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Membranes and ions

col09
Semipermeable membrane; glass frit; diaphragm O .'
@ concentrations of ions on both sides differ N .. . .
@ different permeabilities of ions .. <
@ mechanisms: “o” = “is proportional” ;. °. :.. :
—ion channels (in cell membrane) LR
— pores (wider, permeability o diffusivity) - .
- sorption+diffusion (polymer membrane), ... Let "
LR .

E.g.: cell membrane, kidneys, dialysis, fuel cells,
trolytes)

liquid junction (beween elec-
[cf. osmotic pressure]

@ We are interested in the membrane potential in equilibrium:
—one ion permeates through the membrane - zero diffusion (fast!)
- some ions permeate, other do not - Donnan equilibrium

@ We are interested in the membrane potential during diffusion (irreversible!):
—thin membrane (e.g., cell): (bio)membrane potential (Goldman)
— electrolysis separated by a (thick) membrane:
liquid junction (diffusion) potential
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Simple start: one ion permeates c0l09

@ o HCl, different concentrations at both sides of a membrane (glass, Nafion, ...)

@ only cations H* can permeate

Cations try to diffuse to places with a lower concentration. e a° ®
Since the anions cannot follow them, a membrane po- ) ®
tential arises. In equilibrium, the difference in the chemi-
cal potentials is compensated by the electric potential, A¢ ° [ 1P PY
Iso E, £): 10 ,0°
(also E, €): ° I
right _ left o 1o
u — U +2zFAp =0
H H a ©® M 190, 0%,
RT aright RT Cright ] (<]
—gright _gleft _ "0 Ty 70 THY i
Ap=¢ ¢t = pr In aIeIt i In cIeIt cleft o cright
H H AP = pright _ gleft

Equivalently: the electrochemical potentials [i; =
ions H* left and right are the same.

Hi+ ziF¢ (z; includes sign) of

Macroscopic concentrations of H* (HCI) are unchanged (electroneutrality), only con-
centrations close to surfaces (within double-layer) are affected.
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Donnan equilibria oo | Donnan equilibria—membrane hydrolysis col09
left - right In the left compartment, there is n = 0.01 mol of sodium p-toluensulfonate (NaTsO)
L ) _ in vV'eft = 100 ml of water; in the right compartment, there is VT9ht = 1 L of pure
NaX NaCl | anion X~ does not permeate water. The membrane in impermeable for TsO~. Calculate pH in both compartments
NaCl in equilibrium at 25°C.
The difference of the electrochemical potentials: balance start equilibrium /T right
v
right " [mol] |left : right| left : right ¢ =~ In—fR
. ilibri +
N;'\;gl;lt_ ~I'\?;‘t+ - RTIn ll\laf: +FAG equilibrium 0 TO- Pa— " Mo |
Na* Nat n n—x X __RT In ( X/V)rlghlteft
; —x)/V'
right — . ~ n—x
~right  .left Cc|— equilibrium OH 0 X
c- —Hg- = RTIn—g—FA¢ =0 H* ; x =0 =0.256V
CI- . .
left left _ _right right rwght \eft = chant, \eft
Sum of both equations = Na*COH- = CNat Com~ (O Cnar/Cnar = Gy +)
aht right n—x Kw X X
ri ri - . - .
cpeft cleft = o ey Vieft "\ /ieft — \ymght  yright
Generally for salt Kyg,Ay,: Numerically (in mol, dm=3; more accurately by iterations)
ight ht n
(cletyVe(cleyVe = (cp? ™) Ve(c, 0 Ve x = 3 Ku(n—)vrignt2 *€" /1% 10~ x 0.01 mol = 4.64x 106 mol
leef‘t 4.3, le’Ight 8.7
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Diffusion potential at a thin membrane oo | Thin membrane: Goldman equation col09
E.g., cell membrane (lipid double layer with ion channels) Flux of ions i at x (left x = 0, right x = L); [J;] = molm=2s~1
@ we know ion concentrations c' and Crlght ) ¢right ¢Ieft Aici€ D; D;
) e = - i = —D; i =—— d [+ ziF$] =———cigrad
@ stationary diffusion—zero total current Ji igrade+ ziF Rqura [ui+ ziFol = R 19radH
(after establishing voltage A¢, which is much faster) dc; DiciziFE
. . . . —Di—+———
@ size of molecules neglected, membrane = dielectric continuum Ydx RT

@ electric field intensity £ = ——¢ across the membrane is homogeneous follows
from the Poisson equation

dzqﬁ/dx2 =—p/e: E(L)=E(0)+Lp/e ~E(0) proL <A
Nonzero diffusion flux = irreversible phenomenon
DiKni/L

D; = diffusivity in the membrane material; D; in a frit = D; in ®.

