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Phase portraits of non-linear systems of differential equations

Introduction

Phase portraits of linear systems in the plane are global phase portraits - the
system of trajectories covers the entire plane. For nonlinear systems we
usually investigate the local phase portraits in the neighborhood of the
equilibria and then we compose them, to obtain the final global phase portrait.

Remark The following sketches of phase portraits are taken from the |
textbook A. Kli¢, M. Kubi¢ek: Matematika Ill - Diferencialni rovnice, VSCHT
Praha, 1992, ISBN 80-7080-162-X.
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Classification of equilibria of nonlinear systems

Classification of equilibria of nonlinear systems

Let us have a nonlinear system

x = wxy)
y = v(xy).

Let So = (xo, ¥o) is an isolated equilibrium of this system, i.e., it holds
Vi (X07y0) = V2(X07,V0) = 07

and there exists a neighborhood of the equilibrium Sy such that there is no
other equilibrium in this neighborhood.

Taylor expansion v, v» in (Xo, o), (X,¥) € O(Xo, o),

0 0]
nxy) = o po)+ A0 () 1 CUEEIN () 4 Ri(xy)
=0
0 : 0 ;
n(xy) = valoo o)+ 2000 () o PRI () ()

=0
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Classification of equilibria of nonlinear systems

Let us denote

_ 0vi(Xo, o) _ Ovi(X0, Yo)
_ 0va(Xo, Y0) _ 0va(Xo, ¥o)
A= —— 2 ap =t

ox ay
We get the Jacobi matrix J at the point Sy, So = (X0, Yo):

ovi(xo, o)  Ovi(Xo, Yo)

_( an a \ _ ox ay
J(S0) = ( a1 ax ) T 9va(xo,)0)  Ove(xo, Yo)
ox ay

Let us introduce a transformation of coordinates zy :=x — Xxo, Z2 =y — Yo -
Then

equilibrium Sp = (xo, o) is transformed into the equilibrium (z, z2) = (0,0).
We obtain the system

21 = anzi+anz+ Ri(z,2)
Z = anzi+anxz+ R(z,2).
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Linearization of a nonlinear system

Linearization of a nonlinear system

If the neighborhood of Sy is small enough, the numbers
Zi = X — Xo, Z2 = ¥ — Yo and reminders Ry(z1, z2), Rz(z1,22) will be very
small, i.e.,
R =0(x — Xo)2, R =0O(y - }’0)2-
—— N——
V4 22
If we neglect the reminders we get the system of linear differential equations:

z aizy + a2z .
1 1Mz t+anez 2=J(S0) 2
Z> = axnzZi+ a2

linearization of the nonlinear system in O(Sp).

z=J(S) -z ... the equation in variations of the system

x=vi(x,y), y = va(x, ),
J(Sp) ... the matrix of linearization.

The phase portraits of systems of linear differential equations we already
know, now we compute them only in a small neighborhood of the steady
state.
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Linearization of a nonlinear system

*
Example 1 Sketch the phase portrait of the system of nonlinear differential
equations
x = In(y’ —x)
y = x—-y-—1.
Solution At first, we find the equilibria (also called steady states) of the
system
In(y>?-x) = 0 yvi-x =1
x—y—-1 =0 = -y+x =1 -

the system has two steady states Sy = (0, —1), S; = (3,2).

J(x.y) = (y2_11x y22y1x> = J(S) = (_1 Zf) (&) = (_1 f) |

The characteristic equation and eigenvalues of J(S1):
M42X+3=0 = Np=-1+iV2 = Sy is a stable focus .

