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Eigenvalues and eigenvectors mr{]pcz

Eigenvector, v), and eigenvalue, A, of square matrix A are defined by
A-vy=Avy, or (A—Ad)-v) =0 6 = unit matrix
The second equation can hold (for nonzero vector v)) only if matrix A— Aé is singular, i.e:
det(A—28)=0
= algebraic equation of the n-th degree, with n roots (multiplicity included).

Examples: The weighted matrix of the 2nd derivatives of a potential in a calculation of fundamental
frequencies, heat (conduction) equation, wave equation, Schrodinger equation, stochastic matrix,
system of linear differential equations, simultaneous 1st order kinetic equations ...

Example. Calculate eigenvalues and eigenvectors of matrix

1 -1

1 1
-vi-crn=osazaria-o, (15 )()=aro()=w={()} (O}
(1—X) (—1x1)=0=>A={1+1(1-—1(}, (1 1) y —(1+l)y = V) = 1)



Eigenvalues

A symmetric matrix (in R): A=AT
A self-adjoint (Hermitian, Hermitean) matrix (in C): A = AT, AT=(A*)T
Eigenvalues of a self-adjoint (symmetric in IR) matrix are real.
Proof: Left-multiply A-v = Av by v':
vieA.v = Z Vi Ajvj= Z ViAV = Av|?
ij i
x

* Ak, AR K X A, — 2k [+,12
Y Y Y

> A=A > eR.
@ The proof for symmetric matrices in R uses a (richer) complex Hilbert space

@ Matrices in R have real eigenvalues or pairs of complex conjugate ones
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Matrix of rotation mmpc2

An orthogonal matrix R in 3D (rotation or improper rotation by a around an axis) has 3 eigenvalues:

{1, cosa+ i(sina,cosa—i(sina}
Proof: It is enough to consider matrix of rotation by a around axis Zz \ ; cf. mmpcl.mw (general).

The eigenvector corresponding to eigenvalue of 1 is the axis of rotation (this vector does not
change by applying the rotation). For the angle of rotation, it holds:

2cosa+1=TrR

because the trace

cosa—A —sina 0
TrA_zi:A“ sina cosa—A 0 |=0
is invariant under basis change. 0 0 1-A
Proof: [(cosa—A)? +sin“al(l—A)=0

& Tr(ABC)=Tr(BCA) =Tr(CAB) = ZijkAiijkai
Q@ Tr(X~1AX) =Tr(AXX~1) =TrA (basis change)



Bra-ket notation

Vector = “ket” = |v), |v); = v; (“column vector”)

Co-vector = “bra” = Hermitean conjugate:
V)T = (v, (vl;=v] (“row vector”)

Scalar product: (u|v) = >;uf vi= > (ulilv)i= 2 lu) (VI = 2(vI Iu) | = (v]u)*

Operator: A or A: |Av), in some context also A|v) or |A|V); |AV); = ZinjVj

Operator acting on a bra (def.): (uA| = bra such that (uA|v) = (u|lAv) = (ulA|v) Vv

Hence, we can write a matrix element as: (u|A|v) = > ul.*Al-jvj

In coordinates: (uA|j = ;u’Aj = (ZiUiA{;)* = (ZIAZ; u)* = (ZlATul)* |ATu)j*

Any matrix: (u]AT|v) = (v|Alu)*

Distinguish: (Au| and (uAl: (Aul; = (|Au)T)j=Zl-Aj"l‘u*

For a Hermitean (self-adjoint) matrix: AT = A = (u|A|v) = (v|A|u)* (it is also scalar product)
Proving A € R again: (v]|A|v) = (V|Av) = A{v|V) L (VIA|V)* = A*{Vv|V)

credit: http://backreaction.blogspot.cz/2006/07/bra-cat.html|



Orthogonality of eigenvectors r:rﬁ?z

Eigenvectors (of different eigenvalues) of a self-adjoint matrix are perpendicular.
Proof:
(VALY = (v(2)avDy = (v(2)h 1 vy = xq (VD) (1))
= (VDA * = [ (vIDVE) 1% =23 (v2)vD)) = ap (v(D]v(L))

which can hold (for A1 # A3), only if (VvD]v(2)) = 0. We can always orthonormalize a subspace of
degenerate eigenvalues, hence a self-adjoint matrix generates an orthogonal basis.

