Reseni parcialni diferencialni rovnice metodou Crank — Nicolsonové

PDEParabCN := proc (n, m, k, a, b, g, e, f, alfal, betal, alfa2, beta2, gamal, gamaz2, phi)
localh, n1, m1, u, i, j, alfa, beta, x, F, d1, d2, d3, p, g, r, s, pom, up, df, k1;

with(linalg);
h:= (b-a)/n;
nl:=n-+1;
ml:=m+1;
k1l := k/2;

alfa := evalf (k/ (2*h*h));
beta := evalf (k/ (4*h));
df := D[3](f);
x := Vector(nl,i — a+ (i-1) *h);
u = Matrix((m1,nl),0);
dl := Vector(n-1,0);
d2 := Vector(n-1,0);
d3 := Vector(n-1,0);
F := Vector(n-1,0);
#profil u - 0 vrstva
for i from 1 tonl do
ull, i] = evalf (phi(x[i]));
end do;
#Vypocet diagonal v matici A a pravé strany, u(j +1)=F(j) +A*u(j)
for jfrom 1 tomdo
forifrom1lton-1do
difi] :=-evalf (g(x[i+ 1], j*k) *alfa-e(x[i+ 1], j*k) *beta);
d2[i] :==evalf (1 +2*alfa*g(x[i + 1], j*k)-k1*df (x[i +1],j*k u[j,i+1]));
d3[i] :=-evalf (g(x[i4+1],j*k) *alfa+e(x[i 4+ 1], j*k) * beta);
Fli]:=-evalf ((g(x[i+1], (j-1)*k)*alfa-e(x[i+1], (j-1)*k) *beta) *u(j, i)
+ (1-2*alfa*g(x[i +11, (j-1)*k) - (k1*df (x[i +1],j*k u[j,i+21])))*ul[ji+1]
+ (g(x[i+1] (j-1)*k) *alfa+e(x[i+1], (j-1)*k) *beta) *u(j,i+2) +k1* (f(x[i
+1L)*kulj, i +1]) +f(x[i+1], (J-1) *kulj,i+1])));
end do;
# Dosezeni okrajovych podminek do prvni a posledni rovnice
p:=1/(alfal*2*h-3*betal(j*k));
r:= betal(j*k) *p;
pom :=d1l[1]*r;
d2[1]:=d2[1]-4*pom,
d3[1] := d3[1] + pom;
F[1]:==F[1l]-2*h*gamal(j*k)*d1[1]*p;
g:=1/(alfa2*2*h + 3*beta2(j*k));
s := beta2( j*k) *q;
pom := d3[n-1]*s;
d2[n-1]:=d2[n-1] 4 4* pom;
di[n-1]:=d1l[n-1]-pom,
Fln-1]:=F[n-1]-2*h*gama2(j*k)*d3[n-1]*q;
# Vypocet profilu u - j #1 vrstva, tj. pro t=j*k
up := TriDiagonalSolve(n-1, d1, d2, d3, F);
for ifrom2tondo
ulj+1,i] = up[i-17;
end do;



# vypocet okrajovych podminek - j +1 vrstva, tj. pro t=j*k
ul[j+1,1]1:==2*h*gamal(j*k) *p-r*(4*u[j+1,2]-u[j+1,3]
u[j+1,nl]=2*h*gama2(j*k)*q+s*(4*u[j+1,n]-u[j+1,n-17);

end do;

RETURN (eval(u));
end proc:

¥ Priklad 1:

phi := x—sin(evalf (Pi-x) ) :

alfal :=1:
betal :=t—0:
alfa2 :=1:
beta2 :=t—0:

gamal :=t—0:
gama2 :=t—0:

g:==(x,t)—>1:
e:= (x,t)—0
f:=(xty)—0
n:=10:
m:= 80 :
k := 0.005:
h =1;0;

n
T:=k-m

vys := PDEParabCN (n, m, k, 0.0, 1.0, g, ¢, f, alfal, betal, alfa2, beta2, gamal, gamaz2, phi);

data := [seq([seq([0 + (i—1)-h,vys[},i]],i=1.n+21)],j=1.m+1)]:

with( plots) :