= Di|z;|F/RT

Permeability of the membrane for ion i: P; = Ai= |zilFu;

“Nernst distribution coefficient” Ky; here = sorption coefficient, dimensionless for
sorption from liquid = J; = P; (c"Ig ht '.eft)

For univalent ions: P;ox Djo u; o A; . This is enough: we shall see that the voltage

depends only on the ratio of permeabilities.

Ji does not depend on x (stationary flux—nothing accumulates). Equation can be

integrated (separation of variables): cright

‘ Knic;
cisht . better f et

(Kni cancel out)

( FA¢)
P\ RT

— ¢right_ ¢Ieft =—LE

L D;
f dx = ————dc¢;
0 C}Eft ciziFEDy/RT —J;

We calculate J; from concentrations and £. After several steps:

FLE
, wheree—exp( )_
RT

NB signs: A¢

ezlcleft craht

. =Diz: S
JRT =Dizif € — ——

Zero total current:

0 =Zz;j,~
i
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col09

Thin membrane: Goldman equation
Additional simplification: only univalent ions (|z;| = 1)
Let’s sum anions and cations separately, replacing D; « P;
= linear equation for €, after rearranging:
left
‘4 Dlanions Pi < °

rlght
4 Zanions Pi¢;

RT
Ap=——1In 2cations Pi€

i antlons Pic

Extracellular Fluid

Protein channel

(transport protein) Hydrophilic heads

Globular protein Glycoprotein 7/ out
L e
) 54 m\mn)n i U SN 1\”0\1 i —
‘,\'l iy 2 (f;!“l\\'-:\)\till, i
L[]8 ot
Glycolipid AGlabular protein} Surface protein | n

Flamenisof ~/

L Alpha-Helix protein /.y roorichie

Peripherial protein integyal protein]

credit: Wikipedia

Cytoplasm
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Goldman equation: example col09

Relative permeabilities of main ions in the mammalian plasmatic membrane are:
P(K*)=1, P(Na*)=0.04, P(CI7) =0.45

Concentrations inside the cell (in mmoldm—3):
[K+]r|ght 400, [Na+]rlght 50, [CI™ ]rlght =50

Concentrations outside the cell (in mmol dm=3):
[K*]'eft =20, [Nat]left = 500, [CI=]'eft = 560

The resting potential of the membrane:

ht

AP = RT 2catlonsp o + Zanlonsp Cleft

- TF right

F antlonsp + Zanlonsp C 9

Ao 8.314Jm0|_1K_ x 310K 1x 400+ 0.04 x50+ 0.45 x 560

= X In

96485 Cmol~1 1x20+4+0.04 x500+ 0.45x 50
= —0.063V

The inside of the cell (“right”) is negative, because K* faster escape from the cell
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Cell membrane—continued oo | Thick membrane (frit, liquid junction) c0l09
Numerical solution for: 0.6 Irreversible process, complex problem (partial differential equation).
L=4nm 05 Simplification:
Er=4 ’ @ solution of a uni-univalent salt at both sides, conc. c'®ft and cright
Kn;=0.001 (membrane 04 @t b is thick d d "
Lo e U e membrane is thick = gradce = gradce = cons
concentration is 1000x smaller) ° It follows from the Poisson equation d2¢/dx2 = —>.iziFci/e - every layer is elec-
g 0.3 troneutral, small difference will curve ¢(x) as needed
% 0.2 Formulas: [i; = u; + z;F ¢, 7[ = —c[-uﬁﬂ,-,j'l- = —%—?"Vﬂ[, UiRT =DziF, ze <0
o1 Aux of cati b, d DeF d S
. ux of cations: = —Dg—Co — —Co—
Jo ®dx ® RT $dx¢
0 ¢ mod B . d DgF d
= \““—»-_,ﬁ'___\ flux of anions: = —Dg——Co + —Co—
= ¢ Goldman Je °x® ¥ R O’
- Il L I h
0'10 1 > 3 4 | Steadystate:j=3,zJi=Jo—Jo=0,Co =Co=C=
outside x/nm inside (Do—D )dc (Do + Do) F d¢ " ¢ variabl
- —= + —c—, separation of variables c, ¢:
4 e °T T ax T e T T RT A P ¢
De — De Cright F Cright Ds
— =—Ap Ap=(to—te)—In——r =
Do+ Do " cleft ~ gri? AP=(e—tediringeg =5 p
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Thick membrane II col09 Comparison of thin and thick membranes c0l09
Applications: voltage loss at a liquid junction (diffusion potential), e.g.: 1:1 electrolyte 0.06
o Ag | AgCl | HCI(c'®ft) : HCI(c"9Mt) | AgCI | Ag @ cright ; cleft =19 008
For uni-univalent salt and te = te it holds A¢ = 0. Therefore in salt bridges there are | __ thin membrane (L < A) ’
solutions with te ~ te (e.g., KCl: te = 0.49, te = 0.51) Controlled by electric forces (they determine 0.02} 1
Generalization for salt Kif"BAffs: the local concentrations) >
te  te)\RT cright :’hle ‘ simplified reasoning (previous slide) < o 1
=\ ) F " e atls: -0.02f 1
|zel ze) F  cl® X
I F— r valent salt) — thick membrane (L > A)
naccurate “derivation” (for uni-univalent salt): p f : L 4
Controlled by diff lect f -0.04
Let 1 mole of charge (1F) flows from left to right. ontro Z ) Y iffusion  (electric _ forces
This is tg anions migrating left and te cations migrating right: screened o -0.06 . . . .

