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Boundary value problems

Boundary value problems

Example Let us solve the equation
y'+y=0, y(0)=1, y'(0)=A ...initial value problem
Characteristic equation: X2 +1=0 —
yu(x) = Cicosx + Cosinx, yi(x) = —Cisinx + C>cos x
initial condition —1=Cy, A=C, —
yp(x) =cosx + Asinx, xeR.

Let us investigate the value of the solution at
the point — for different A, yp(%) = A

2
A=0 = yp(x) =cosx
= yp(Xx) =cosx + sinx
A=—-1 = yp(x)=cosx —sinx
A=0,2 = yp(x)=cosx+0,2sinx i
e

Different A — different values of the solution
at the point 3



Boundary value problems

Our boundary value problem is

Y +y=0, y0)=1,y(3)=A

If we know the "correct”A we could solve our boundary value problem as an
initial value problem.

Remark The differential equations for a boundary value problem have to be
at least of the order 2 (2 conditions in different points) .

Basic techniques for solution of boundary value problems are:
@ Shooting method: An iterative technique that exploits classical methods
for solving initial value problems, i.e., Runge—Kutta methods.

© Direct methods: Difference methods, based on a replacement of
derivatives by differences. The resulting system of linear algebraic
equations is solved by standard techniques.



Shooting Method

Shooting Method

We first consider the single linear second-order equation
Ly =—y" +p(x)y' +a(x)y =r(x), a<x<b (1)
with the general linear two-point boundary conditions

«

p @

aoy(a) — ay'(a)
boy(b) + b1y’ (b)

where ay, a;, a, bg, by and 3 are constants, such that

|ao| + |bo| # 0,
apar > 0, |ao| + |a1] # 0 3)
bobs > 0, |bo| = |b1] # 0

We assume that the functions p(x), g(x), and r(x) are continuous on (a, b)
and that g(x) > 0. With these assumptions, the solution of (1) is unique.



Shooting Method

To solve (1), we first define two functions, y"(x) and y®(x), on (a, b) as
solutions of the respective initial-value problems

Ly =rx), yW(@=-aCi, (")(a)=-aC, (4)
y? =0, yPa=a, (y?9)(a)=a, (5)
where Cp and C; are any constants such that
a1Cy— aCi=1. (6)
The function y(x) defined by
y(x) = y(x,8) =yV(x) +syP(x), a<x<b, (7)

satisfies apy(a) — a1y’ (a) = a(aiCo — ayC1) = a, and will be the solution
of (1) if s is chosen such that

¢(s) = boy(b,s) + biy'(b,s) — f = 0. (8)

This equation is linear in s and has the single root

8~ (boy" () + biy"' (b))

s = . 9
boy@(b) + bry® (b) ©




Shooting Method

Steps of the shooting method

The presented shooting method involves:

@ Converting the BVP into an IVP by specifying extra initial conditions, i.e.
equations (1), (2)

© Guessing the initial conditions and solving the IVP over the entire
interval, i.e. guess Cp, evaluate C; from (6) and solve (5)

© Solving for s and constructing y, i.e., evaluate (9) for s; use sin (7).



Shooting Method

Shooting method for a second-order nonlinear equation

Let us consider a differential equation of the second order
y'=1(ty,y), y@=A ylby=B, a<b, te{ab). (10)

Let us suppose that the problem has just one solution. We guess y’(a) and
denote by y(t, s) the solution of the initial value problem

y'=1fty.y), y@=A y(a)=s. (11)

Now, we will rewrite this initial value problem as a system of two differential
equations of the first order.

Remark The direct solution of the boundary value problem (10) may lead to a
system of two, in general, nonlinear equations for A and B and their solution
might be a problem.



Shooting Method

Let us denote

U(ts) = y(ts), V()= gi(t:S). (12
From the equation (11), we obtain an initial value problem
Duts) = vits). uas)=A
o (13)
8—tv(t, s) = f(tu(t,s); v(t,s)), v(as)=s.

The solution u(t, s) of the initial value problem (13) will be the same as the
solution y(t) of the boundary value problem (10), if we will find such a value
of s that

p(s)=u(b,s)—-B=0 — y(b)=B.

the solution of this equation has to be computed numerically:
Newton’s method, bisection method, etc.



Shooting Method
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Newton’s—Raphson’s method

Newton’s—Raphson’s method

We will solve the equation
?7seR : ¢(s) = u(b;s)—B=0 (14)

Let sy is any initial condition in a neighborhood of the root and let

28 011,
' (sn) A

Then {s,} — s quadratically, if

Sp41 = Sn —

Q ¢'(s) #0Vs e Iwhere | is a separation
interval
Q Y'(s)cRonl

@ the initial approximation sy is closed
enough to the root

X Xne1 Xn

How we can compute the derivative ¢’(s,) when we even don't know the
function ¢?



