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Transport phenomena col07
Transport (kinetic) phenomena:
diffusion, electric conductivity, viscosity, heat conduction ...

@ Flux of mass, charge, momentum, heat, ......
J = amount (of quantity) transported per unit area (perpendicular
to the vector of flux) within time unit
Units: energy/heat flux: Jm—2s~1 = wm—2, %
current density: Am—2

\_.|l

@ Cause = (generalized, thermodynamic) force
F = — gradient of a potential
(chemical potential/concentration, electric potential, tempera-
ture)

@ Small forces—linearity

J=const-F

In gases we use the kinetic theory: molecules (simplest: hard spheres) fly through
space and sometimes collide
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Diffusion—macroscopic view col07

First Fick Law: Flux J; of compound i (units: molm—2s—1)

. . For mass
Ji=—DiV¢, concentration
in kgm—3,
the flux is in

- 0 o0 0 0C; 0Cj 9C; —2 -1
Vci=gradc; = ( — )Ci= ( l’ l, l) kgm™4s
0X 0y 0z 0X 0y 0z

IS proportional to the concentration gradient

D; = diffusion coefficient (diffusivity) of molecules i, unit: m2s—1

Example. A U-shaped pipe of lenght [ =20 cm and cross section
A = 0.3cm?2. One end is in Coca-Cola (11 wt.% of sugar), other
end in pure water. How much sugar is transported by diffusion in

5 oY — —6 2 —1
one day? Dsucrose(25°C) =5.2x107°cm“s™ . bw /0
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[-S—Wb),_0Tx95z="0pesbg=/
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Diffusion—microscopic view col07

Flux is given by the mean velocity of molecules Vv;:

i = ViCi

. Difference of chemical poten-

Thermodynamic force = —grad . . .
. _ tials = reversible work needed

of the chemical potential: ,
T to move a particle (mole) from
Fi=—V (_) = ¢ one state to another
Na Ci

where formula u; = u? + RT In(cy/csY) for infinity dillution was used.

Friction force acting against molecule moving by velocity v; through a medium is:

Fi'=—fiv
where f; is the friction coeficient. Both forces are in equilibrium:
. . . . Ji kT _
f[r+ Fi=0 le. —F{r = fiVi =fi?l = Fi= —TVCi
[ [

- - kgl
On comparing with J; =—D\Vc; we get the Einstein equation: D;=—
{
(also Einstein-Smoluchowski equation)
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Einstein-Stokes equation col07

Colloid particles or large spherical molecules of radius R; in a solvent of viscosity n

it holds (Stokes formula) fi
. s Arrhenius law for vis-
Fi=06mnR Vi cosity (decreases with
= Einstein-Stokes equation: Increasing T), diffusiv-
keT s ity (|r?creases with in-
Di=— = D;= creasing T
fi 6mNR;
Opposite reasoning—hydrodynamic (Stokes) radius defined as:
kgl
Ri=
6mnD;

~ effective molecule size (incl. solvation shell)

Example. Estimate the size of the sucrose molecule. Wa-
ter viscosity is 0.891x 1073 m—lkgs—1 at 25°C.

wu /y'0=4
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Second Fick Law col07
Non-stationary phenomenon (¢ changes with time).
The amount of substance increases within Jo(z) Jo(z + dz)
time d1 in volume dV = dxdydz: dz| ™ T

> Ux(0) —Jx(x + dx)] dydz —

X, Y,z z

D Ux() = Ux(x) + de})] dydz

X,Y,Z

—p

= —dxdydz = _V.JdV =—¥.(=DVc)dV

xyz

This type of equation is called
— =DV “equation of heat conduction”.
oT It Is a parrabolic partial differ-
ential equation
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Second Fick Law col07

Example. Coca-Cola in a cylinder (height 10 cm) + pure water (10 cm). What time

. : i = ion?
Is needed until the surface concentration = half of bottom concentration SUIUOW b

Fourier method:

ac  d%c co x<l2
—=D—= c(x,0)=
oT 3x2 (x. 0) {O x> [/2
co 2Cp X 12
c(x, 7)=—+ COS (—) exp| ——=DT
2 m [ (2