Similarly, the characteristic equation and eigenvalues of J(S):
N422-83=0 = A\ =1, X =-3 — S,isasaddle
(unstable) .
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Linearization of a nonlinear system

*

Remark To the eigenvalue A1 = 1 corresponds the eigenvector

h = ( "12 > and to the eigenvalue \» = —3 corresponds the eigenvector

1
A > 0 the separatrixs of the saddle come out from S,. For A < 0 the
separatrixs enter the steady state S;.

h, = ( -2 . The vectors hy and h, determine the directions in which for
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Linearization of a nonlinear system

Theorem Let Sy = (X0, yo) be a steady state of the nonlinear system

X = vixy),
y o= w(xy) )

Let J(So) be a corresponding matrix of linearization and let both two
eigenvalues of the matrix J have non-zero imaginary parts.
Then the phase portrait of the nonlinear system (1) in a certain neighborhood
of the steady state Sy is qualitatively the same as the phase portrait of the
system

z=J(Sp)z inthe neighbourhood of the origin . (2)
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Linearization of a nonlinear system

Definition Let Sy = (X0, o) be an isolated steady state of the system (1)
and J(Sp) be the corresponding matrix of linearisation with eigenvalues
A1, A2, which don't lie on the imaginary axis. Then

1) If A2 >0, A\, A2 € R, we call the equilibrium Sy node.

2) If Ay - X2 <0, A1, X2 € R, we call the equilibrium S, saddle.

3) If M2 =a+ib,a-b+# 0 we call the equilibrium S, focus.
Thus, except in the case A1, A2 are located on the imaginary axis, the
classification of phase portraits of nonlinear systems in the neighborhood of

the steady state can be converted into classification of phase portraits of the
linearization of these systems in the neighborhood of the origin.
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Stability of steady states

% Lyapunov stability

Definition The steady state of the system x(t) = v(x(t)) is stable (in the
sense of Lyapunov) <

VO:(X0) 30s5(X0) such that Vx € Os(Xo) is @x(t) € Oc(px (1)) VI > 0.

Remark In the case n = 2, Lyapunov stability means that any trajectory
©x(t), which starts at 6—neighborhood of the point xo remains inside the tube
with a maximum radius e forall t > 0.
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Stability of steady states

* Asymptotic stability

Definition The steady state of the system x(f) = v(x(t)) is
asymptotically stable <=

@ it is stable (in the sense of Lyapunov) and
0 lim p(px(t) = ¢x()) =0 Vx € Os(x0)

Remark In the case n = 2, asymptotic stability means that any trajectory
©x(t), which starts at 6—neighborhood of the point xo gradually converge to
©x () with increasing t.
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Stability of steady states

* Stability of steady states

Theorem Let S, be an equilibrium of the system (1) and let J(So) be a
corresponding matrix of linearization.

If both eigenvalues of the mat-
rix J(Sp) have negative real part,
then Sy is asymptotically Lyapu-
nov stable equilibrium.

If there exists an eigenvalue of
the matrix J(Sp) with a positive
real part, the equilibrium Sp is
Lyapunov unstable.

Let us go back to Example 1.
Si =(0,1), J(S1) has eigenvalues — 1+ iv2 = Sy is asymptotically
Lyapunov stable

S: = (3,2), J(S2) has eigenvalues Ay = 1,\, = =3 = S, is Lyapunov
unstable.
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Stability of steady states

* Example

Example Determine the values of the parameters a, b for which the zero
solution of the system is asymptotically stable.

X=ax+y, y=x+by.

Solution We calculate the eigenvalues )\; of the coefficient matrix A:

A= [1& H det(A — AE) = 0 =

a— A\ 1
1 b—A

Solve the resulting quadratic equation with the parameters a, b.

=0 = N —-(at+tbr+ab-1=0.

D=(a+b)?—4(ab—1)=a +2ab+b* —4ab+4=(a—b)>+4>0.

As can be seen, the discriminant is always positive. Therefore, the
eigenvalues are real numbers and are defined by

a+b+./(a—b)2+4
)\1,2: > .
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Stability of steady states

*

We find the set of values of the numbers a, b at which the eigenvalues A1, A2
are negative (this means that the system is asymptotically stable):

A1 <0 at+b++/(a—b)2+4<0
X2 <0 at+b—+/(a—b)2+4<0

b Adding the two inequalities, we get

a+ b < 0. In this case, the second
inequality v/(a — b)?2 + 4 > a+ b holds
for all a, b satisfying a+ b < 0. Now
] we solve the first inequality and obtain

s ab > 0 for all a, b satisfying a+ b < 0.