In coordinates:

SV A ™)
]

Z (2)*ZAUV(1)—ZV(Z)*MV(D—)\ Z (2)*Vl§1)
_ (1) 5 (2)* (1) X (2)* (1), (2)* (2)* (1)
= Zv Al Z A2 AXS v v = Z

[

Examples see mmpc2.mw
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Spectral theorem

A similar statement (“spectral theorem”) holds for compact self-adjoint operators in co-dimen-
sional Hilbert spaces. Various generalizations exist.

Hermitean in physics = self-adjoint, in mathematics there are subtleties: the generated basis may
not span the entire Hilbert space.

Compact operator:

A map of an infinite sequence in a 1-ball contains a Cauchy subsequence (which converges).

An operator is compact if it is bounded and it maps a compact (= closed + bounded) set to a set
whose closure space is compact (closure = set + boundary).

Loosely: An image of a 1-ball shrinks enough (“in higher dimensions”).

Compact set X:

Every sequence in X has a convergent subsequence whose limitis in X.

Every open cover of X has a finite subcover.

Loosely (Peter Lax): A compact city can be guarded by finitely many near-sighted policemen.

Examples:

@ diag{1,1/4,1/9,...} is compact self-adjoint

@ !dentity 6§ =diag{1l,1,1,...} in an co-dimensional space is not compact

Qi= —ih% is self-adjoint but not compact (proof: per partes, watch * and order!)
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Diagonalization of a symmetric matrix mrﬁpcz

Let A€ R" x R" be a symmetric matrix and bU) be its eigenvectors, [b0)| = 1.
Let matrix U be composed of column vectors bY); i.e., U = b?).

Then b0 . pk) = ik = U is orthogonal, UT-U = 6.

The eigenvector condition becomes:

[ A1 \

. . . . A
pOT. A.pl) = p(OT o)\jb(f) =Aib;; = UT-A-U= 2 = A (diagonal matrix)

\ An J
Forx=U-uoru=U"1.x=UT-x, we get a diagonal quadratic form

xTAx=u-UT-A-U-u=uT-Aru=> Au?
{

Similarly in C for self-adjoint matrices (' replaced by T)
Thus “diagonalization = calculating eigenvectors and eigenvalues”.



pic/gform.sh 8/19

Example - quadratic form Mmpe2
X% — 4xy + y?
Matrix:
[ 1 =2
I |
Characteristic equation:
1—A =2
det =A%2—2X—3
—2 1=

roots: A1 =—1, A> = 3. Equations for the eigenvectors:

1
Avi=—Vv] = V1= (1)

—1
Avy =3vyr = v2=( 1)
And normalized eigenvectors — basis:
V2 —1/432 rotation by 45

1/4/2 1/4/2
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Signhature of a quadratic form

The signature = number of (positive,negative,zero) eigenvalues.

Example: the signature of x2 — 4xy + y? is (+—)2.

For f(x;) “countinuous enough”, the condition for an extreme is:
of

0X

0O, i=1,...,n

If this holds true for x9, the Taylor expansion at the minimum is (A = Hessian):

f 2

0X0X; |xi=x?,xj=xjp

1
f(X) =.f(xo)+ EZ(X[—XLO)AU(XJ—XJO), AU=
Y

@ If the signature of A is (n,0,0) = (+ + + +...), the form is positive definite and f has a local
minimum at x9.

@ If the signature of A is (0, n, 0) = (————...), then the form is negative definite, and f has a
local maximum at x9.

@ If the signature contains pluses and minuses, it is indefinite, and f has a saddle point at x©.
a0ften written in form (ny, n—, ng) =(1,—1, 0)
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Sylvestr criterion (removed) + mm/pcz

We calculate the subdeterminants:
det|Ajlij=1
det|Alij=1..2
det|Alij=1..3
O All are positive at point x%: minimum.

@ Alternating signs at point x° (—, +, —, ...): maximum.