1 (311)() 3272 1 57X 522
— —CoS| —— |exp| — DT +—cos(—)exp — Dt |---
3 [ (2 5 l (2
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Diffusion and the Brownian motion col07
Instead of for c(F, T), let us solve the 2nd Fick ' . . .
law for the probability of finding a particle, start- 0.5 -
ing from origin at T = 0. We get the Gaussian I:;
distribution with half-width « 04T s
X2 = 03f -
1D: c(x, T) = (4nDT) 2 exp| ——— 5 t=5
4DT
0.2+ .
3/2 r2 0.1 .
3D: c(F 1) =(4nDT) % exp| —— '
4DT
0.0 | |

@ 1D: (x?) =2D7
Last example - order-of-magnintude |
T ~ x2/2D =4 months "o
(forx =0.1m) " B

@ 3D: (r’)=6DT
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Brownian motion as a random walk + o007
(Smoluchowski, Einstein) T=20
@ within time AT, a particle moves randomly T = AT

_ by Ax with probability 1/2 T = 2AT

— by —Ax with probability 1/2 T = 3AT ®—

2A1

Using the central limit theorem:
@ in one step: Varx = (x2) = Ax?

@ in n steps (in time T = nAT): Varx = nAx?
= Gaussian normal distribution with o = v nAx? = v 1/ATAX:

1 2902 1 AT —x2 AT
————¢€ = exp | —
V2mo 21T AX 2T Ax?

which is for 2D = Ax2/AT the same as c(x, T)

NB: Varx %" (x — (x))?), for (x) = 0, then Varx = (x?)

Example. Calculate Varu, where u is a random number from interval (—1, 1) o/T



i .. 9/18
Electric conductivity col07

Ohm Law (here: U = voltage, U= ¢> — ¢1):

U 1
R = 7 I = EU 1/R = conductivity, [1/R] = 1/Q = S = Siemens
(Specific) conductivity (conductance) « is 1/resistance of a unit cube
1 A .
S =K A = area, | = layer thickness, [k] = Sm™1
Vector notation: j=«k& =—«kV¢

7= el. current density, j =1I/A4, £ = el. field intensity, £ = U/



Electric conductivity

glass
teflon

substance k/(Sm—1)
graphene 1x108
silver 63x 106

sea water 5

Ge 2.2

tap water 0.005 to 0.05
Si 1.6x103
distilled water (contains CO>) 7.5x10—>
deionized water 5.5x 106

1x10~1°-1x10"11
1x10~25-1x10~23
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Molar conductivity

Strong electrolytes: conductivity proportional to concentration.

Molar conductivity A:

K

A=—
C

Units: [k]=Sm™1, [A]=Sm2Zmol~ L.

Watch units—best convert ¢ to mol m—3!

Example. Conductivity of a 0.1 M solution of HCl o is 4Sm~1. Calculate the molar

conductivity. OW LW S 500
- Z



Mobility and molar conductivity ii{é?

Mobility of an ion = averaged velocity in a unit electric field:

v.
uj = El E =U/l = el. intensity, U = voltage
Charges zje of velocity v; and concentration ¢; cause the current density
“Ki"
/

|
ji=VviciziF = uiciziF = A\ici£ = Aj=u;ziF = molar conductivity of ion (

lons (in dilute solutions) migrate independently (Kohlrausch law), for electrolyte
ij‘:Af,Ae_: here we define za > 0
J=ja+jc=Aaca+ Accc)é = (Aava+ Acvc)cE

Mathematically

)\=§=Zi:vl')\i
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Nothing is ideal

col07
Limiting molar conductivity = molar conductivity at infinite dilution
)\?O = lim A;
c—0

Departure from the limiting linear behavior (cf. Debye-Huckel theory):

A=A(C) =A® —const¥/C nebo A =A®—constyI,
Typical values:

cation A®/(SmZmol~1) | anion A®/(SmZmol~1)
Ht 0.035 OH™ 0.020

Na™ 0.0050 ClI— 0.0076

Ca?* 0.012 S042~ 0.016

@ Mobility and molar conductivity decreases with the ion size (CI~ is slow), solva-
tion (small LiT + 4H>0 is slow)