Shooting Method
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Newton’s-Raphson’s method

Let us go back to our equation (11), i.e., we consider the equation
y'(t,s) = f(t,y(t,s),y'(t,8)), y(as)=A y(as)=s.

y'(a,s) = s ... our guess of the initial condition — we will change slopes in
such a way that we will "shoot” exactly into B.

Now, we will study the changes of the solution y in dependence of changes
of the initial slope s:

dy"(t,s) _ 0 / _of gy _of oy
83 - asf(ta y(t7 s)ay (t7 S)) - 8y 83 ay/ 63 .
-~ i, dy oy’
From initial conditions we have —=(a,s) =0, —=—(a,8) =1 and
5 0s s
v(t) = %(i, s) we obtain from the equation (12).



Shooting Method
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Newton’s-Raphson’s method

The initial value problem for the function v:

v%U:%UJmmm»wmggmwmﬂmvv»wm=mww=1

and from the equation (12) we have u(b, s) = y(b, s) . We obtain
/ oy
o(s) = y(b,s) — B = ¢/(s) = =~ (b.s) = v(b).

So the needed derivative in Newton’s method ¢’(s,) we obtain by solution of
the equation (15) up to the point t = b.

Remark The equation (15) is very sensitive to perturbations of the initial
guess Sp. The consequence of the wrong guess s, is that Newton’s method
doesn’t converge to s.

Remedy Multiple shooting method: We divide the interval (a, b) to
subintervals a=fy < t; < --- < tx = b and, roughly speaking, we repeat the
shooting method on each of these subintervals.



Shooting Method
0000

Newton’s—Raphson’s method

% Solution of the adiabatic tubular reactor with an axial dispersion

Axial heat and mass transfer in a tubular reactor can be described, on the
basis of the diffusion model, by the system of two nonlinear differential
equations of the 2nd order.

After some adjustment and a suitable substitution we get one dimensionless
equation of the second order:

1 dy dy "~ —m R\
%@—a—py@ exp(K—é)_O, (16)
where © = 1 — H(1 — y), with boundary equations
_ y'(0)
yo) = 1+757, (17)
y(1) = o. (18)

Here, Pe,p, m, K, R, and H are parameters of the mathematical model, x is
the axial coordinate, y dimensionless concentration and © stands for
temperature.



Shooting Method
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Newton’s—Raphson’s method

*

We convert our boundary value problem into the initial one at point x = 1. Let
us choose

y(1)=m. (19)
Then we can integrate equation (16) (rewritten as a system of two differential

equations of the first order) from x = 1 with initial conditions (18) and (19) to
x = 0, and we calculate y(0) and y’(0). Let us denote

yo)
Pe '

Integration of the initial value problem was performed by Runge—Kutta
method.

@(m) = y(0) — (20)
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Finite differences

Let us solve the following boundary value problem:

Y =t y(0),y' (1), y@=ca, y(b)=5.

We divide the interval (a, b) to m+ 1 subinervals (f, t1), Kk =0,1,...,m,
where

_b-a

T om4+1

tc=a+kh k=0,1,....,m+1; h

Basic idea: Numerical derivative
We discretize the given equation for the given dividing of the interval (a, b).
How we will approximate the derivative? Taylor's expansion:

f(x+h) = f(x)—f—hf’(x)—i—%zf”(n), nmezixax+h =—
f(x+h) —f(x) K,
——

discretization error is of order h'
i.e.. we approximate the first derivative with the error O(h)

f(x + h) — f(x)
h )

f'(x) =

= f(x)=~ h small



Finite differences

In order to obtain better approximation we compute two Taylor’'s expansions:

H h
f(x + h) = f(x) + hf'(x) + Ef”(x) + Ef’”(m) , (21)
! h2 1! hs Ui
f(x — h) = f(x) — hf'(x) + ?f (x)— @f (1n2) - (22)

We subtract equations (21) and (22) —

1+ ) = 10— ) = 200 + 0 (1) + 1)) =

F(x) = f(X+h)2*hf(X*h) +O(R), (23)

Now we add the equations (21) and (22) and obtain

f(x + h) + f(x — h) = 2f(x) + W*f"(x) + %3 (" (m) — " (n2)) =

£ (x) = (X =) _2’;52’(” XD L oy, (24)




Finite differences
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Linear finite differences

Linear finite differences

Let f be a linear function of y and y’, i.e.,
f(t,y(1),y' (1) = u(t) + v(t)y(t) + w(t)y'(1),

_ i Y(t+h) —y(t—h) hi’ 1

_ _ 2
y//(t) _ y(t+ h) 2};,9') +y(t h) i %y(4)(7_)7

Ymi1r =B
We denote

Vi=Y(t), Uk = u(t), ik == v(t), wk := w(t),
and put everything into the equation

Yty =1fty),y' 1), y@=a,yb)=48.



