Krivkovy integral skalarniho pole

V nésledujicich prikladech budeme pocitat kiivkové integraly skaldrniho pole f podél kiivky K. Piikazy jsou
zapsany cervenou barvou, "maplovskd” feSeni pak barvou modrou.

Piikazy, které budeme potiebovat, jsou obsazeny v baliku programu VectorCalculus, ktery si otevieme
nasledujicim ptikazem :

> with(VectorCalculus);

Warning, the assigned names <,> and <|> now have a global binding

Warning, these protected names have been redefined and unprotected: *,
+, ., D, Vector, diff, int, limit, series

&z, *, +, ., <,>, <| >, AddCoordinates, ArcLength, BasisFormat, Binormal,
CrossProduct, Curl, Curvature, D, Del, DirectionalDiff, Divergence, DotProduct,
Flux, GetCoordinateParameters, GetCoordinates, Gradient, Hessian, Jacobian,
Laplacian, Linelnt, MapToBasis, Nabla, PathInt, PrincipalNormal,
RadiusOfCurvature, ScalarPotential, SetCoordinateParameters, SetCoordinates,
Surfacelnt, TNBFrame, Tangent, TangentLine, TangentPlane, TangentVector,
Torsion, Vector, VectorField, VectorPotential, Wronskian, diff, eval VF, int, limit,

series]
V prvnich 9 ptikladech budeme integrovat skalarni pole
f:R?> = R, a to podél 2-rozmérné kiivky. Vétsinou budeme pracovat s kartézskymi souradnicemi. Musime
to vSak ”Maplu sdélit”. To se provede pomoci nasledujiciho ptikazu:

> SetCoordinates(cartesian[x,y]);
cartesiany,
Priklad 1: f(z,y) = zy, K je tsecka PQ, P = (1,0), Q = (0,2).
Resent :
> PathInt( x*y, [x,y] = Line( <1,0>, <0,2>

), ’inert’ )=PathInt( xx*y,
[x,y] = Line( <1,0>, <0,2> ));
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Piiklad 2: f(z,y) = 2?2 +y?, K je tsetka PQ, P = (1,1), Q = (3,3).
Reseni :
> PathInt( x"2+y~2, [x,y] = Line( <1,1>, <3,3> ),’inert’ )=PathInt(
x"2+y~2, [x,y] = Line( <1,1>, <3,3> ));

/1 (1+2t)2/2dt =
0

Piiklad 3: f(x,y) =2z +y, K je obvod trojihelnika s vrcholy A = (0,0), B=1(0,2) C = (1,0).

Reseni :

Protoze na kiivku lze v tomto piipadé nahlizet také jako na lomenou ¢aru, ktera zacind a konéi ve stejném
bodé, lze kiivkovy integral spocitat pomoci nasledujictho piikazu:

52f

> PathInt( x+y, [x,y] = LineSegments( <0,0>, <0,2>, <1,0>, <0,0>
> ),’inert’)=PathInt( x+y, [x,y] = LineSegments( <0,0>, <0,2>,

> <1,0>,<0,0> ));
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Piiklad 4: f(z,y) = 22, K je oblouk kiivky y =Inx, 7 €<1,2>.
Reseni :
Kiivku K lze parametrizovat takto: x =t¢, y =1Int, t €< 1,2 > .
Ktivkovy integral potom spocteme pomoci nésl. piikazu:



> PathInt( x°2, [x,y] = Path( <t,1ln(t)>, t=1..2 ),’inert’ )=PathInt(
> x°2, [x,y] = Path( <t,1n(t)>, t=1..2 ));
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Piiklad 5: f(x,y) =z, K je oblouk paraboly y = 2%, s koncovymi body A = (1,1), B = (2,4).
Reseni :

Kiivku K lze parametrizovat takto: x = ¢, y =t2, t €< 1,2 > .

Kfivkovy integral potom spo¢teme pomoci nésl. piikazu:

> PathInt( x, [x,y] = Path( <t,t"2>, t=1..2 ),’inert’ )=PathInt( x,
> [x,y] = Path( <t,t"2>, t=1..2 ));
5\f 1717

VI+4e
/t AR dt =~ 5

Piiklad 6: f(z,y) =y, K je oblouk paraboly y? = 2pz, s koncovymi body 4 = (0,0), B = (0,2).
Reseni :

Kiivku K lze parametrizovat takto: xz = %, y=t, te<0,2>.

Kiivkovy integral potom spocteme pomoci nasl. piikazu:

> PathInt( y, [x,y] = Path( <t"2/(2*p),t>, t=0..2 ),’inert’ )=PathInt(
>y, [x,y] = Path( <t"2/(2%p),t>, t=0..2 ));

I +4
)(3/2)p2

[ofi B L

Piiklad 7: f(x,y) = /2y, K je vétev cykloidy zadané parametricky: = = 2(t—sint), y = 2(1—cost), t €<
0,2m >
Resent :

> PathInt( sqrt(2*y), [x,y] = Path( <2*(t-sin(t)),2*(1-cos(t))>,
> t=0..2%Pi ),’inert’ )=PathInt( sqrt(2*y), [x,y] = Path(
> <2%(t-sin(t)),2*%(1-cos(t))>, t=0..2%Pi ));
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Piiklad 8: f(z,y) = arctg £, K je ¢ast Archimedovy spirdly zadané v polarnich soufadnicich rovnici
r=p, pe<0,1>.

Reseni :

l.zpusob: Kfivku lze zadat jako "maplovsky” Vector v poldrnich soufadnicich: < r(p), o >=< p,p >=<
t,t >, prejmenujeme-li proménnou ¢ na t.

