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Studyprogram:AppliedMathematics
Studyfield:AppliedMathematics

1



This thesis was written at the Department of mathematics, Institute of Chemi-
cal Technology, Prague, in 2005, summarizing my results of the past ten years. It
was defended on May 10, 2006.

For the preparation of this thesis I used exclusively those sources cited in the
list of references.

Prague, January 25, 2006,
corrected May 11, 2006. Pavel Pokorný

2



Acknowledgment:
Iwouldliketothanktomyancestorsforgivingeducationtotheirchildren,to
mywifeJanaforlove,patienceandunderstanding,tomysupervisorprof.Klı́čfor
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1Summary
Keywords:
dynamicalsystems,
differentialoperator,
Baker-Campbell-Hausdorffformula,
sparsestsolution.

Theoriginalinspirationtothisresearchcomesfromchemicalengineering.
Experimentalstudieshaveshownthatsomecatalyticprocesses,whichwereusu-
allyoperatedinstationaryregimes,canbesignificantlyimproved(intermsof
selectivity,conversionetc.)iftheyareforcedtooperateinperiodicregimes.A
specialclassoftheseprocessesincludesreactorswithperiodicflowreversal.The
detailedmathematicaldescriptionofsuchareactorwouldrequireasystemof
partialdifferentialequationswithalargenumberofparameters.

Tounderstandthebasictypesofdynamicalbehaviorofsuchsystems,we
startedwithmodelsintheformofordinarydifferentialequationswheretheflow
reversalismodeledbytwodifferentvectorfields ��"!���=�A����actingoneafter
theother�� ������������ where��������isperiodicin�withperiod������satisfying

���������� ���if�v��&�� !���if���&���?g Wecallthistypeofdynamicalsystems“zig+zagdynamicalsystems”.
Theoutputofourresearchactivityinthisfieldconsistsofthreemainparts

(besidespostersandlecturesatinternationalconferences):

�[KP]Klı́čA.,PokornýP.:OnDynamicalSystemsGeneratedbyTwoAl-
ternatingVectorFields.Int.J.Bif.Chaos6,2015(1996).

�[KPR]Klı́čA.,PokornýP.,ŘeháčekJ.:Zig-ZagDynamicalSystemsand
theBaker-Campbell-HausdorffFormula.Math.Slovaca52,79-97(2002).

�ThisPhDthesiswhichweintendtopublishinascientificjournalafterminor
modifications.

In[KP]Dynamicalsystemsgeneratedbytwovectorfieldsarestudiedboth
analyticallyandnumerically.Aspecialcaseisconsidered,namelywhenthetwo
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vector fields are related by an involution. A map
�

is called involution if its
second iterate is equal to identity. A linear involution is represented by a matrix�

satisfying ����� � �
where

�
is the identity matrix. Two vector fields  ��"! are

�
-related if! � ��� � � � ���  � � � g

This is a good starting point to investigate systems modeling chemical reactors
with periodic flow reversal, when the reactant gases flow for a certain time interval
from one side and then for another time interval they flow from the opposite side.

Four examples of this type of models were chosen in [KP] for numerical study:� blinking nodes� blinking cycles� blinking Lorenz and� blinking vortices.

Detailed numerical investigation suggests that for small switching time inter-
val � the resulting system can be approximated by the averaged system� �� � � # � � �
where # � � � �  � � �?� ! � � �� g

In [KPR] this observation was refined in the following way. Taking the av-
erage of the two vector fields is just the first order approximation of an infinite
series approximation. The system of two blinking cycles was chosen to test our
hypothesis. By blinking cycles we mean the following: a 2-dim system given in
polar coordinates

� j � ; � � j� � ��j ��s � W j � �� ;� � � Y
has a stable limit cycle with radius

s
and with the center in the origin. Writing the

system in Cartesian coordinates and shifting the center one unit to the right we get

8
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thevectorfield whileshiftingthecenteroneunittotheleftwegetthevector
field!.

Ourconjecturein[KPR]wasthatthevectorfielddescribingthebehaviorof
theresultingsystemisgivenbytheBaker-Campbell-Hausdorff(BCH)formula.
Takingtheaveragedsystemandalsotakingonlythefirsttwoorthreetermsin
theBCHseriesresultedinadynamicalsystemwithaqualitativelydifferentphase
portrait.Itwasourgreatjoytoseethattakingthefirstfourtermsgivesasystem
withthephaseportraitindistinguishablefromtheoriginalone.

IttookusthreeyearstofindasatisfactoryproofthattheBCHseriesisindeed
therightformfortheapproximationofthezig+zagdynamicalsystems.ThisPhD
thesisbringsthedesiredproofalongwithfurtherresults.

ThemainresultspresentedinthisPhDthesisareasfollows.Insection3
foragivensmoothvectorfield �������weintroducealinearfirstorder
differentialoperator>  actingonsmoothmaps;������ >  �t;��;,� whereboth;and arefunctionsof��9��.Thusinfullformitreads

>  �t;�����;,���� ���g WeshowthatthesolutionofODE� �� ���
withtheinitialcondition

������
	 canbeformallywritten(assumingtheseriesconverges)as

������J � 0(L	�0 ]���
�0(�����J � 0(L	�0 ]��>  08�
	�E�FHG��>  �8�
	�g

Insection4weapplythisformalismtoadynamicalsystemgeneratedbytwo
alternatingvectorfields and!actingoneaftertheother.Ouraimistofinda
shortcut–athirdvectorfield#thatmovesthepointinthestatespacefromthe
sameinitialconditiontothesamefinalpointinthesametime.Insection5weuse
theTaylorexpansiontofindthefirstfewtermsoftheexpansionoftheshortcut#.
Insection6wefindthefullformoftheexpansionoftheshortcut#.Tothis
purposewefirsthavetoreplacecompositionofflowsbycompositionofoperators

E�FHG�> '�8=�E�FHG�> %�8�E+F�G�> %�E+FHG�> '�8g 9
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Then we can use the good old Baker–Campbell–Hausdorff formula that gives (for
non-commuting � and � ) the solution toE�FHG�� � E+F�G � E�FHG �
for � in the form of an infinite series of commutators of � and � . For commuting� and � (which is the case for real or complex numbers) we have just� � � � �
while for non-commuting � and � (which is the case for square matrices or oper-
ators) we have� � � � � � Y� c ��� � e � YY � � c ������� � e W c � ����� � e � W Y��� c ��� � ����� � e �� Y� � �1W c ��������������� � e W � c ������� � ����� � e W � c ��� � � � ����� � e �� � c � ������������� � e � � c � ����� � ����� � e � c � � � � � ����� � e ���� Y� � � � � c ��� � � � � � ����� � e � c � ����������������� � e �� � c � ��������� � ����� � e W � c � � � ������������� � e ��� g\g\g
Here square brackets denote nested commutator defined by (39) and (44).

This form is not unique and in section 7 we derive detailed relation between
the form of the BCH series in words and in commutators. This relation can be
expressed conveniently by an infinite series of square matrices

n h
, where eachn h

is a j o j matrix of integer numbers. Then we apply our results to derive
identities between commutators. The simplest of them beingc ��� � e � c � ���-e ��� g
Each such identity corresponds to one vector of the kernel of the matrix

n h
. These

identities can be used to reduce the number of terms of a given order in the BCH
series. We formulate the problem to find the sparsest form of the BCH series (i.e.
the form that has the least number of terms of a given order). This problem can be
solved by finding the sparsest solution to a given linear under-determined system
of algebraic equations. We give an explicit algorithm to find the sparsest solution
and we present numerical examples for illustration.

In section 13 we generalize our previous results to more than two vector fields.
In section 14 we apply our results to the case of a dynamical system generated

by four vector fields  ��"!
� W  �� W ! and give a useful interpretation of the commu-
tator

c  ���!�e .
10
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2Introduction
Considerableattentionhasbeendevotedtodynamicalsystemsintheformofaset
of�firstorderordinarydifferentialequations(ODE)

�� ���_����(1)

where�������isacontinuousvectorfield.
Thepresentworkdealswithageneralizationoftheabovedynamicalsystem,

namelywithdynamicalsystemswithdiscontinuousrighthandside

�� ������������(2)

where

���������� ���if������������ !���if������������(3)

where���������(calledtheswitchingfunction)isacontinuousfunctionofboththe
state�andofthetime�. Wedonotdealwiththequestionhowtodefine��������for���������� �here.
Thisquestionisimportantwhen���������dependson�,see[8].Herewecantake
eitheroneofthesinglesidelimits.