+to anions (c'eft) —to anions (c"ght)

—te cations (c'eft) +tg cations (c"9ht)

nght nght ) RT  cright
AG = —toRTIn et + teRTIn Cieft =—zFAp = A(p—(te—t@)?lncl?
El ®

But AG # work for an irreversible process - fails for a thin membrane

0 02 04 06 08 1

For tg = 1 (only cations permeate), both equations give

RT Cright

n

A= N e

For te = % we have A¢ = 0 (symmetry cations:anions)
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Osmosis col09

The membrane lets through solvent (optionally with small molecules). The solvents
tries to permate to the place with a lower chemical potential = osmotic pressure

start equilibrium
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Osmosis col09

The osmotic pressure is a colligative property - it depends on the number of
particles (amount of substance)

Osmolarity = amount of substance (not permeating through the membrane) in
unit volume

t Osmolality = amount of substance (not permeating through the membrane) par

h unit mass of the solvent

|
- Example. Calculate the osmolality of 0.15 mol of NaCl in 1 kg of water.
c
g i . 0.3 mol of ions in 1 kg of water, osmolality = 0.3 osmol kg1
2 SO:V:"t /‘ H1(PA)=H1(PA-1) | Approximately p = 1kgdm—3 = osmolarity = 0.3 osmol dm—3

e solute
1 J— Loosely 0.15 M @ NaCl = 0.3 Osm @ NaCl
= semi-permeable membrane  (modified)
. . 3/2
u'l(pA) < u1s(ps, X18) id.0 “i(pB) +RTInx1g = Ui(pB) + RTIn(1—x2B) Osmotic pressure more accurately: TT=c,RT(1+ Bcy + 5c2/ + Cc% +...)
Vim=const, xo<1 2 B: second osmotic virial coefficient — interaction of a pair of solutes
- H1(PA) + Vim(ps —pA)—RTx28 = Vimll = RT? for colloid particles determined mainly by the excluded volume
n é: ionic interactions (Debye-Huckel)
. H. van 't Hoff, H. N. Morse C: tripl f solut
M =2 RT ="2RT =c,RT J : - N-M : triples of solutes
= nVim 4 € n», ¢z are incl. dissociation
. 15/22 16/22

Osmosis c0l09 Example col09
@ extra/intracellular solutions are iso- Hypertonic Isotonic Hypotonic The osmotic pressure of a solution of an en-

tonic

@ ultrafiltrate (primary urine) is pro-
duces in glomeruli (sg. glomerulus)
by reverse osmosis (ultrafiltration) of
blood; macromolecules do not pass,

Ho
osmotic pressure 30-60mmHg (ac- "x"’ 3 3

cording to the source) > diastolic pressure
@ dialysis

@ sea water desalination by reverse os-
mosis

credit: wikipedia

@ determining molar masses

Example. Calculate the minimum pressure needed to desalinate sea water by re-
verse osmosis at 300K, and the minimum energy needed to produce 1 m3 of fresh

water. The total concentration of ions in sea water is 1.12 moldm=3. ,
W 8z 1eq 8z

zyme in water (25°C) is

Cw
1 2 3 4 5 6 =
gdm=3 [
n [}
— 25 54 83 118 152 191 5
Pa 4
S
Calculate the molar mass. 3
=}
cw =M
After dividing by M:
M RT RTB
—=—+——Cw
cw M M2