The common solution is the region
(shaded in green) below the hyperbola
ab = 1 in the left half-plane. For all va-
lues of a, b from this region, the solu-
tion of the system will be asymptotically
stable.




Hartman-Grobman and Poincaré-Bendixon Theorems

The Hartman-Grobman and Poincaré-Bendixon Theorems are two of the
most powerful tools used in dynamical systems.

The Hartman-Grobman theorem allows us to represent the local phase
portrait about certain types of equilibria in a nonlinear system by a similar,
simpler linear system that we can find by computing the system’s Jacobi
matrix at the equilibrium point.

The Poincaré-Bendixon theorem tells us that if we can show that an orbit with
an initial condition in a region is contained in that region for all future time
then there must be a closed orbit or a fixed point in the region.
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Homeomorfismus

Let us consider two systems of nonlinear differential equations

= v(x), x e My CR? o(t,x) the phase flow on M;, (3)
= u(x), x € Mz C R?, 4(t,x) the phase flow on M. (4)

Definition We say that phase portraits of systems (3) and (4) are
topologically equivalent, if there exists a homeomorphism h: My — Mo,
which maps the trajectories of the first system to the trajectories of the
second system while maintaining orientation, i.e., it holds

h((t,%)) = 3 (t, h(x)) .

Remark h: Mi — M, is a homeomorphism < his a continuous bijection
(one-to-one and onto function) with a continuous inverse (denoted h~ ).
The existence of homeomorphism tells us that M; and M. have analogous
structures.
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Remark h : My — M, homeomorphism

h Kol )

The topological equivalence h does not distinguish between the node and the
focus, for example dicritical node can be by homeomorphism h mapped into
the phase portrait of the stable focus.

In order to distinguish between the node and the focus, h must be a
diffeomorphism, i.e., h must be continuous bijection (one-to-one and onto
function) with a continuous inverse h~' and partial derivatives of both h and
h~" must be also continuous.
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Remark Let systems (3) and (4) be topologically equivalent through the
homeomorphism h. Then

(i) h maps stable (unstable) equilibria of the system (3) to the stable
(unstable) equilibria of the system (4),

(ii) h maps closed trajectories into closed trajectories with the same period,

(iii) h maps w—Ilimit sets of the trajectories of the system (3) into w—limit sets
of the trajectories of the system (4),

(iv) h maps homoclinic (heteroclinic) trajectories of the system (3) to
homaoclinic (heteroclinic) trajectories of the system (4).

Definition Let the trajectory v« correspond to the solution ox(t) of the system
x = v(x(t)). If there is a sequence {#}, lim t = oo such that
I—>00
lim px(t) = z € R” exists, we call the point z an w—limit point of the
I—>00
trajectory .
The set of all w—limit points = w—limit set of the trajectory ~x, denoted as
w(yx) or simply w(x).
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If x4 is a steady state of the system x = v(x(t)), 7a the trajectory of the
solution ga(t), for which it holds

(i) fim a(t) =xi,
(i) lim ga(t) =71,

we say that the trajectory ~va approaches the equilibrium state x4 in the
direction of the vector 7.

Analogously, if for the equilibrium x; it holds
(i) lim op(t) = x2
t——o0
(i) lim op(t) = 72
t——o0
we say that the trajectory +;, of the solution p(t) moves away from the
equilibrium state x. in the direction of the vector 7.