Weconsideraspecialcasewhentheswitchingfunction���������doesnotde-
pendon�andisperiodicin�withperiod������andhasthespecialform

������������if��¡�¢�� ��if��£�¢���?g(4)

Sowearriveatthezig+zagdynamicalsystem

�� ������������(5)

where��������is��-periodicin�satisfying

���������� ���if�v��&�� !���if���&���?g(6)

Anoteontheterm“zig+zag”:analternativenameis“zig-zag”wherethehy-
phen(“-”)meanssimplejoiningoftwowords.Weuse“zig+zag”intentionallyto

11

andcSlide�Wrigglee� Q#"�� Q#"��"(%)'������ïg Thelasttwovectorfieldsareproportionaltothevectorfield

� Q#"��"(%)'������ï which,inturn,isequaltoDrivefor�����,thusgivingnothingnew.
ThiscanbeconvenientlycomputedbythefollowingMathematicaprogram

Steer={0,0,0,1};
Drive={Cos[a+b],Sin[a+b],Sin[b],0};
d[f_]:=Outer[D,f,{x,y,a,b}];
com[f_,g_]:=d[g].f-d[f].g;
Wriggle=com[Steer,Drive];
Slide=com[Wriggle,Drive]//Simplify;
SlideSteer=com[Slide,Steer];
SlideDrive=com[Slide,Drive];
SlideWriggle=com[Slide,Wriggle];

Print["Slide=",Slide];
Print["[Slide,Steer]=",SlideSteer];
Print["[Slide,Drive]=",SlideDrive];
Print["[Slide,Wriggle]=",SlideWriggle];
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distinguish between plus (“+”) and minus (“-”) where minus stands for the oppo-
site of plus. This convention is useful when studying systems “zig+zag-zig-zag”,
i.e. systems generated by four vector fields  ���!.� W  �� W ! where the third vector
field is equal to the first one when multiplied by minus one and the fourth vector
field is equal to the second one when multiplied by minus one, see chapter 14. Still
another name could be “dynamical systems generated by two or more alternating
vector fields”.

2.1 Motivation
The motivation to investigate zig+zag dynamical systems comes from chemical
engineering, see [27], [28], [23], [24]. There has been an increasing interest in
periodically forced processes in literature recently. Application of forced unsteady
operating conditions seems to be beneficial in several heterogeneous catalyzed
processes ([3], [29] [31], [12]). Experimental studies ([32], [18]) have shown
that some catalytic processes, which were usually operated in stationary regimes,
can be significantly improved (in terms of selectivity, conversion etc.) if they are
forced to operate in periodic regimes. Theoretical and experimental studies have
shown that several processes can be operated auto-thermally avoiding the use of
heat exchanger [15], [16].

2.2 Previous results
In [33] we studied zig+zag dynamical systems, where the two vector fields are
related by a linear involution

�
(a map is called involution if its second iteration

is identity) i.e. we studied systems of the form! � �_� � � � ���  � � �
where the matrix

�
satisfies ����� � �

here
�

is the identity matrix.
For small switching period � the method of averaging was used to approximate

the non-autonomous zig+zag system by an autonomous system� �� � �  � � �?� ! � � �� g
12

we have c
Steer � Drivee � �XW,"(%)'?� � � � � �� Q#"�� � � � � �( Q#"\� � � � � � ï (56)

meaning �� � W-"(%
'?� � � � ��� �  Q#"�� � � � ��
� �  Q#"�� � ��
� � � g

Note that the angle � gives the orientation of the car (relative to a chosen direc-
tion), the angle � gives the orientation of the driving wheel (relative to the car)
and the angle � � � gives the direction at which the center of the front axle moves
when driving. Then the vector field (56) describes a motion of the car when the
car moves in a direction perpendicular to the direction it would drive; rotating
with a constant angular velocity

�
� �  Q#"�� � � ; with fixed position � of the driving

wheel. This motion can be called Wriggle (česky: vrtět se) defined by

Wriggle � c
Steer � Drive etg

It is easy to show that c
Wriggle � Steer e � Drive

thus giving nothing new. Butc
Wriggle � Drive e � �1W-"(%
'?� � � �� Q+"\� � � � � � � � ï g

This motion can be called Slide, thus

Slide � c
Wriggle � Drive e

because the car moves in a direction perpendicular to its axis and does not rotate!
This is the very motion needed to park a car to a space that is just a little longer
than the length of the car (or to come out of such a difficult position).

To give the complete picture we add thatc
Slide � Steer e � � � � � � � � � � ï �c

Slide � Drive e � "&%
' � �  Q#" � � "&%
' � � � � � � ï �
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In[34]wegeneralizedthemethodofaveragingbyincludinghigherorder
termsleadingtotheBaker-Campbell-Hausdorff(BCH)seriesforlinearsystems
andweusedtheBCHseriesheuristicallyfornonlinearsystem.

Thepurposeofthepresentworkistogiverigorousreasoningfortheusageof
theBCHseriesfornonlinearsystems.First,wedeveloptheoperatorformalism
todealwithsolutiontoODE.

3Operatorformalism

3.1Introduction
Althoughwewillworkonlywithvectorfieldson��thatcanbegivenbyordered

�-tuplesofsmoothfunctionsof�variables,itturnsouttobeusefulandnecessary
toconsidervectorfieldsasdifferentialoperators,inagreementwith[19].Weuse
hattostresstheoperatornatureofavectorfield,i.e.>  willdenotethevectorfield
on���viewedasadifferentialoperatorand willbeitscoordinateforminlocal
coordinates.Asweworkon��only,thecoordinatemapon��istheidentity
map(8���d¤.��9���)and>  8� isthecoordinateformofthevectorfield>  in
thecoordinatesystemon���.
3.2Vectorfieldasanoperator
ConsiderODE�� ��� ���(7)

withasmoothvectorfield ¥��=�d����(where�isafixedpositiveinteger)and
withtheinitialcondition

������
	�g Bysmoothwemeanin¦J�����i.e.havingcontinuousderivativesofanyorder.
Weshallwrite� �insteadof§6 §ywherepossible.Assumingthesolution������ ������
	�canbeexpressedasaTaylorseries

����������?�¨�� ����?��� �v© ����?�g\g\g(8)

for�insomeneighborhoodofzero,weneedthetimederivativesof�

13

andthus� ��� ���! Q#"�������!* Q#"\����� � �²�� ���"(%
'?������!"(%)'?����� wherethevelocity!is

!�� ���\g

Since

"(%
'���ø �� wehave� �¥�! ���! ø"(%)'�g Choosingthelengthscalesothatthelengthofthecarisøô�Yandchoosingthe
timescalesothatthevelocityis!�Ywegetthevectorfieldcorrespondingto
driving

Drive�� Q#"�������"(%
'
������"&%
'����ï(55)

meaning� �� Q+"������ � ��"(%)'������ � ��"(%)'���� � ���g Letuscomputethecommutator

c ��"!Îe�!,� W ,�! ofthetwovectorfieldsSteerandDrive.As

Steer,�×ØØØÙ���� ���� ���� ����
Ú1ÛÛÛ Ü

and

Drive,�×ØØØÙ��W,"&%
'
�����W,"&%
'������ �� Q+"������ Q#"������ ��� Q#"���� ����
Ú1ÛÛÛ Ü

56



�� � ��� �  � � � �����©� � ��� �  , � � � ����� �  � � � �����
...