Kiivkovy integral potom spoc¢teme pomoci nasl. pirikazu:

> PathInt( arctan(y/x), [x,y] = Path( <t,t>, t=0..1,’coords’=’polar’
> ),’inert’ )=PathInt( arctan(y/x), [x,y] = Path( <t,t>,
> t=0..1,’coords’=’polar’ ));

/0 arctan( sin(t) ) v/ (cos(t) — tsin(t))2 + (sin(t) + tcos(t))2 dt =
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Vidime, ze Maple integral nespocital. Zkusme tedy
2.zpusob: Ten spociva v tom, ze pomoci transformaénich vztaht mezi polarnimi a kartézskymi souradnicemi
sestavime parametrické rovnice kiivky K v kartézskych soutadnicich:
r =rcost =tcost, y=rsint =tsint, t €<0,1>.
Kftivkovy integral potom spocteme pomoci nésl. piikazu:

Q

> PathInt( arctan(y/x), [x,y] = Path( <txcos(t),t*sin(t)>, t=0..1
> ),’inert’ )=PathInt( arctan(y/x), [x,y] = Path( <t*cos(t),t*sin(t)>,
> £=0..1));



! sin
/0 arctan( os((g) V/(cos(t) — tsin(t))2 + (sin(t) + ¢ cos(t))2 dt =
/0 arctan(:iotig) V/(cos(t) — tsin(t))2 + (sin(t) + t cos(t))2 dt

Vidime, ze Maple integral opét nespocital. Zkusme "mu tedy pomoci” dpravou integrandu:

Q

> Int(arctan(tan(t))*sqrt((cos(t)-t*sin(t)) "2+(sin(t)+t*cos(t))~2),t=0.
> .1)=int(arctan(tan(t))*sqrt((cos(t)-t*sin(t)) "2+ (sin(t)+t*cos(t))"2),t
> =0..1);

/0 arctan(tan(t)) y/(cos(t) — tsin(t))2 + (sin(t) + t cos(t))2 dt =

/1arctan(tan(t)) V/(cos(t) — tsin(t))? + (sin(t) + t cos(t))2 dt

0
Maple integrél znovu nespocital. Zkusme "mu tedy pomoci” jesté néasledujici upravou integrandu:

m™ T
arctg tgt =1t, protoze t €< 0,1 >C< 33 > .

> Int(t*sqrt((cos(t)-t*sin(t)) "2+(sin(t)+t*cos(t))~2),t=0..1)=int (t*sqr
> t((cos(t)-t*sin(t)) "2+ (sin(t)+t*cos(t))"2),t=0..1);

/0 t+/(cos(t) — tsin(t))2 + (sin(t) + t cos(t))2 dt = & 1

3 3
Priklad 9: f(z,y) = ﬁ, K je ¢ast hyperbolické spirdly zadané v polarnich soutfadnicich rovnici
re+y<)2

r:i,¢e<¢3h@>.
Reseni :
7 hlediska zpusobu feseni mame 2 moznosti-stejné jako v pfedchozim piikladé.
1.zpusob:

> PathInt( 1/(x"2+y~2)"(3/2), [x,y] = Path( <1/t,t>,

>  t=sqrt(3)..2*sqrt(2),’coords’=’polar’ ),’inert’ )=PathInt(

> 1/(x"2+y~2)°(3/2), [x,y] = Path( <1/t,t>,

> t=sqrt(3)..2*sqrt(2),’coords’=’polar’ ));
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2.zpusob:

> PathInt( 1/(x"2+y~2)~(3/2), [x,y] = Path( <1/t*cos(t),1/t*sin(t)>,
> t=sqrt(3)..2%sqrt(2) ),’inert’ )=PathInt( 1/(x"2+y~2)"(3/2), [x,y] =
> Path( <1/t*cos(t),1/t*sin(t)>, t=sqrt(3)..2*sqrt(2) ));
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V nésledujicich 3 piikladech budeme integrovat skaldrni pole
f: R?— R, a to podél 3-rozmérné kiivky. Protoze budeme pracovat
s 3-rozmérnymi kartézskymi souradnicemi, musime si je umét v Maplu ”vyvolat”. To se provede pomoci nasl.
piikazu:

> SetCoordinates(cartesian[x,y,z]);

cartesiany, y, -



Piiklad 10: f(z,y,2) = (Izz—ij), K je zavit Sroubovice z = 2cost, y = 2sint, z =2t, t €< 0,27 > .
Resenti :
> PathInt( z°2/(x"2+y"2), [x,y,z] = Path( <2*cos(t),2*sin(t),2*t>,

> t=0..2%Pi ),’inert’ )=PathInt( z"2/(x"2+y"2), [x,y,z] = Path(
> <2xcos(t),2*sin(t),2%t>, t=0..2%Pi ));
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Priklad 11: f(z,y,2) = m, K je ddna parametrickymi rovnicemi z = e cost, y = e'sint, z =
e, te<0,1>.
Reseni :

> PathInt( 1/(x"2+y~2+z"2), [x,y,z] = Path(

>  <exp(t)*cos(t),exp(t)*sin(t),exp(t)>, t=0..1 ),’inert’ )=PathInt(

> 1/(x"2+y"2+z"2), [x,y,z] = Path( <exp(t)*cos(t),exp(t)*sin(t),exp(t)>,

> t=0..1));
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Piiklad 12: f(z,y,2) = z, K je ddna parametrickymi rovnicemi x = tcost, y = tsint, z = t, t €<
Q, 27 > .
Resent :

> PathInt(z, [x,y,z] = Path( <t*cos(t),t*sin(t),t>, t=0..2%Pi ),’inert’
> )=PathInt(z, [x,y,z] = Path( <t*cos(t),t*sin(t),t>, t=0..2%Pi ));
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/027Tt V/1+ (cos(t) — tsin(t))2 + (sin(t) + tcos(t))2 dt =