. H+; OH™ are fast movie credit: Matt K. Petersen, Wikipedia
H - - H
H—0"" \0o—H  H—O} O—

I [ - | I
H - H H



Conductivity of weak electrolytes

We count ions only, not unionized acid

In the limiting concentration:

K=)\00Cions =)\OOCXC — )\exptl

Aexptl
AP

o=

Ostwald’s dilution law:
c o? C ()\exptl)Z
cSt1—a = cSt AR(\® _)\exptl)

A /S m3/mol

0.04

0.03

0.02 1

0.01 1

0
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HCI
NaOH
CuSO,
CH3COOH
0O 02 04 0.6 08 1

c'2/ (mol/L)12

1.2
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Conductivity and the diffusion coefficient col07
Einstein (Nernst-Einstein) equation: microscopically:
keT kgl ksT keT  RTu; = 5,

fi Fi/vi zie&E/(uif) zie/u; ziF

2pF2
z; F
ZiIFDi=RTu; = Aj=uziF = _T D;

here z; is with sign

@ diffusion: caused by a gradient of concentration/chemical potential

T DN —D‘”

/i i RT Vi

. leDlv g
Ji RT Mi= UiV

@ migration: caused by el. field
ji=—kiV¢ =—ciAV$ = —ciuiziFV¢

Let us define the electrochemical potential [i; = u; + z;F¢, then

+ iy DlZlF V
 — C.u. § — C.
Jt——tt.ut——tRT VU = lF Hi
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Transference number (transport number) of an ion is the fraction of the total
current that is carried by that ion during migration (electrolysis).

Transference numbers

Ie o v = velocity
I Io+1Ig v = stechiom. coeff.

lons move at different speeds under the same field. For K EB+A o ' (electroneutrality:
ZoCo = ZgCq, here zg = 0)

: VgCoZo Vo Ueo ZoDg Vele
B VgCgZo + VgCoZo B Vg + Vg U + Ug ZoDg + ZgDg Vole + Vele
_ te Usg zie
Properties: te +te =1, = vi=Uui€, uji=——D;, A\i=u;z;F
te Ug kgl

Example. Electrolysis of CuSOg4: t¢ 2+ =40 %, tgg,2- = 60 %.

Nernst layer Ik
cathode y bu
total otal ~ 2+ 100%I
... | migration 40 %]
© diffusion . 2 60 %I LN 2+ 22
(0) t (0]
Cu diffusion S042— 60 %I migration 5042~ 60 %I
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Examples col07

Example. Calculate the specific conductivity of a uni-univalent electrolyte MA of
concentration 0.01 moldm—3, assuming that both M and A are of the same size as
the sucrose molecule (D =5.2x10~%cm?2s~1 at 25°C)?

(;_IOW ,_WSZ00'0=FY) {_WSH0'0 =

Note: 0.01 M ® of KCl has k =0.14Sm~! > 0.04Sm™1, because the ions are smaller
than sucrose

Example. Calculate the migration speeds of ions M*, A~ between electrodes 1 cm
apart with applied voltage 2 V.

—YWWGT = SW4_ 0T xy =—"YA—=+Na

Z|€
vVi=Uuil Uj= _/< TD[ A= U;ziF
B
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Conductivity measurements col07

Usage: determination of ion concentrations (usually small)
= solubility, dissociation constants, conductometric titration. ..

vodivostni

nadobka R

srovnavaci
odpor

r . /
rizné typy =i £ — &
vodivostnich R [ R R
nadobek ) ml 502
(¢
T Wheatstonelv

K OKC O ~0O mustek

stfidavy zdroj

(1 -4 kHz)

Resistance constant of conductance cell (probe) C (dimension = m™1):

1 A [
—=K-:— = Rk=—=C
R [ A

C determined from a solution of known conductivity (e.qg., KCIl), C = RegKe.