Here  
, is the matrix of partial derivatives ,/�0 �«ª  /ª � 0
and the dot stands for multiplication of a matrix and a vector�  , �  � / � ��0(L �  ,/10  0 g
We will use multiple primes to denote higher order derivatives e.g. , ,/�0"¬ � ª �  /ª � 0 ª � ¬ g
Using the chain rule for the derivative of the composition of maps­®� � � � � �

and �:� ��� � ��� � ­ � � � ����� � ­ , � � � ����� � �� � ���
we can find the time derivative of � of any order:�� �  ©� �  , �  � � b � � �  , �  � , �  � �°¯ � � ���  , �  � , �  � , �  

... (9)

(each left hand side is evaluated in
�

and each right hand side is evaluated in � � ��� ).
Could we introduce multiplication of vector fields  ��"!B� �®�A� ���

by 
! �  , � ! (10)

14
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Figure 4: A driving car with a fixed orientation of the driving wheel.
f

(the center
of the rear axle) moves on a circle with radius

� � , � (the center of the front axle)
moves on a circle with radius

� � , ø is the length of the car, � is the orientation of
the car (relative to a chosen direction), � is the orientation of the driving wheel of
the car (relative to the axis of the car).

The driver can perform two actions: steering (turning the driving wheel) and
driving. Let us denote the vector field describing steering by Steer and the vector
field describing driving by Drive. Then

Steer � � � � � � � � Y � ï (54)

meaning �� � ��� � ��
� � ��
� � Y g

Using Fig. 4 we find that the center � of the front axle has coordinates� � � �! Q#"\� � � � W�$ � � � � � "&%
'
� � � � ��²� � � "(%)'�� � � � W $ � � � W � �! Q#"�� � � � �
55



thentheTaylorseries(8)wouldbecomeanexponential.Unfortunately,thismul-
tiplicationwouldnotbeassociativebecausefor ��"!
�"#������� � 
!�#�� ,�!�,�# butontheotherhand

 �!�#�� ,��!,�#� whichisdifferent.WestillwanttoexpresstheTaylorseries(8)asanexponential.
Tothispurposeforanygivensmoothvectorfield ±��®�²����weintroduce

alinearfirstorderdifferentialoperator

>  :�<³�<g Here<isthesetofallsmoothmaps;������.Theactionoftheoperator>  onanymap;9<isgivenby

>  ;�;,� (11)

i.e.>  ;isamapthatassignstoeach�´9�=�thepoint

�¶µ�>  ;���>  ;������D;,� �����;,���� ���g Thealternativegrouping,namely>  �t;·�����doesnotmakesense,sincetheoperator
canbeappliedtoamap,here;,nottoapoint;·���. Theactionoftheoperator>  ontheidentitymap8,i.e.amapsatisfying

8�����forall��9��(12)

is>  8�8,� ��� � (13)

where�isthe�o�identitymatrix.
Wealsodefinetheidentityoperator> Cby

> C;�;forall;9<g(14)

Theidentityoperator> Cisoforderzero(noderivativeof;isnecessarytoevaluate > C;�;)and> Cdoesnotcorrespondtoanyvectorfield,becauseeachoperator
correspondingtoavectorfieldisoforderone.

Note:wewillapplytheoperatorsonlytotheidentitymap8ortoamapthat
resultsfromapplyinganotheroperatortotheidentitymap8,whichisactually
applyingthecompositionofoperatorstotheidentitymap.

15

where�standsforatransformationthatputs�atè-thpositionwhen�Óisfound
(thisisthemarkleftbymultiplicationbythematrixx)anditputs�atè-th positionwhen�Óisnotfound.

A.3Example3:Parkingproblem
ToillustratetheZig+Zag-Zig-Zagsystemconsiderthefollowingexamplefrom
[17]and[26]:howtoparkyourcarintoaspacethatisjustalittlelongerthan
yourcar?

Acarcanbedrivenforwardorbackward(alonganarcdependingonthepo-
sitionofthedrivingwheel).InasituationshowninFig.3whereeachrectangle
representsacarparkedinastreet,thedrivermaywishtobeabletodrivehiscar
totherightinstead.Surprisingenough,thiscanbedoneasalimitingcaseofa
Zig+Zag-Zig-Zagdynamicalsystem.

�?

Figure3:Parkingproblem:howtoparkyourcarintoaspacethatisjustalittle
longerthanyourcar?Eachblackrectanglerepresentsaparkedcarinastreet,the
redrectangleisyourcar.

Theconfigurationofacarinaplanecanbegivenbyfourrealvalues(see
Fig.4):

�thepositionofthecenter�ofthefrontaxleinCartesiancoordinates������, �theangle�specifyingtheorientationofthecarrelativetoachosendirection

�theangle�specifyingtheorientationofthedrivingwheelofthecarrelative
totheaxisofthecar.

54



Powers of
> can be used to express time derivatives of � � ��� in (9). Namely�
� 0(� � ��� � > 0 8 � � ���

meaning > 8 �  > � 8 � > > 8 � > 
 �  , �  > b 8 � > - , �  � �  , �  � , �  > ¯ 8 � > �  , �  � , �  � ���  , �  � , �  � , �  
...

And for
� ��� we get � � 0(� � � � � > 0 8 �
	�g

We define (in accord with [10], [19] etc.) the exponential of an operator
> asE�FHG > � J�0(L 	 > 0].� g (15)

Note that if
> is a first order differential operator (corresponding to a vector field ¸� ���B� ���

), then
> � is a second order differential operator,

> ¹b is a third order
differential operator etc. and E+FHG > has not a finite order.

Now we can express the Taylor series (8) by the exponential of the operator
> 

corresponding to the vector field  on the right hand side of the ODE (7)� � ��� � � � � ���
	 � � J�0(L 	 � 0]�� � � 0(� � � � � J�0(L 	 � 0]�� > 0 8 �
	 � E+FHG � � > � 8 �
	�g (16)

We stress that the exponential in (16) is a formal series, which is equivalent to
the Taylor series of the solution of the given ODE. The exponentialE�FHG � � > �
is not an operator in the sense that when applied to a function it gives another
function defined on a certain subset of

�=�
independent of

�
. As we will see in the

next example, (16) gives the solution of the ODE which is defined on a certain
interval of

�
that may depend on the initial condition, which is a common case for

ODE.

16

A.2 Alternative way to find the terms in the BCH series
Reinsch in [25] in order to find the j -th order term in the BCH series uses two� j � Y � o � j � Y � matrices n Ó / ��� Ó ¼ � ß /
and x Ó / ��� Ó ¼ � ß /�� Ó
i.e.

n �
×ØØØØØØØØØØØÙ
� Y � g\g\g� Y � gkg\gg g g � Y�

Ú1ÛÛÛÛÛÛÛÛÛÛÛÜ
and

x �
×ØØØØØØØØØØØÙ
� � � � g\gkg� � � � g\g\gg g g � � h�

Ú1ÛÛÛÛÛÛÛÛÛÛÛÜ g
When these matrices multiply a

� j � Y � -dim vector� � � � �kg\g\g�� Y � ï
from the left, then the only nonzero component of the vector moves one posi-
tion up with each multiplication. Multiplication by the matrix

n
leaves this

nonzero component unchanged, while multiplication by the matrix
x

multiplies
this nonzero component by one more � Ó , thus leaving a mark to be used later by
the transformation rule � .

Then the j -th order term of� � PRQUS
� E�FHG � n � E�FHG � x ���
is � h ��� ��PlQUS
� E�FHG � n � E+FHG � x ����� � ß h ¼ �
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Note:someauthors(seee.g.[19])introducedifferentialoperatorsactingon
realscalar–valuedfunctionsaloneandonlythentheylettheoperatoractcom-
ponent–wiseonvector–valuedfunctions.Webelievethatourapproach,namely
tointroducedifferentialoperatorsactingonvector–valuedfunctionsdirectlyis
morenatural.Also,byusingthehatnotation(adoptedfromquantummechanics)
westressthedifferencebetweenamap(actingonpointsin�®�)andanoperator
(actingonmapsfrom���to���).Thisdifferenceisoftenneglected.