RT
From the plot: m =24Pag~ldm3 =24Pakg~1m3

8.314Pam3K~1 x 298K
- 24Pag—ldm3

=103kgmol~1 =103kDa
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Van’t Hoff factor col09 Saturated vapor pressure of a solution c0l09
Eq. TT = c2RT is sometimes written as Raoult + Dalton law
M= ic2RT Pi=pYi=Xip5, p=D.pi=.xip}
where c; is the analytic (formal) concentration and i is the van 't Hoff factor, i.e., t t
the average number of molecules (not permeating) the compound dissociates to. Apply to:
Examples: 1 = solvent
i(glucose) = 1 2 = non-volatile solute (x2 ~ 0 or ny € n1)
iNaCl) = 2 if disociated in ®, the fragments are counted in n; and x3
i(CH3COOH) = 1+a p1 :xlpizpi—xzpi
or
na na<kny n
Ap =—x2p3 =—p3 ~ —pS—=Z
P 2p1 plnl + np 1n1
The saturated pressure of a solution is lower than
that of a pure solvent at the same temperature.
- 19/22 20/22
Ebullioscopy colos | Cryoscopy col09
1 = solvent alternative derivation: | A compound dissolves in a liquid solvent, but there is no mixed crystal in the solid

2 = solute (incl. dissociation) see next slide
At constant p, Ap is compensated (— —Ap) by increasing the boiling point of the
solution by AT. Using the Clausius-Clapeyron equation:

1Ap N AvapHm

p AT RT2 Or AT = Kgimz, where
= my is the chemical-
2 SN2 2 formula-based molal-
—Ap RTZ, pSh2 RT2 .
AT ~ boill _ 71m T boill _ Kem> ity and i is the van 't

S =" s
Py AvapH1,m P3 AvapH1,m Hoff's factor

where
RTZ . M1
= _boill7” _ ebullioscopic constant
Avale,m
The boiling temperature of a solution is higher
than that of a pure solvent at the same pressure.

Example. Calculate the boiling point of a soup (1% wt. NaCl) at normal pressure.
Ke(water) = 0.513Kkg mol—1.

phase = melting (fusion) temperature decreases.
Derivation: 1 = solvent, 2 = solute

ny L ny
x1~1

x1=1, T="Tps: 15 (Trus) = 1y (Trus)
ﬂiS(Tfus) = H;l(Tfus)
x1<1, T=Trs+AT: p5(Trus + AT) = pl (Trus + AT)

U3 (Trus + AT) = p3(Trus + AT) + RT Inx1

s F ol
a2 = AT 2EL ) RTIN = x2)
aT aT
o| oS 0
F) — —AqysH
AT(ulai_’_“l = AT(—AgusSm) = AT% =—RTIn(1—x2) ~ RTx2 ~ RTM1m>

or K =—Kk

2 )
_ M1RTg o __cryoscopic X
YT AT = Kfimgon-dISSOC.

"~ DqsHy,  constant

Example. Calculate the freezing temperature of beer (4.5 vol.% alcohol, density of
alcohol=0.8 gcm™3). Kk water = 1.85Kkgmol~1.

AT = —Kgm> Kk

J,8T°00T DoS'I—
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Vapor pressure osmometry 0l09 Colligative properties - summary 0l09
@ pure solvent evaporates T — ...depend on the number of molecules (moles) dissolved.
. n__,l_7— PIPES m»>
@ vapor condenses on a solution (lower vapor pressure) @ boiling temperature increase (ebullioscopy), AT = Kem> = Kg
X THERMISTORS— |_| |_| [=—— CHAMBER miMy
@ = pure solvent cools down, solution heats up \\\\ ~|__ sowenr my
LI VAPOR . __ __
@ AT x concentration (colligative property) H B souen @ melting temperature decrease (cryoscopy), AT = —KkmAT KKmle
‘ Wit 0 e.g., camphor Kg = 40Kkgmol~1, tfs = 176 °C.
(4 /\ . ma
@ osmotic pressure, TT=c2RT = V—MZRT
@ pressure of (ideal) gas, p=nRT/V =cRT = VLMZRT
D.C. BRIDGE L. (o)
Usage: determining molar masses
credit: http://www.uicinc.com/model-833/
vapor pressure membrane

Accuracy: [ebullioscopy| < [cryoscopy| < osmometry

osmometry