0.1000000000
0.400

81 x 11 Matrix

Data Type: anything
Storage: rectangular
Order: Fortran_order

display(seq(listplot(data[i]), i=1..m));

)i

(1.1)

(1.2)



a=subs(l.m+1=0.T,1..n+1=0. 1, matrixplot(vys[1.. m+1,1..n+1] labels=1[t,

X, ul)):
display(a, view=[0..T,0..1,0..1]);



V¥ Priklad 2

phi == x—1 —x-X:
alfal :=1:

betal :=t—0:
alfa2 .= 1:

beta2 := t—0:
gamal :=t—1:

g:= (x,t)—1
e:= (xt)—1:
f:= (X, tly)_)_exp(_y)
n:=10:
m:= 50 :
k := 0.005:
h:= E;
n
T:=k-m

0.1000000000




0.250
vys := PDEParabCN (n, m, k, 0.0, 1.0, g, ¢, f, alfal, betal, alfa2, beta2, gamal, gamaz2, phi);

51 x 11 Matrix
Data Type: anything
Storage: rectangular

Order: Fortran_order

data := [seq([seq([0 4+ (i—1)-h,vys[},i]},i=1.n+1)],j=1.m+1)]:
with( plots) :

display(seq(listplot(data[i]), i=1..m));
1
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(2.1)

(2.2)

a=subs(l.m+1=0.T,1..n+1=0. 1, matrixplot(vys[1.. m+1,1..n+1] labels=Tt,

X, uj)):
display(a, view=[0..T,0..1,0..1]);



Reseni parcialni diferencialni rovnice metodou Crank-Nicolsonové s

centralni nahradou okrajovych podminek
PDEParabCNc := proc (n, m, k, a, b, g, e, f, alfal, betal, alfa2, beta2, gamal, gama2, phi)
local h, n1, m1, u, i, j, alfa, beta, x, F, d1, d2, d3, p, g, r, S, pom1, pom2, up, df, k1;

with(linalg);
h:= (b-a)/n;
nl:=n-+1;
ml:=m-+1;
kl :=k/2;

alfa := evalf (k/(2*h*h));
beta := evalf (k/ (4*h));
df :== D[3](f);
x := Vector(nl,i — a+ (i-1) *h);
u = Matrix((ml1,nl),0);
dl := Vector(nl, 0);
d2 := Vector(nl, 0);
d3 := Vector(nl, 0);
F := Vector(nl, 0);
#profil u - 0 vrstva
forifrom1tonldo
ull,i] := evalf (phi(x[i]));



end do;
poml := phi(a-h);
pom2 := phi(b 4+ h);
#Vypocet diagonal v matici A a pravé strany, u(j +1)=F(j) +A*u(j)
for jfrom 1 tomdo
forifrom1tonldo

dili] :=-evalf (g(x[i], j*k) *alfa-e(x[i], j*k) *beta);
d2[i] :=evalf (1 +2*alfa*g( [1], j*k)-k1*>df (x[i],j*k u[],i]));
d3[i] :=-evalf (g(x[i], j*k) *alfa +e(x[i], j*k) * beta);

end do;

forifrom2tondo

Fli] —evalf(( (x[i], (j-1) *k) *alfa-e(x[i], (j-1) *k) *beta) *u(j,i-1) + (1
-2*alfa*g(x[il, (j-1) *k) - (k1>df (x[i], j*k ul]j, i]))) *ul], i] + (g(x[i], (j-1) *k)
*alfa+e(x[i], (j-1)*k) *beta) *u(j, i +1) +kL* (f(x[i],j*k u[j, 1]) +f(x[i], (j-1)
*k ulji1)));

end do;

F[1]:=evalf ((g(x[1], (j-1)*k) *alfa-e(x[1], (j-1) *k) *beta) *poml 4 (1-2
*alfa*g(x[1], (j-1)*k)-k1*df (x[1], j*k, ulj, 11)) *ul[], 1]+ (g(x[1], (j-1)*k)*alfa
17;)6)()X[1], (j-1)*k) *beta) *ulj, 2] +k1* (F(x[1], j*k u[]j, 1]) +f(x[1], (j-1)*k ulj,