3.3Example1:ODE
Toillustratetheoperatorformalismjustintroducedconsideradifferentialequa-
tion� ����

withtheinitialcondition������.	�9�.
First,letussolvethisODEbyseparationofvariables:

�������
	 YºW��
	g For»��
	»�Y thissolutioncanbeexpressedasaTaylorseries

�������
	J � 0"L	���
	�0g

Asthesecondapproachwewillusetheoperatorformalismintroducedabove.
Forthe1-dimvectorfield ������wehavethecorrespondingoperator

>  �t;��;,� i.e.>  �t;�����;,������g Thisoperatorwhenappliedtotheidentitymap8�����is

�>  8������� andits]-thpoweris�>  08�����]���0(¼�g 17

and
Adsv����cs���-e�s�W�s and�theformaldifferentiationwithrespectto�.Thenhederivesstepbystep

twodifferentresultsof��E+FHG������E+F�G�1W���,namely

��E�FHG������E�FHG�XW����> %�E�FHG�Ad���> '� and��E+FHG������E+F�G�1W�������Ad������ where

�����E�FHG���WüY ��J � �L���Z� ���Y������ ���
b �����¯ Y����g\g\g

Thus

��Ad�������> %�E+F�G�Ad���> '�g Introducing

Ï����Y ������ E+FHG���WüYB�YºW����� Y�W�¯ ����r ��íñ��g\g\g ��canbeexpressedas

���Ï�Ad���> %�E�FHG�Ad���> '���g Thisisadifferentialequationfor�thatprovidesarecursionformulasfor��.The
coefficientof��ontheleftis���Y���¼� andthatontherightisalinearcombinationofexpressionsoftheform

Ad��æg\g\gAd��7��� where��> %or> 'andÿ��gkg\g�ÿ0��.Thusif�/areLieelements(i.e.
canbeexpressedbycommutatorsof> %and> 'only)forq��sois��¼�.Since �	���(andalso���> %�> '),�isaLieelement.
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The exponential of the operator
� > isE�FHG � � > � � J�0(L 	 � � > � 0].�

and this exponential when applied to the identity map
8

gives in �� E�FHG � � > � 8 � � � � � � J�0(L 	 � � > � 0]�� 8 � � � � � J�0(L 	 � 0 � 0(¼ � � � J�0(L 	 � � � � 0 g
Then the solution can be expressed as� � ��� � � E+FHG � � > � 8 � � �
	 � � �
	 J�0(L 	 � � �
	 � 0
which is exactly the same result as we obtained by standard methods.

The result obtained by operators is equivalent to the result obtained by Tay-
lor series in both its values and its domain of convergence. This example also
demonstrates that we do not have to suppose the existence of a global flow, i.e.
a solution defined for all real

�
. In this example for positive initial condition the

solution exists for
�$� Y [ �.	 and for negative initial condition the solution exists

for
�&� Y [ �
	 and for zero initial condition the solution exists for

� 9 � .
The domain of convergence of the Taylor series is a subinterval of the domain

of definition of the solution.

4 Two vector fields
Consider a zig+zag dynamical system generated by two vector fields  ��"!�� ��� � ��� ��� (17)

where � � ��� ��� is � � -periodic in
�

satisfying� � ��� ��� � �  � � � if �½� �&� �! � � � if � � �¢� � � (18)

with the initial condition � � � � � �.	 , see Fig. 1.
In the first half of the period, i.e. in time � , the vector field  moves the state

point from the initial condition � � � � � ��	 to the point�
� � E�FHG � � > � 8 �
	�g
18

14 Zig+Zag-Zig-Zag System
Consider the dynamical system generated by four vector fields  ��"!
� W  �� W ! acting
one after the other. Using the result of the previous chapter for ÿ«��� we have>* � ¯�0(L � >% 0 � Y� b�/�L � ¯�0"LÎ/�¼ � c >% / � >% 0 e � a � � b � �� >%þ� � >%Ê� � >% b � >% ¯ � Y� � c >%)��� >%Ê��e � c >%)�+� >% b e �� c >%)��� >% ¯ e � c >%Ê�\� >% b e � c >%·��� >% ¯ e � c >% b � >% ¯ e �?� a � � b � g
As >%)� � >%>%Ê� � >'>% b � W >%>% ¯ � W >'
we have >* � >% � >' W >% W >' � c >%d� >'®e � c >%$� W >%�e � c >%$� W >'@e �� c >'v� W >%ie � c >'B� W >'@e � c W >%$� W >'®e � a � � b � � c >%$� >'®e � a � � b � g
This gives an important interpretation of the commutator of two vector fields: it is
a vector field which is tangent to the curve with parametric equation� ¯ � � ¯ � � �
of the “zig+zag-zig-zag” system generated by four vector fields, where the third
vector field is the opposite to the first one and the fourth vector field is the opposite
to the second one.

A Appendices

A.1 Proof of the BCH formula
The main idea of the proof by Djokovic in [5] that

>* can be expressed by com-
mutators of

>% and
>' only is as follows. He denotes

� � PRQUS
� E�FHG � � >% � E+F�G � � >' ��� � J�� L � � � � >%d� >' ��� �
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�
��E+F�G��>  �8�
	�
��E�FHG��> !�8�
� ¾¿¿ À À¿ ¿KÁÂÂ
À ÀÃ ÃÁ À ÀÃÁ
À ÀÃ

Figure1:Atypicaltrajectoryofazig+zagdynamicalsystem(17–18)withthe
initialcondition������
	.Intime�thevectorfield movesthestatepoint
from�
	to�
�andtheninanothertime�thevectorfield!movesthestatepoint
from�
�to�.�.Andthenthesetwostepsrepeatperiodicallyproducingazig+zag
shapedtrajectorygivingthenametothisclassofdynamicalsystems.

Andtheninthesecondhalfoftheperiod,i.e.inanothertime�,thevectorfield! movesthestatepointfromthepoint���tothepoint

�
��E�FHG��> !�8��
���E�FHG��> !�8�E+FHG��>  �8��
	���g(19)

Ouraimistofindashortcut(ashortwayfrom��	to�
�)–asinglevectorfield,
letuscallit#,thatmovesthestatepointfromthesameinitialcondition�
	tothe
samefinalpoint�.�inthesametime��(notnecessarilygoingviathepoint���, actuallyalmostsurelynot).Thusreplacingthenon-autonomousdynamicalsys-
tem(17)bytheautonomoussystem� ��#���g

5ShortcutbyTaylor
AssumingthesolutiontotheODE� �� ���

19

where��������isÝ�-periodicin�satisfying

���������áâ ãâä ?����if�²��¢��  .����if���¢���  b���if����¢�Ý�?g(52)

Inanalogywith(29)weintroducerescaledvectorfields

%0��d 0for]�Y�\gkg\gk�Ý andthecorrespondingoperators> %0. Weagainwanttofindashortcut–asinglevectorfield*thatmovesthepoint
inthestatespacefromthesameinitialcondition�¹	�����tothesamefinalpoint

�b���Ý��. Touseourpreviousresultsitisconvenienttointroduceanewsymbol^`re-
semblingtheletterHforHausdorff(see[2])by

> %�^`> '�PRQUS
�E�FHG> %E�FHG> '� orequivalently

E+FHG�> %�^`> '��E�FHG> %E�FHG> 'Bg(53)

Wewanttofind> *satisfying

E+F�G> *�E�FHG> %þ�E�FHG> %Ê�E+FHG> %bg Using(53)twiceweget

E�FHG> *�E+F�G�> %)�þ^`> %Ê��E�FHG> %b�E�FHG�> %)�É^`> %·�&^`> %b� andthus> *�> %þ�É^`> %Ê�¢^`> %bg Itiseasytoshowthatourpreviousresult

> %_^`> '�> %�> '�Y �c> %$�> '®e�a��b� implies

> %)�þ^`> %·�¢^`> %b�> %þ��> %Ê��> %b�Y ��c> %)���> %Ê�"e�c> %)���> %be�c> %·���> %be���a��b�g Itiseasytogeneralizethisresultfrom3toÿvectorfields> %)���\gkg\gk�> %�actingone
afteranother.Byinductionwefind

> *�� � 0(L�> %0�Y ��Z� � /�L�� � 0(LÎ/�¼�c> %/�> %0e�a��b�g
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can be written as� � ��� � � � � �?�¡�  � � � � ���
� � ��  , � � � � ��� �  � � � � ���¹� a � � b �
we have (omitting the argument if equal to � � � � )�
� � �
	 � �- � � ��  , �  � a � � b �
and similarly for the ODE

