on the particle size, dispersion systems are classified as

Analytical dispersions with the particle size less than 5 nm,

Colloid dispersions with the particle size ranging from 5 to 100 nm.
Microdisperions with the particle size ranging from 100 nm to 10 um,
Coarse dispersions with the particle size over 10 um.

Note: Analytical dispersion systems rank rather among homogeneous systems. Mi-
crodispersions and coarse dispersions are usually ranked among suspensions.

The above list was only a simplified classification of dispersion systems. Only very
rarely do these systems contain only one single size of particles. Such systems are clas-
sified as monodispersions. In most systems, the dispersion ratio exists simultaneously

284
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in a continuous distribution of different particle sizes, and the system is termed polydis-
persion.
Based on the dispersed ratio structure, dispersion systems may be classified as:

e systems with isolated (often roughly spherical) particles called sols,
e systems with an interlinked structure of the dispersion phase forming a net struc-
ture in the dispersion environment, which are called gels.

The names given to individual dispersion systems often combine the particle shape
and the phase of the dispersion environment. Sols with air as the dispersion environment
are referred to as aerosols while those with liquid as the dispersion environment are called
lyosols (lyos = liquid).

When describing the properties of dispersion systems, we may characterize them using
other criteria too. Lyosols, e.g., may be lyophilic (liquid-loving) or lyophobic (liquid-
hating), according to Freundlich.

Lyophilic sols are such colloid systems which are (almost) stable on any change of
the dispersion environment content (e.g. water evaporation). In the case of lyophobic
sols, on the other hand, the dispersion environment may be removed only to a small
extent, otherwise the sol would irreversibly change to a coagulate. During coagulation
the isolated particles of the dispersion phase unite to form a more extensive macroscopic
phase. Glue+water may serve as an example of a lyophylic system, while a lyophobic
system may be represented by a colloid solution of gold in water.

14.2 Properties of colloid systems

Systems containing colloid particles are in some properties different from systems which
are homogeneous or composed of macroscopic phases.

14.2.1 Light scattering

If light passes through a system containing colloid particles, part of the light is scattered
and consequently the ray passage through the environment can be observed (the Tyndall
effect). For the intensity I of light passing through a dispersion environment we write

(compare with relation (12.16)

In L_ -7, (14.1)

Iy
where [ is the length of the dispersion environment through which the light passes (optic
path), 7 is the turbidity coefficient, Iy is the intensity of the initial light. A decrease in
the light intensity in the original direction is not due to the absorption of light by the
molecules of the substance, but it is caused by its scattering to all directions by reflection
from the colloid particles. The initial wavelength of the light remains preserved during
its scattering.
For the total intensity of scattered light Ig.a¢

Toar = Ig— 1 (14.2)
the Rayleigh formula applies

2 2 2 2
Iscat _ vaarticle ( ny —ny )
3

=247°
Iy 4 A n? + 2ng

(14.3)
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where N is the number of particles of the volume vpuriicie In unit volume, A is the wave-
length of the incident light, ng is the refraction index or the dispersion environment, and
ny is refraction index of the dispersion ratio. From this relation it is obvious that

e In order for scattered light to originate, the diffraction index of the dispersion ratio
and that of the dispersion environment have to be different.

e Light scattering is proportional to the number of particles in the system,

e The scattered light is proportional to the quadrate of the particles volume,

e The scattering is inversely proportional to the fourth power of the wavelength of
the incident light.

Example
Explain why the sky is blue and the setting sun is red.

Solution

The sunlight is scattered in the atmosphere by way of the Rayleigh scattering. Since the blue
light has a shorter wavelength, it is scattered more and the sky is blue. If we observe the
sun directly, we observe unscattered light which has a complementary red colour. This effect
is evident particularly during the sunrise and sunset when the sunlight has to pass through a
thick layer of the atmosphere.

14.2.2 Sedimentation of colloid particles

Another effect observed in colloid systems is their gradual sedimentation and attainment
of a sedimentation equilibrium.

The rate of sedimentation in the gravitational filed, v, for sedimenting spherical
particles of the radius r is given by the following relation (provided that Stoke’s law

Fresistance = 671—7”'7/0)
dh  mg Po
V= —= ]_—— =
dr 67nnr P

97’2@ o), (14.4)

ol N

where m = (4/3) 7w r? is the mass of the spherical particle, p is the particle density, po
is the density of the dispersion environment, 7 is its viscosity and g is the gravitational
acceleration.