The proof uses the spectral theorem and the Cholesky decomposition of a Hermitean matrix A =
L*-L, where L is a triangular matrix.
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Fundamental vibrations mmpc2
Let PES be Upot(T), T={F1,..., N, }, with a (local) minimum at Tmin; def. AT = T— Tnin.
Taylor expansion to the 2nd order: =0
/
pot 32Upot .
Upot(T) = Upot(Tmin) + Z —(Tmin) - AF; + = ZAn — (1) A7)
(o7]

Newton’s equations of motion:

. d2AF;
miAr; = m; 5 = fi= Z Y
dt ;

where the so called Hessian matrix isP

a Upot - -
Aij——(Tmln) Ari=T;— i min
CIgtly
In the matrix form (vector = 3N numbers, matrix = 3N x 3N):
M-AT=—A-AT1, where M =diag(mi1, m1, m1,...,mn, mn, Mp)

bhy Ludwig Otto Hesse (1811-1874), German mathematician (differential geometry, group theory);
the Hess law of thermochemistry is by Germain Henri Hess (1802-1850), Swiss-Russian chemist and doctor
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Fundamental vibrations

mmpc2

M-AT=—-A-AT, where M =diag(mi, m1, m1,...,myn, my, my)
We are looking for a transformation (basis) in the form

At=MV2.y.u
where U is orthogonal. By inserting:
M-MY2. u.i=—A-MY2.y.u
Left-multiplied by U~1 . M—1/2. .

i=—A-u A=U1.MYV2.A.MV2.y

There exists an orthogonal matrix U so that A = U™1-M~1/2.A.M~1/2.y is diagonal, in other
words, we diagonalize the symmetric matrix A’:

AI — M—1/2 ‘A .M—1/2
The Newton equations separate into 3N independent harmonic oscillators:
# of zero frequencies ng:
6 for general molecules
5 for linear molecules

Naa 3 for atoms
21 Nyibr = 3N —no

l:lo(=—/\aan(, a=1,...,3N
The frequences are

Va =
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Fundamental vibrations - diatomic molecule B~

Two atoms connected by a spring:

K K/m —K/m
Upot=§(X—Y)2 = A'=( )

—K/m K/m
K 2 rK\? K K
m m m m
The frequences are
vV 2K/m .
V] = > (sym. stretch), v> =0 (translation)
T

Unnormalized eigenvectors:
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Try vibrations by yourself - connect to a linux computer mm/pcz

@ Check S:\pocitacova_chemie\Connect = pyr.vscht.cz/scratch/pocitacova_chemie/Connect
or
Find on the web “MobaXterm Home Edition — Portable”
(Unzip and) run (skip paranoic messages)

@ Click + Start local terminal|

computer:
403-a325-05 (4 cores)

@ Write the chosen relation; e.qg., :
[2019-11-11 11:11.11] ssh -X guest@403-a325-05.vscht.cz
Enter PASSWD given (no response while writing PASSWD)

@ Alternatively, use dialog windows and select X-window forwarding

@ See also PUTTY + XMing (sometimes installed)



Connect by MobaxTerm

Term W SErvEr

B - - ot

Ses - A - Games

A BN

Tools Games  Setngs  Macros  Help
. y = : D < \
g = L) s - Da i O
Sessions Views Split MultiExec Tunneling Packages Settings Help X server Exit

il 2 guest@a32s-1: ~

<« Jenet ﬁ‘ﬁ 37 3

I.-fhcnmefguest.-’

Name

' password:
Sl inux a325-1 3.2.0-4-amd64 #1 SMP Debian 3.2.82-1 x86_64

Sessions

.adobe

.cache

.config

.dbus

.emacs.d
.gconf
.gnome-desktop
.gnome2

Macros |ﬁ, Tools |;:_\

.gnome?_private
.gvfs
.local

Sfip

.macromedia

.mc
.mission-control
.mozilla
.mplayer

.bulse

KN

[T Follow terminal folder

The programs included with the Debian GNU/Linux system are free softwa
re;

the exact distribution terms for each program are described in the
individual files in /usr/share/doc/*/copyright.