�� � ! � � �
assuming we can write the solution in the form of a Taylor series we have�
� � �
� � �Ä! � �
� �?� � �� ! , � �
� � � ! � �
� �?� a � � b � g
Now, we want to express ! � �?� � and ! , � �
� � in terms of ! � �
	 � and ! , � �
	 � . Using�
� W �
	 � �- � a � � � �
we get ! � �
� � � ! � �
	 �?� ! , � �
	 � � �- � �
	 �?� a � � � �
and ! , � �
� � � ! , � �
	 �?� a � � �
thus (omitting the argument if equal to ��	 )�
� � �
� � � � ! � ! , � �- �?� � �� ! , � ! � a � � b � �� �
	 � �- � � ��  , �  � � � ! � ! , � �- �
� � �� ! , � ! � a � � b � �� �
	 � � �  � ! �?� � �� �  , �  � � ! , �  � ! , � ! �?� a � � b � g (20)

We want (20) to be equal to the solution of the ODE�� � # � � �
for

� ��� � , namely �
� � �
	 � � �-# � Y� � � � � � # , � # � a � � b � g
20

Since % , � � � � �
and ' , � � � ��	
we have *¥� � � � � Y� � 	 � � � � W � � 	 � � �
so we can write *´� � Y� � 	 � � W � � 	 � � Y� c 	 � � e � W Y� c � � 	 etg
As a result, for linear systems we can use the BCH series directly for matrices,
but then we have to multiply by

WAY
each even order term.

12.1 Ambiguity of matrix commutator
This uncomfortable result leads various authors to define the commutator of two
matrices in different ways. While Rossmann in [26] p.14 defines the commutator
of two matrices

�
and 	 c � � 	 e
� z ùtù �Êû �O� � � � 	 W 	 � � �

Olver in [19] p.44 defines the same commutator asc � � 	 e
� ¬�� Ð h ��	 � � W � � 	 g
We follow Rossmann, because this notation is more common in literature.

13 Zig+Zag+Zug Systems
In the preceding chapters we studied dynamical systems generated by two vector
fields  ��"! � ����� ���

acting one after the other in time. In this chapter we
investigate a generalization to the case when there are more than two vector fields.
As the first step in this generalization is the case with three vector fields, we choose
to call them “zig+zag+zug” systems. To be more precise we study dynamical
systems of the form � �� � ��� � ��� ��� (51)
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Wecansearchfor#intheformofaseriesin�.Denoting#p	theleadingtermand
denoting�-#��thefirstordertermandneglectinghigherordertermswecanwrite

#�#�	��Ä#���a����g Then

�
���
	����#�	��-#���?�Y �������#�	��-#���,��#�	��-#���?�a��b��
��
	����#�	�?�����#����#�	�#�	���a��b�g(21)

Comparingthetermsof���from(20)and(21)linearin�wehave

#�	� �! �g Inthemethodcalledaveraging#isapproximatedby#i	only.
Usingthis#º	andcomparingthetermsof�.�from(20)and(21)oforder�� weget

#���!,� W ,�! �g Togetherweget
#�#�	��-#���a����� �! ���!,� W ,�! ��a����g(22)

Thisapproachcanbeusedtoanyorder.However,amoreelegantwayisto
usetheBCHseries,whichgivesmoreinsight.

6ShortcutbyBCH

6.1Compositionofflows
First,wewanttoexpressthecompositionofmaps

E+FHG��> !�8=�E�FHG��>  �8 from(19)byappropriatecompositionofoperators(appliedtotheidentitymap).
Forthispurposeconsideramap­K��=�K����appliedtothesolutionofthe

ODE� �� ���

21

ThenthesolutionoftheODE� ��#���

withtheinitialcondition

�����Y intime�����canbefoundbyTaylorexpansion

����������?�¨�� ����¹��� �© ����?��b Ý���b����?��¯ ����°¯����?�a��ë�
�
��������Y����YTY�� ��Yñ�b��U�ÎÝ�¯ ó�a��ë� whichagreescompletelywiththeresultobtainedwithoutBCH.

12ApplicationtolinearODE
Supposethetwovectorfields%and'arelinear,i.e.therearetwo�o�matrices �and	suchthat

%������� and
'����
	���g Notetosymbols:namesofmatricesareusuallyordinarycapitalletter.We

wanttodistinguishbetweenavectorfieldandamatrixandstilluserelatedsym-
bols,sowechoosecalligraphiccapitallettersformatrices.

Thenthefirstordertermintheexpansionoftheoperator> * > *ê��> %�> ' givesthefirstordertermintheexpansionofthevectorfield* *ê��> *ê�8��> %�> '�8�%�')g Thesecondordertermintheexpansionoftheoperator

> *´��Y �c> %$�> '®e

gives

*¥��> *´�8�Y �c> %$�> '=e8�Y ��> %> 'W> '> %�8�Y ��',�%W%,�'�g
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i.e. applied to the map � � ��� � E�FHG � � > � 8 �
	�g
Let us call the composition Å ÅÆ� ­ � �
i.e. Å � ��� � ­ � � � ����� g
Using the chain rule we can find the derivatives of Å :Å � ��� � ­ � � � ����� � >­ 8 � � ����Å � ��� � ­ , � � � ����� �  � � � ����� � > >­ 8 � � ���

in short

�Å � ­k, �  � > >­ 8 � � ���©Å � � ­ , �  � , �  � > � >­ 8 � � ���Å � b � � ��� ­k, �  � , �  � , �  � > b >­ 8 � � ��� (23)

in general Å � 0(� � > 0 >­ 8 � � ��� g
Assuming we can express Å � ��� in the form of a Taylor series we have­ � � � ����� ��Å � ��� � J�0"L 	 � 0].� Å � 0(� � � � � J�0"L 	 � 0]�� > 0 >­ 8 �
	 � E�FHG � � > � >­ 8 �
	�g
Then consider ­ � � � ����� � E+F�G � � > � >­ 8 �
	 (24)

for a special operator
>­ >­ � E+F�G � � >! � (25)

and its corresponding map (the flow of the ODE

�� � ! � � � )­ � >­ 8 � E+F�G � � >! � 8 g (26)

Then after putting (25) and (26) into (24) we haveE�FHG � � >! � 8 � � � ����� � E�FHG � � > � E+F�G � � >! � 8 �
	
and E�FHG � � >! � 8=� E�FHG � � > � 8 � E+F�G � � > � E�FHG � � >! � 8 g (27)

This is a key result that allows to treat zig+zag dynamical systems by operators
because we can study composition of flows by investigating “multiplication” of
exponentials of operators.

22

thus �
� � �
�� YºW � �Ä� � � � �� Z��� YºW � �� � Z���� ç � Y
� YpW � � � � �

for �v� � � � W � Ý g
The Taylor series of �.� is�
� � Y � � � � YUY � �� � Y ñ � b � �T�ÎÝ � ¯ó � a�� � ë�� g

Let us now use the BCH series to find ��� and to compare it with the above
result. We first prepare the commutatorc  ��"!Îe � ! , �  W  , � !
of two power functions � � and � 0c � � ��� 0 e � ] � 0OZ � � � W ÿ � � Z � � 0 � � ] W ÿ � � � ¼Ä0�Z � g
Thus c  ���!�e � c � � ��� b e � � ¯ �c  ��" ��"!Îe � c � � ��� ¯ e ��� � ë �c !
�" ��"!Îe � c � b ��� ¯ e � � r �c  ��"!
�" ��"!Îe � c � � ��� r e �_� �.ì
etc.