Remark If only the first relation is true and tlim a(t) doesn’t exist, we say
— 00

that the trajectory ends in the point x; (trajectory enters the equilibrium in
spiral). Analogously, ift lim op(t) doesn't exist, the trajectory starts in the
——00

equilibrium x,.
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* Differentiable equivalence between systems

Let us have again two systems
X = v(x), xe M CR? (5)
X = u(x), xe M CR? (6)

where My, M> are domains in R2, h : My — M, homeomorphism that maps
the trajectories of the first system to the trajectories of the second system
preserving the orientatation, i.e., the phase portraits of these systems are

topologically equivalent
h(e(t,x)) = ¥(t, h(x)) -

rewrite as ' (h(x)) = h(¢'(x)), where his the diffeomorphism,

h(x) = h(x1, %) = (h(xi, %), ho(X1, X)) and
ohi(x)  dhs(x) h

/ oh(x

= | oy oy | =20
8X1 TXZ

is the derivative of the diffeomorfism h (Jacobi matrix of the mapping h) .
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Definition We say that the phase portraits of the systems (5) and (6) are
differentiable equivalent if there exists a diffeomorphism h: M; — M., which
maps the trajectories of the first system to trajectories of the second system
preserving the orientatation, i.e., it holds

Wi(h(x)) = h(¢'(x)).

Remark x = v(x), x € M; C R?, x* equilibrium of this system,
y* = h(x*)... equilibrium of the system x = u(x),x € M. C R?. Let

J(x*) ... the matrix of linearization of the first system
in the steady state x*
J(y*) ... the matrix of linearization of the second system
in the steady state y* = h(x™)
Then J(y") = H(x)-J(x°)- (H(x) ",

matrices of the linearization at the steady states are similar,
i.e., they have the same eigenvalues .

Conclusion The differentiable equivalence distinguishes node and focus.
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Hartman-Grobman Theorem

Hartman-Grobman Theorem

Theorem (Hartman-Grobman) Let the system x = v(x),x € R”, have an
isolated steady state x* such that the corresponding matrix of linearization
J(x*) has all eigenvalues with nonzero real parts.

Then there exists O(x*) such that in O(x*) the phase portrait of the system
X = v(x) is topologically equivalent with the phase portrait of the linear
system x = J(x*) - x,, i.e., the phase flows of systems

X = v(x) (nonlinear) and x = J(x*)-x (linear)

are topologically equivalent through a suitable homeomorphism.

Remark This theorem essentially states that the nonlinear system x = v(x) is
locally homeomorphic to the linear system x = J(x*) - .

For n = 2 (planar systems) it may be proved that if the linearization matrix
J(x*) has eigenvalues A1, = a+ ib,a- b # 0, then the trajectories have in
the neighborhood of x* a spiral shape and ends in the steady state x* (if x* is
stable), if x* is unstable the trajectories have also the shape of spirals but in
this case they move away from x*.
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Bendixon’s criterion

Bendixon’s criterion

The Bendixon’s criterion tells us that if we can show that an orbit with an
initial condition in a region is contained in that region for all future time then
there must be a closed orbit in the region.

Theorem (Bendixon'’s criterion) Let us have a planar system of differential

equations
X = V(x)7 X = (X1 ) X2) € RZ’ i.e., i; z ZEQ’X; :
If ovi(X)  Ova(X)
) _ ovi(X Vo(X
divv(x) = ax; + X 70

on a simply connected domain D C R? then the system X = v(x) does not
have in D any closed trajectory v C D.
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Bendixon’s criterion

Example The system of differential equations in the plane:

X = —y+x(1=x =y, owly) = —y+x(1-x =y,
Y= x+y(1-xt—y?), Cove(xy) = x+y(l—x2—y7).
3V1 8V2
=1- — =1—-x°—
x 3 -y, By Xt -3y
diwx) =2(1 =203 +y?) =0 = X242 = % ,
divv(x) >0 <= x*+y*< % =
By Bendixson’s criterion, inside the circle there cannot be any whole closed
trajectory.

Remark The outside of the circle is not a simply connected domain and the
criterion can not be used. We know nothing about the existence of a closed
trajectory outside the circle.
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