Debian GNU/Linux comes with ABSOLUTELY NO WARRANTY, to the extent

permitted by appllcahle law.
1l 12:50:28 2016 from ubs9-uc.vscht.cz

Last login: Mon
guest@a325-1:~ @
Warning: Missing citaTsets in String to FontSet conversion

ol

UNREG[STERED ‘U’ERSIDN - F'Iease support Muba}{term by subscnbmg to the professional edition here http://mobaxterm.mobatek.net

TOICOTIT § JCr OT T o L Ier

pomd |

¢ T

TOICAT T TICTTy: T I eI =

en B O
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If MobaxTerm does not work: Connect by PuTTY + XMing +

Terminal PuTTY

@ Windows Start — Search — putty — Open
or S:pocitacova chemie/Connect/putty64bit.exe

@ Host name — 403-a325-05 or other computer

@ Connection —

— X

+

SSH — Tunnels — X11

Enable X11 forwarding

@ back to Session — Open

@ Login as: guest

@ Password: PASSWD

X server to show graphics (Xming)

@ Windows Start — Search — xming — Open

or

S:pocitacova chemie/Connect/XLaunch.exe - Shortcut.Ink

@ You should see the following icon in the bottom panel: Q(
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computer:
403-a325-05 (4 cores)

. x|
Category:
= Session | | Basic options for your PuTTY session |
[Logging - Specify the destina tto to
5. Terminal pecify the destination you wantto connec
- Keyboard Host Mame (or IP address) Bort
- Bell I asb/-1vschtcz |22
o w-i-aneoe‘lLures Connection type:
" Raw ( Telnet { Rlogin ® SSH ( Serial
- Appearance
Beha\no.ur ~Load, save or delete a stored session
- Translation . —
- Selection EUEE SIESIE
- Colours ali-11
&= Connection Default Settings Load |
- Data 33251
- Proxy as67-1 Save |
- Telnet —
- Rlogin Delete |
=-85H —
i Kex
& Auth
TTY Close window on exit:
- X11 % 1| © Aways ( Never ® Only on clean exit
- Tunne
. Bugs LI
Ahout I Open I Cancel
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Try vibrations by yourself mmpe2
@ Start Midnight Commander by: Environment variable CHE=2 tells the
guest@403-a324-01:~/CHE$ CHE=2 mc script che.sh associated in Midnight

@ Check that you are in directory ~/CHE (is a symlink) COMMEINGE Wiy EieRliss i S
@ Click a che-file. First, MM program blend starts: .norr.nal que celetieliens a.nd SR
_ o ing in a unique temporary directory.
@ Right-clicking a button| shows context help.

@ Check that the molecule is optimized by clicking ﬁ| (also hot key D)
In case of problems, try editing: click an atom, move| + mid button, E| or rand| etc.
@ Click finish| or |.| to save and quit (do not use quit| = not saved).

@ Then, molecule viewer show starts (if not, type |Ctrl-O in the Midnight Commander window and
check a possible message). Watch vibrations:

@ Use il/ il (bottom of the control panel) or|PgUp |/ PgDn|to switch vibrational modes.
NB: modes 0..5 (0..4 for a linear molecule) correspond to translations and rotations (v =~ 0)

@ Use i|l| etc. to change showing style, NFF| to raytrace, zbuf| for a stereogram, ...
@ If needed, control speed by _| il (bottom of the control panel) or|s||S
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Homogeneous linear differential equations of the 1st order

The system of homogeneous linear differential equations of the 1st order:

X1 = A11X1+A12X2+ - +A1pXn |

O X=A-X

Xn = ApiX1+Ap2x2+ -+ +AnnXn |
One of n linearly independent solutions:

Aty = A.v=Av

X=e
For real A, A are real or complex conjugate pairs.

General solution if all A’s are diferent:
X = ZC)\e)‘tv)\
A

where C)’'s are determined from the initial conditions.

If there are multiple eigenvalues (roots of the characteristic equation), we have et, teAt, t2eAt,
etc.

The set is always equivalent to one homogeneous linear differential equations of the n-th order.
see mmpc2.mw



Example

General solution:
x = iCielt+C_jet

C[V[eit + C_[V_[e_it L .
y = Ceelt4iCc_je it

L . 1 = iCi+C i 1
With initial conditions x(0) =1, y(0) = O: = Ci=—5,C_;j=5
(0) y(0) { 0 = Cj+iC_; l > (=3
1 . 1 . [ . [ .
X = Ee‘t + Ee_‘t =cost, y= —Ee‘t + Ee_‘t = —sint

Equivalent differential equation of the 2nd order:

X =—Xx (harmonic oscillator)

see mmpc2.mw
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