The shortcut vector field # that moves the same initial condition �
	 to the
same final point �.� (not necessarily, actually almost never, via the point ��� ) in the
same time

� ��� � can be found by the BCH formula, recalling (29)-(31)# � Y� � * �� Y� � � % � ' � Y� c %È�+'@e � YY � � c %È�O%È�+'=e W c 'É�O%È�+'@e � W Y��� c %È�+'É�O%È�+'®e � a � � ë ��� ��  � !� � � � c  ��"!Îe � � ���� � c  ��" ��"!Îe W c !
�" ��"!Îe � W �-b� ó c  ��"!
�" ��"!Îe � a � �Ä¯ � �� � � � �
b� � �Ä� ¯� � � ���� � � � ë W � r � W �-b�� ìY � � a � � ¯ � g
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For���wehave

E+FHG��> !�8��E�FHG��>  �8�E+F�G��>  �E�FHG��> !�8g(28)

Forthreevectorfields ��"!
�"#Ç����V����andfor���wecanintroducethree
newvectorfields%È�+'É�+*����A����by

%��Ä (29)

'��Ä!(30)

*���-#$g(31)

Thenthecorrespondingoperatorssatisfy

> %��>  (32) > '��> !(33) > *���> #Ag(34)

Then(28)canbewritteninasimplerform

E�FHG�> '�8=�E�FHG�> %�8�E+F�G�> %�E+FHG�> '�8g(35)

Toavoidconfusion,if> %and> 'areoperators,soaretheirexponentialsE+F�G�> %� andE�FHG�> '�.ThenE+F�G�> %�8andE�FHG�> '�8arethesetwooperatorsappliedtothe
identitymap8from��to��resultinginanothertwomapsfrom��to��.On
theleftwehavethecompositionofthesetwomaps.Ontherightthecomposition
ofthetwoexponentialsE�FHG�> %�andE�FHG�> '�ofoperatorsbeinganotheroperator
isappliedtotheidentitymap8from�=�to���resultinginanothermapfrom�=� to���. Notethereversedorderof> %and> 'ontheleftandontherighthandside.
Alsonotethat(35)isfarfromobvious.E.g.itisnottruewhentheidentitymap8 isreplacedbyanothermap;,becausetheneventhezeroordertermsdonotagree:
ontheleftwehave;�;whileontherightwehavejust;whichisnotequalunless ;isaprojection.

Duetotherescaling(32-34),> %and> 'areproportionalto�(forfixed>  and> !).
When�issmall,soare> %and> 'andwecanworkwithseriesexpansions.

Asanexamplewegivethesecondorderexpansionofbothsidesof(35).On
theleftwehave

E+F�G�> '�8��E+FHG�> %�8��> C�> '�Y �> '> '�8���> C�> %�Y �> %> %�8�a��b��

23

AsshowninTable1wehavefoundthesparsestsolutionusingthealgorithm
describedabovefororderupto10andtheminimalnumberx½}~zD�ofthecommu-
tatorsinthetermsoforderjintheBCHseriesisgiveninthetable.Fororder
11and12wehavefoundasolutionusingtheGausseliminationwithoutremov-
ingcolumnsbutthissolutionisnotguaranteedtobethesparsestonebecausethe
algorithmdescribedabovetakestoolongforlargej.SothenumbersinTable1
giveonlyanupperestimateforx$}~zD�forj11and12.

11Example2:Zig+Zagsystem
Toillustratetheaboveresultsconsiderthefollowing1-dimexampleofazig+zag
systemwith

 ������ actingfortime�and

!�����b actingforanothertime�withtheinitialcondition

������
	�Yg Wefirstfind�?�and�
�byseparationofvariablesandwefindtheTaylorseries
of�.�asafunctionoftheparameter�.Thenwecomparethisresultwiththat
obtainedbytheBCHseries.

TheODE� ����

hasthesolution

���������� YºW����� thus

�
��Y YpW�g

TheODE� ���b

hasthesolution

���������� �YºW�������
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� � 8 � ' � Y� ' , � ' � � � 8 � % � Y� % , � % �?� a � � b � �� 8 � % � ' � Y� % , � % � Y� ' , � ' � ' , � % � a � � b �
and on the right we haveE�FHG � >% � E�FHG � >' � 8 � � >C � >% � Y� >% >% � � >C � >' � Y� >' >' � 8 � a � � b � �� � >C � >% � >' � Y� >% >% � Y� >' >' � >% >' � 8 � a � � b � �� 8 � % � ' � Y� % , � % � Y� ' , � ' � ' , � % � a � � b � g

The presence of the term ' , � % in the second order expansion shows that it is
not possible to exchange

>% and
>' .

Let us return to our original goal. The first vector field  moves the point in
the state space from the initial condition ��	 to the point�
� � E+FHG � � > � 8 �
	
in time � and then the second vector field ! moves the point from �Ê� to�
� � E+FHG � � >! � 8 �
� � E+F�G � � >! � 8�� E+F�G � � > � 8 �
	
in another time � . We want to find the shortcut – the vector field # that brings
the point in the state space from the initial condition �¹	 to the final point �.� in the
same time i.e. � � �
� � E�FHG � � � ># � 8 �
	�g
So we have the equation for

>#E�FHG � � >! � 8=� E�FHG � � > � 8 � E�FHG � � � ># � 8 g
Due to the rescaling (32-34) we can writeE�FHG � >' � 8=� E�FHG � >% � 8 � E+F�G � >* � 8 g
Using (35) to the left hand side we getE�FHG >% E+F�G >' 8 � E�FHG >* 8 g
Assuming the operators are applied to the identity map

8
only we want to solveE�FHG >% E+F�G >' � E+F�G >* (36)

for
>* .

24

coefficient
��w h � 0 in front of a commutator ending in g\g\gk� >'v� >% . In this way we

reduce the number of unknowns to one half once more to get � h [ � unknowns.
We can look at the system of linear algebraic equations as of finding the spars-

est linear combination of columns of the matrix to get the right hand side vector.
Thus we can remove any column that is a multiple of another column and we
put the unknown corresponding to the removed column to zero. Unfortunately
we cannot remove a column that is a linear combination of other columns because
then the solution to the new system might have worse sparsity (more nonzero com-
ponents). But we can remove any row (any equation) that is a linear combination
of other rows.

Performing these reductions along with the Gauss elimination the system can
be reduced considerably ending with ÿ rows (equations) and � unknowns. After
this reduction we try to find the sparsest solution.

First, we test whether there is a solution containing only one nonzero compo-
nent. To do this we remove all but one columns of the matrix

n ïh
. This can be

done in � ways. We try to solve this system in all these � cases. If the rank of
the matrix of coefficients is equal to the rank of the augmented matrix (the matrix
with the right hand side column added) then the system has solution (according to
the Frobenius theorem), if the ranks do not agree, the system has no solution. If
we find a solution we are done.

If not, we test whether there is a solution containing two nonzero components.
To do this we remove all but two columns of the matrix

n ïh
. This can be done inÔ � � Õ

ways. In all these cases we again test whether there is a solution using the Frobe-
nius theorem. If so, we are done.

If not, we test whether there is a solution containing three nonzero compo-
nents. To do this we remove all but three columns of the matrix

n ïh
. This can be

done in Ô � Ý Õ
ways. In all these cases we again test whether there is a solution using the Frobe-
nius theorem. If so, we are done. If not we test whether there is a solution con-
taining 4, then 5, then 6 and so on solutions. This algorithm stops after a finite
(though possibly large) number of steps.
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6.2Non-identitymap
Notehowever,that> s8�> w8 doesnotimply> sË;�> wO;forall;9< orequivalentlythat> s8��� doesnotimply> sË;���forall;9<g Toseethis,considerthesecondorderoperator

> s�>  > ] where> ]isafirstorderoperatorcorrespondingtoaconstantvectorfield] ]����const.

and>  isanotherfirstorderoperatorcorrespondingtoavectorfield .Then
> sË;�>  > ];��t;,�]�,� �;,,�]� �g Here;,,�]� isamapwhichinthepoint�:9��hasthevalue

> s�;Ê����;,,����]���� ����;,,����const.� ���g Then> s�;isnonzeroforquadratic;whilezeroforlinear;andthusforidentity.
Sowehave> s8��� whilenonzeroresultfornonlinear; > sH;�;,,�]� �g

25

Thisprovesthefirststatement.Andwecanalsowrite

E�FHG> 'E�FHG> %E+F�Gc> %$�> '®e�E+FHG�> %�> '�E�FHG�XWY �c> %A�> '@e�E�FHGc> %d�> '®e�
�E+F�G�> %�> '�E�FHG�Y �c> %A�> '@e�g Thisprovesthesecondstatement.