F[nl] :=evalf ((g(x[nl], (j-1)*k)*alfa-e(x[nl], (j-1)*k)*beta) *u[j,n]+ (1-2
*alfa*g(x[nl], (j-1)*k)-k1*df (x[nl], j*k u[],nl]))*u[]j,nl]+ (g(x[nl], (j-1)*k)
*alfa+e(x[nl], (j-1)*k) *beta) *pom2 +k1* (f (x[nl],j*k u[j,nl]) +f(x[nl], (j-1)
*k,ulj,nl])));

# Dosezeni okrajovych podminek do prvni a posledni rovnice

if betal(t) =0thend2[1] := alfal; d3[1] := 0; F[1] := gamal( j*k) else

p := 2*h/betal(j*k);

d2[1] := d2[1] +alfal*d1[1]*p;

d3[1]:=d3[1]+d1[1];

F[1]:= F[1]+gamal(j*k)*d1[1]*p;

end if;

if beta2(t) =0 then d2[nl] := alfa2; d1[nl] := 0; F[n1] := gama2( j* k) else

q:=2*h/beta2(j*k);

d2[nl] = d2[nl]-alfa2*d3[nl]*q;

di[nl]:=dl[nl]+d3[nl];

F[nl]:= F[nl]-gama2(j*k)*d3[nl]*q;

end if;

# Vypocet profilu u - j #1 vrstva, tj. pro t=j*k

up := TriDiagonalSolve(nl, d1, d2, d3, F);

forifrom1tonldo

ulj+1,i]:= up[i];

end do;

# vypocet pomocnych okrajovych hodnot - j +1 vrstva, tj. pro t=j*k

if betal(t) =0 then poml := gamal( j* k) /alfalelse

poml := (-gamal(j*k) +alfal*u[j+1,1])*p+u[]j+1,2]

end if;

if beta2(t) =0 then pom2 := gama2( j* k) /alfa2 else

pom2 := (gama2(j*k)-alfa2*u[j+1,nl])*p+u[j+1,n]

end if;
end do;

RETURN (eval(u));
end proc:



¥ Priklad 1:

phi := x—sin(evalf (Pi-x) ) :
alfal :=1:

betal :=t—0:

alfa2 :=1:

beta2 :=t—0:

gamal :=t—0:

gama2 :=t—0:

g:==(x,t)—>1:
e:= (x,t)—0
f:=(xty)—0
n:=10:
m := 80 :
k := 0.005:
b L0
n
T:=km
0.1000000000
0.400 (3.1)

vys := PDEParabCNc(n, m, k, 0.0, 1.0, g, e, f, alfal, betal, alfa2, beta2, gamal, gama2, phi);
[ 81x11Matrix |

Data Type: anythin
yp ything (32)
Storage: rectangular

Order: Fortran_order
(3.3)

data := [seq([seq([0 + (i—1)-h,vys[},i]},i=1.n+1)],j=1.m+1)]:
with( plots) :

display(seq(listplot(data[i]), i=1..m));




a=subs(l.m+1=0.T,1..n+1=0. 1, matrixplot(vys[1.. m+1,1..n+1] labels=1[t,

X, ul)):
display(a, view=[0..T,0..1,0..1]);



V¥ Priklad 2

phi == x—1 —x-X:
alfal == 1:

betal :=t—0:
alfa2 == 1:

beta2 := t—0:
gamal :=t—1:
gama2 := t—0:

= (X,

n:=10:

m:= 50 :

k := 0.005:

h:= ﬁ;
n

T:=k-m

0.1000000000

0.250 (4.1)
vys := PDEParabCNc(n, m, k, 0.0, 1.0, g, e, f, alfal, betal, alfa2, beta2, gamal, gama2, phi);




51 x 11 Matrix

Data Type: anythin
yp ytning (4.2)
Storage: rectangular

Order: Fortran_order

data := [seq([seq([0 4+ (i—1)-h,vys[},i]},i=1.n+1)],j=1.m+1)]:
with( plots) :

display(seq(listplot(data[i]), i=1..m));
1
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0.6
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a=subs(l.m+1=0.T,1..n+1=0. 1, matrixplot(vys[1. m+1,1..n+1] labels=Tt,

X, uj)):
display(a, view=[0..T,0..1,0..1]);