Example
Calculate the sedimentation rate of quartz particles of the radius 5x10~%m in water at 25°C

(n = 1mPas, py = 1gcm™3). The quartz density is 2.6 gcm™3.

Solution
By substituting into the second relation (14.4) we obtain

_ 2x9.81x(5x107%)?

5 % 0.001 (26 —1) x 10> =8.72x10°ms™! = 31.4cmh™!,

v

The rate of sedimentation in the centrifugal field in an ultracentrifuge rotating with

the angular velocity w is given by the relation

dh  muw?h 2w%r?h
_ _ (1 _ %) — 7977 (p — po), (14.5)

U_E_Gwnr

where h is the distance from the axis of rotation. In this case the rate of sedimentation
is proportional to the distance from the axis of rotation h.
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Example

The sedimentation rate of quartz particles (p = 2.6 gcm™3) of the radius 7 = 1x107"m in
water (n = 1 mPas, py = 1gcm™3) is 1cm in about 80 hours. What must be the angular
velocity and the number of rotations in an ultracentrifuge for the particles to sediment at a
rate of 1 cmmin~! at a distance of 10 cm from the axis of rotation?

Solution
From relation (14.5) we obtain
9 0.01 9 x 0.001
w? U - — 4.6875%10%s 2,

T2 h(p—po) 60 2x 10~ x (2.6 — 1) x 1000

w= 68465, n= 23 — 108.965~" = 6538 min~! .

™

After a certain time the rate of sedimentation starts to decrease because the diffusion
flow of particles caused by their different concentrations begins to assert itself against the
gravitational or centrifugal force. After a sufficiently long time the rate drops to zero and
a sedimentation equilibrium is attained. For sedimentation in the gravitational field
this equilibrium is expressed by the relation

¢y _ _mNag (| po) g, 4T Nag o
R ) (1 p>(h2 h)=-——spr (P=p)(hz2=h)  (14.6)

where ¢, and cp,, represent the number of particles of the mass m in unit volume, at the
height hy and h;. Other symbols have their usual meanings.

Example

Calculate the concentration ratio of quartz particles of the radius 7 = 5 x 10~% m scattered in
water as established at equilibrium in layers distant 1 cm from one another. The density of
water and quartz is pp = 1gcm 2 and p = 2.6 gcm 3, respectively.

Solution
Substituting into (14.6) yields
4 x 3.146 x (5 x 107%)3 x 6.022 x 10?® x 9.81
m - 2% X (5x 10 %) XX I00 (96— 1) x 10° x 0.01
Chy 3 % 8.314 x 298.15
= —7.625x10%.

These particles will sediment practically completely.

In the centrifugal field of the ultracentrifuge, a sedimentation equilibrium is attained
which is described by the relation

Chs m NN w? Lo 9 9 27m 3 Na w? ) \
. Chy 2RT < P ) (h2 hl) 3RT (P pO) (hZ hl) ) ( 7)

where cp,, denotes the number of particles of the mass m or radius r in unit volume, and
at the distance hy from the axis of rotation.

14.2.3 Membrane equilibria

Different properties of colloid systems are also evident when we observe those comprised
of two subsystems separated by a semipermeable membrane.
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The osmotic pressure is given by a relation analogous to that for molecular solu-
tions (7.11). If the system contains a low-molecular electrolyte KA, in addition to a
high-molecular electrolyte KR whose anion R~ does not pass through the membrane, a
different equilibrium is established in the system. It is influenced by the activity of the
electric charges of ions, and it is known as the Donnan equilibrium. The equilibrium
is conditioned by equal activity of the electrolyte KA in both subsystems (denoted by the
subscripts I and II)

(aK+aA_)I = (aK+aA_)II . (14.8)

Example

A subsystem | contains a polymerous electrolyte NaR of the concentration ¢; = 0.1 mmol dm™3,
and an NaCl electrolyte of the concentration ¢, = 1 mmoldm™2. Another subsystem, Il, of
the same volume, separated from the first one by a membrane, contains pure water. Assuming
unit activity coefficients and complete dissociation, determine the equilibrium concentration
of NaCl in the second subsystem.