10.2DisproveofKolsrudconjecture
Kolsrudin[13]computesthesparsestformoftheBCHseriesuptotheorder9
byintuitiveapplicationsofsimplificationrules.Heobservesthatfortheorderj between1and9iftheorderjisaprimenumberthentheminimalnumberof
commutatorstoexpressthetermsoftheBCHseriesoforderjisequaltotherank
ofthematrixnh(inoursymbols).Unfortunately,wehavefoundthatforj$�YUY whichisprime,thereisasolutionhaving181terms(seeTable1).Thisnumber
maynotbetheleastpossiblevalue,butitisdefinitelylessthantherankofthe
matrixnhwhichis186forj@�YUY.ThisresultdisprovestheKolsrudconjecture.

Inthenextsubsectionwedescribeoursystematicalgorithmtofindthesparsest
formoftheBCHseries.

10.3Ouralgorithmtofindthesparsestsolution
Weuseasystematicapproachtofindthesparsestsolutionto(49),whentheright
handsideð shisalreadyknown.First,wereducethesizeoftheproblem.Forthe
orderjthereareoriginally�hequationsfor�hunknowns.Since

c> %$�> %pe��� anycommutatorendingintwo> %’sisequaltozero(andthesameistruefor> ')
andwecanputtozeroeachcoefficient�twh�0infrontofacommutatorendingin
two> %’sorintwo> '’s.Inthiswaywereducethenumberofunknownstoonehalf
toget�h[�unknowns.

Further,sincec> %d�> '=e�Wc> 'B�> %ie anycommutatorendinging\g\gO�> '²�> %isequaltominusonetimesthesamecom-
mutatorwiththelasttwosymbolsexchanged.Thuswecanputtozeroeach
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7 BCH series
Using the series (15) for the exponential of an operator and using the seriesPRQUS > � J�0(L � �XWAY � 0OZ � � > W >C � 0 [U]

(37)

for the logarithm (assuming the series converges in accord with [19], [10] etc.) we
get the solution of (36) for * in the form of the Hausdorff series [2]>* � PRQTS
� E+F�G >% E+FHG >' � g (38)

In the next section we present a detailed derivation of a few low order terms of
this series.

Reinsch in [25] uses an interesting alternative approach to get the terms in the
Baker–Campbell–Hausdorff series, see Appendix A.2.

7.1 Second order expansion
The second order expansion in � givesE�FHG >% � >C � >% � Y� >% � � a � � b �E�FHG >' � >C � >' � Y� >' � � a � � b � g
Denoting >Ì � E�FHG >% E+F�G >' W >C �� � >C � >% � Y� >% � � � >C � >' � Y� >' � � W >C � a � � b � �� >% � >' � >% >' � Y� >% � � Y� >' � � a � � b �
we have >Ì � � � >% � >' � >% >' � Y� >% � � Y� >' � � � � a � � b � �� >% � � >% >' � >' >% � >' � � a � � b �
and >* � PlQUS
� E+FHG >% E�FHG >' � � >Ì W Y� >Ì � � a � � b � �
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infinitely many solutions. We can search for the sparsest solution, i.e. the solution
that has the least possible number of nonzero elements.

The sparsest solution of an under-determined system is not only elegant, it is
also practical, because it contains the information in the most compressed way.
This is desirable when we want to store or to transmit the information. This prob-
lem has been discussed intensively recently, see [6] and the references there.

10.1 Finite forms of BCH series
In this section we present two special cases when the BCH series has only a finite
number of terms.

If
>% and

>' commute, i.e. if c >%$� >'=e �_�
then >* � PlQUS
� E+FHG >% E�FHG >' �
has finitely many terms, namely >* � >% � >'vg
This is also the case when

>% and
>' are replaced by (complex) numbers.

Another special case of finite form of the BCH series is this one: Ifc >%$� >'=eþý�_�c >%$� >%A� >'=e ���c >'B� >%A� >'®e �_�
then >* � >% � >' � Y� c >%$� >'®etg
As a consequence we can writeE+F�G >% E+FHG >' � E+FHG � >% � >' � E�FHG � Y� c >%A� >'®e � � E+FHG >' E+F�G >% E�FHG c >%A� >'@etg
Proof: since

c >%d� >'=e commutes with both
>% and

>' and thus also with
� >% � >' �

(even though
>% and

>' do not commute) we can writeE+F�G >% E�FHG >' � E+FHG � >% � >' � Y� c >%d� >'®e � � E�FHG � >% � >' � E+F�G � Y� c >%d� >'®e � g
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�> %�> '�> %> '�Y �> %��Y �> '�WY ��> %��> %> '�> '> %�> '��?�a��b��
�> %�> '�Y ��> %> 'W> '> %�?�a��b�g

7.2Commutator
Denotingthecommutatoroftwooperators

c> %d�> '®e�> %> 'W> '> %(39)

weget

> *�> %�> '�Y �c> %d�> '=e�a��b�g(40)

Wesaythat> %and> 'commuteifc> %$�> '=e���. Notethatc> %$�> '@e�c> 'v�> %�e�Í�(41)

foranytwooperators.Thispropertyiscalledskewsymmetry.
Goingbackfrom> %,> 'and> *to>  ,> !and> #using(29-31)weget

> #�Y ��> *�Y ��>  �> !���c>  ��> !Ue�a������g
Ourultimategoalisnottheoperator> #butratherthevectorfield

#�> #8� i.e.theshortcutfromtheinitialpoint��	tothefinalpoint�.�ofthezig+zagsystem.
Tothispurposewemustapplythecommutatorc>  ?�> !Îetotheidentitymap8 c>  ��> !Ue8�>  > !8W> !>  8�!,� W ,�!
g Thusacommutatoroftwovectorfieldsisdefinedas

c ��"!Îe�!,� W ,�! andincoordinates

�c ���!�e�����/����c>  ?�> !Îe8������/�� � 0(L�ª!/��� ª�0 0���Wª /��� ª�0!0���g
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oforderjintheBCHseriesis

x®|�j��x@|�jWüY�g �Conjecture2:
Iftheorderjisevenandmorethan2thenthenumberx$|�j�ofwordsof
orderjintheBCHseriesis

x®|�j��x@|�jWüY�g �Observation3:
Iftheorderjisbetween2and12thentheminimalnumberx½}~zD��j�of
commutatorsoforderjisstrictlylessthanthenthenumberx$|�j�ofwords
oforderjintheBCHseries.

ThusitismoreconvenienttowritetheBCHseriesincommutatorsthanin
words,becausethentheresultsareshorter.Thereisoneevenmoreimpor-
tantreasontowritethetermsusingcommutators:acommutatorofopera-
torscorrespondingtovectorfieldscorrespondstoavectorfieldaswell.

�Conjecture3:
Iftheorderjismorethan1thentheminimalnumberx½}~zD��j�ofcommu-
tatorsoforderjisstrictlylessthanthenthenumberx$|�j�ofwordsof
orderjintheBCHseries.

�Observation4:
Forcertainj(e.g.2,3,5,7,11)thenumberxd|ofwordsreachesaremark-
ablyhighvalue.Consideringthattwowords,namelythewordconsisting
of> %’sonlyandthewordconsistingof> '’sonlycannotbegeneratedasa
linearcombinationofcommutators,thevaluex$|�x@y{zDyW�isthehighest
possibleresultconsistentwiththetheory.

10SparsestformofBCHseries
Using(38)withexpgivenby(15)andloggivenby(37)wegettheseriestosolve
(36)inwords.Thenwecansolve(49)togettheseriesincommutators.Asmen-
tionedearlier,thesystemoflinearalgebraicequations(49)isunder-determined,
ithasmoreunknowns(thecoefficients�twh�0)thanindependentequations.Ithas
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To avoid confusion, if
> and

>! are operators, so is their commutator
c > �� >!Ue . Thenc > ?� >!Îe 8 is this operator applied to the identity map from

� �
to
� �

, the result being
another map from

���
to
���

. Then
� c > ?� >!Îe 8 � � � � is this map evaluated in the point � ,

the result being a point in
�=�

. And finally
��� c > ?� >!Îe 8 � � � ��� / is the q -th coordinate of

this point.
Then # � ># 8 �  � !� � � ! , �  W  , � !� � a � � � � g (42)

This agrees with (22) completely. It is always a pleasure to get the same result by
two different ways.