Finite differences
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Linear finite differences

We obtain the system of m linear algebraic equations for m unknowns:

Yo=«

-2 _ — Vk—
Yi+1 /{zk‘F}/k 1_ Uk+Vk,Vk+kak+1 2h}/k 1 k=1

Ymyr = 8.
We rewrite this system as:

.., m

,VOZOé7
1
2
Ymi1 =B

This system has a tridiagonal diagonally dominant matrix. It can be
advantageously solved in Matlab (tridiag.m) .

1
(=1 + hwi) vkt + 2+ Pvi)yk + (-1 — 5 W)Y = —hPu, k=1....,m,



Finite differences
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Linear finite differences

In the matrix form AV = E> where
2+Hvi  —1+ Lhw 0 0
—1—1hwe 2+ Hw —1+ Jhws 0

-1 — %th,1 2+ hZVm+1 -1+ %th,1
0 -1 — Jhwp 2HP Vi
7 = (y17y27‘ “aym—17ym)T

2 1
—hPuy + (14 Shwy)a (1+ 2hwi)a  from b.c.

- —K
b = e ,
—HRupy, — 5('_1 + Lhwp) —B(—1+ Shwp) from b.c.
We solve the system and obtain yix, k = 1,..., m, the discrete approximation

of the solution 7 at points ti, b, ..., tm .



Finite differences
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Linear finite differences

% Error estimation

For the maximal error of linear finite difference method we have:

max |y(t) -yl < Ch* for h—0,

where y(f) is the exact solution in the point t and yy is the corresponding
approximation obtained by the finite difference method.

Remark If f is not linear, we can apply the method of nonlinear differences
(we will not study here).



Finite differences
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Linear finite differences

Difference formulas derived from Taylor’s polynomial:

A Forward
y difference
Backward [
difference
- .
y = u(x)
Ui i
f Central
! difference
!
Il
T T T

i-1 i i+1

Graphic illustration of the approximation of the

derivative by difference formulas.

@ Forward difference of the
first order:

y =2y o(h')

@ Backward difference of
the first order:
/ Ui — Uj—1

w:—ﬁ?—+mﬁ)

@ Central difference of the
second order:

y = I o)



Solution of the boundary value problem by finite differences

Solution of the boundary value problem by finite differences

Two points boundary problem for one differential equation of the second
order:

= f(t,y(1),y'(1) (25)

with linear boundary conditions

aoy(a) + Boy'(a)
ary(b) + By (b)

Let us choose an equidistant division of the interval (a, b) :

to:a<t1<...<tN:b, h= bNa tk:a+kh k= 0
We approximate the solution in nodes by values of a discrete function
y(xi) ~ yi . We replace the derivative in the equation by central difference

formula with error O(h?) :

Y0,
26
s (26)

Yict =2Vi+Yiv1 _ o, | Yirr = Yi-1 - _
#—f(t”_yhizh ), I—1,...,N 1.



Solution of the boundary value problem by finite differences

We replace also the boundary conditions for example by forward differences
(error O(h)):
Bo yi—» o

h -0
B4 Lh}”‘H = 7
We obtain the system of N + 1 nonlinear equations for N 4+ 1 unknowns
Yo, Y1, ..., ¥n. The resulting system of nonlinear equations is usually solved
by Newton’s method.

oo +

oyn  +

We approximated the equation with the error O(h?), but the error is corrupted
by difference formulas for boundary condition with error O(h). Then the
resulting error is only of order O(h). Let us try to replace boundary conditions
by a difference formula of order O(H?), too.

=3y +4y1 — yo

Yo + ,BOT = %
—4 +
atyn  + 51 ygh1 Yn-2 = M

Then the resulting error will be of order O(H?).



Solution of the boundary value problem by finite differences

Remark It is also possible to apply so called method of fictitious node. For
example we can approximate the boundary condition at the point t = a by

aoyo + /307}/1 ;,{71 =%

and we consider the approximation of the differential equation also for i = 0.

Remark If we write the equations for the solution in the matrix form, in the
case with the error O(h) in approximation of boundary conditions we obtain
also the system with tridiagonal matrix. In all other cases we have to
transform the resulting matrix into the tridiagonal form.



Solution of the boundary value problem by finite differences

Example Let N =3, a=0, b= 1. We approximate the equation (25) with
the error O(H?), boundary conditions (26) with the error O(h), i.e

h=1i=12.
= Yo—2p1+y:  _ Yo — Yo
=1 h2 - f(t17.y1a 2h )
= ynn-2pty o _ Y3 — ¥
i=2 e = f(tg,yg, h )
bc conditions  agyo + Bo 4 ;y" =
=)o
arVs + = )
In the matrix form e+ g h m
Pao-"2) hio 0 0 %
Yo _
1 1 -2 0 v _| o, y22hy1 )
h? 0 1 -2 1 Yo i
» B4 Iz f(to, y2. 22 o)
0 0 —hp4 h (Oq + W) .

The first and last equations result from boundary conditions.

The matrix is tridiagonal.
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