Solution
We use z to denote the amount of substance of the Na™ and Cl~ ions which pass through the
membrane to the second subsystem. For the first subsystem we thus have

(ana+ac-); = (enatCo- ) = (1 + 2 — 2) (e — 7)),
for the second subsystem we write
(ana+@c- )i & (CnatCa-)p =2 X T
If we set both activities of the electrolytes equal, we obtain

e(cz+c¢) 1x1073(1x107%+1x107%)

— 0.524 mmol dm~3 .
o +20 Ix102+42x103 mmoram

If there is only the strong high-molecular electrolyte KR on one side of the membrane,
which is actually present in the form of the K™ and R~ ions, the K™ ions also pass to the
other subsystem. In order to preserve electroneutrality of both subsystems, the OH™ ions
by the dissociation of water pass to the other part of the system together with the K*
ions. The solution in the first subsystem becomes acidic and that in the other subsystem
becomes alkaline. The equilibrium condition may be written in the form

(aK+a0H—)1 = (aK“‘aOH_)H . (14-9)

Example

A subsystem | contains a high-molecular electrolyte NaR of the molar concentration ¢; =
0.1 mmoldm™3. A subsystem Il, separated from the subsystem | by a membrane, contains
pure water at the beginning. Determine the equilibrium concentration of hydroxyl ions in both

subsystems at 25°C (K,, = 1 X107 ~; =1).

Solution

Substituting into (14.9) yields

Ky
(cl—x)T—x-x.
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For the first estimate of x we may use the relation

z =Ky =vV1x10* x 1074 = 1x10"5moldm—3.

The exact solution of the equation 23+ K,z —c; Ky, = 0 would yield z = 0.9966 x 10~% mol cm~3.

In the second subsystem, (coy-)r = = = 0.9966 x 1075 moldm=3. In the first subsystem the
concentration of the OH™ ions will be (cop- )i = £= = 1.0034 x 1078 mol dm 2.

For a high-molecular electrolyte RB, which dissociates into R* and B™, equation (14.9)

rearranges to
(ag+ap-); = (ag+ap-)y - (14.10)



Appendix

Fundamental constants

According to CODATA 2002. The values in parentheses are estimated standard deviations
in the units of the last significant digit.

Quantity Symbol, formula Value Note
Speed of light

in vacuum c 299792458 ms™! defined
Gas constant R 8.314472(15) Jmol 1K}

Avogadro constant Na=1L 6.0221415(10) x 10?3 mol~*

Boltzmann constant k=kp = R/Nx 1.3806505(24) x 10723 JK~1

Elementary charge e 1.60217653(14) x 1019 C

Faraday constant F =eNy 96485.3383(83) C mol !

Planck constant h 6.6260693(11) x 10734 Js

Vacuum permeability 1o 47 x 1077 Js2C?m™! defined
Vacuum permittivity g0 = 1/(cuo) 8.8541878176... x 10712 defined
Fine structure constant a = poe’e/(2h) 7.297352568(24) x 103

Rydberg constant Roo = a?mec/(2h)  10973731.568525(73) m
Stephan-Boltzmann const. ¢ = 279k*/(15h3¢?)  5.67040(4) x 108 Wm—2K~*

Mass of electron

(atomic mass unit) Me 9.1093826(16) x 1073! kg

Mass of proton mp 1.67262171(29) x 10727 kg

Unified atomic

mass unit u=1gmol™'/Nx  1.66053886(28)x 10" kg

Bohr radius ag = eoh?/(mmee?)  0.5291772108(18) x10% m

Bohr magneton up = eh/(4dmwmy) 9.27400949(80) x 10~24 JT~1

Nuclear magneton puB = eh/(4mmp) 5.05078343(43) x 10727 J 71
Gravitational constant G 6.6742(10) x 10~ m3kg=1s72

Standard acceleration

of free fall g 9.80665 ms~* defined
Standard pressure p°t 101.325 kPa or 100 kPa defined
Standard concentration St 1 moldm—3 defined
Standard molality mst 1 molkg—3 defined
Temperature of

water triple point Tir 273.16 K = 0.01°C defined
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