7.3 Commuting vector fields
We say that two vector fields  , ! commute ifc  ��"!Îe �Í� g
This occurs if and only if their corresponding operators

> ,
>! commute. In one

dimension it is easy to find all the vector fields that commute with a given vector
field  :� ��� �

. The condition! , � � �  � � � W  , � � � ! � � � �_�
is a linear differential equation for the function ! � � � that can be solved by separa-
tion of variables to give ! � � � � ]  � � � ] 9 � g
Thus a one dimensional vector field commutes with its multiples only. Alterna-
tively, this can be shown by considering, for nonzero ��\Ï� � , � Ï , � W � , Ï� �
and thus c � � Ï e ��� � ��Ï� � , g
Then

c � � Ï e �_� if � Ï� � , ���
and this is for Ï� � ] g
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Figure 2: One possible basis of the kernel of the matrix
n ïr . The matrix

n ïr is
a
� � o � � matrix. Its rank is 9, so the dimension of the kernel is õTõ . Each vector

in the kernel has 64 components. Thus there are 55 rows each consisting of 64
squares in this picture. Each row depicts one vector in the basis of the kernel.
Red squares represent positive components while blue squares represent negative
ones. The saturation of the color shows the absolute value of the corresponding
element. Zero components are shown as blank squares (most of the components
are zero).� Observation 1:

If the order j is odd and between 1 and 11 then the number
xd| � j � of words

of order j in the BCH series as a function of j forms a strictly increasing
sequence 2, 6, 30, 126, 390, 2046.� Conjecture 1:
If the order j is odd then the number

xA| � j � of words of order j in the BCH
series as a function of j forms a strictly increasing sequence.� Observation 2:
If the order j is even and between 4 and 12 then the number

xd| � j � of words
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7.4Higherordercommutators
Wecangeneralizethenotationusedforacommutatoroftwooperators> f�,> f� c> f�+�> f�"e�> f�> f�W> f�> f� tocommutatorsofthreeormoreoperators.Forthreeoperatorswehave

c> f�+�> f���> fbe§1ÐDÑ �c> f�+�c> f���> fbeme�> f�c> f���> fbeWc> f�\�> fbe> f�� �> f��> f�> fbW> fb> f��WÍ�> f�> fbW> fb> f��> f�� �> f�> f�> fbW> f�> fb> f�W> f�> fb> f��> fb> f�> f� Notethatc> f�+�> f���> fbe�c> f���> fb�> f�Òe�c> fb�> f�+�> f�"e���(43)

foranythreeoperators.ThispropertyiscalledJacobiidentity.
Similarly,wecandefineacommutatoroforderj(i.e.acommutatorofj operators)foranypositiveintegerjby

c> f���> f�\�\g\g\gO�> fihe�c> f���c> f�k�cgkg\gk�> fphemele(44)

whenweaddforthesakeofcompleteness
c> fe�> fg Notethatacommutatoroforderjislinearineachoneofitsarguments.

Wheneach> fpÓiseither> %or> '(thetwolettersinatwo-letteralphabet)then
wecanexpresseachcommutatorc> f���> f�\�\gkg\gk�> fpheoforderjasacertainlinear
combinationof�hwords(ordered�-tuplesofelementsthatareeitherthesym-
bol> %orthesymbol> ')consistingofjletters.Theselinearcombinationscanbe
convenientlyexpressusingasquare�ho�hmatrixnh.Wewillneedthesematri-
ceslater,sowegiveexamplesofn�,n�andnbandthenwederivearecurrent
relationforthem.

Forj®�Ywehave

c> %ie�> % c> '®e�> ' andinthematrixform

Ôc> %�e c> '@e&Õ�ÔY� �YÕ�Ô> %> 'ÖÕ�n��Ô> %> 'ÖÕg 29
�W> %> %> '> '��> %> '> %> 'W�> '> %> '> %�> '> '> %> % andsimilarlyfor

c> 'B�> %A�> %$�> '=e�g\g\g�W> %> %> '> '��> %> '> %> 'W�> '> %> '> %�> '> '> %> %$g Asaconsequenceboth

> *¯�WY �í��c> %A�> 'B�> %A�> '=e�

and> *¯�WY �í��c> 'v�> %$�> %A�> '=e� arecorrect.Thischangestheformoftheresultbutnotitssparsity.Eachformhas
exactlyoneterm.

AsanillustrationinFig.2wepresentabasisofthekernelofnï rshownas
aõUõo��matrix.Herepositiveelementsareshownasredsquares,negative
elementsareshownasbluesquares(weadoptthisconventionfromelectronics)
andzeroelementsasblanksquares.Thehighertheabsolutevalueofanelement,
thehigherthesaturationofthecolor.Asanexample,theYÝ-thvectorinthisbasis
is

���������������������������Y���������������WÝ��������������������� ����������Ý�������������������������Y���������������������������ï correspondingtotheidentity

c> %$�> %A�> 'B�> 'v�> %A�> '=eWÝc> %d�> '²�> %A�> 'B�> %A�> '=e� �Ýc> 'B�> %A�> %A�> 'v�> %A�> '®e�c> '²�> 'v�> %$�> %A�> '²�> %�e�Í�g Notethatthereisjustoneminussignandthreeplussignsinthisidentity,asseen
alsoinFig.2wheretheYÝ-throwcontainsonebluesquareand3redsquares.

9OurobservationsandconjecturesaboutBCHse-
ries

BasedonresultsgiveninTab.1weformulatethefollowingobservationsand
conjectures:
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For j®��� we have c >%$� >%pe � �c >%d� >'=e � >% >' W >' >%c >'B� >%pe � >' >% W >% >'c >'B� >'=e � �
and in the matrix form×ØØØØÙ c >%$� >%pec >%d� >'=ec >'B� >%pec >'B� >'=e

Ú1ÛÛÛÛÜ � ×ØØØÙ � � � �� Y W@Y �� W@Y Y �� � � �
Ú1ÛÛÛÜ � ×ØØØØÙ >% >%>% >'>' >%>' >'

Ú1ÛÛÛÛÜ � n � � ×ØØØØÙ >% >%>% >'>' >%>' >'
Ú1ÛÛÛÛÜ g

For j®��Ý we havec >%d� >%$� >%�e � �c >%$� >%A� >'@e � >% >% >' W � >% >' >% � >' >% >%c >%$� >'v� >%�e � W >% >% >' � � >% >' >% W >' >% >%c >%d� >'²� >'@e � �c >'B� >%$� >%�e � �c >'B� >%A� >'@e � W >% >' >' � � >' >% >' W >' >' >%c >'B� >'v� >%�e � >% >' >' W � >' >% >' � >' >' >%c >'B� >'²� >'@e � �
and in the matrix form×ØØØØØØØØØØØØØØØÙ

c >%d� >%$� >%�ec >%$� >%A� >'@ec >%$� >'v� >%iec >%$� >'v� >'@ec >'B� >%A� >%iec >'B� >%$� >'@ec >'B� >'v� >%iec >'v� >'v� >'®e

Ú1ÛÛÛÛÛÛÛÛÛÛÛÛÛÛÛÜ �
×ØØØØØØØØØØØØØÙ
� � � � � � � �� Y W � � Y � � �� W@Y � � W@Y � � �� � � � � � � �� � � � � � � �� � � W@Y � � WAY �� � � Y � W � Y �� � � � � � � �

Ú1ÛÛÛÛÛÛÛÛÛÛÛÛÛÜ
�
×ØØØØØØØØØØØØØØØÙ
>% >% >%>% >% >'>% >' >%>% >' >'>' >% >%>' >% >'>' >' >%>' >' >'

Ú1ÛÛÛÛÛÛÛÛÛÛÛÛÛÛÛÜ �
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j x h 4 ¬ Ðúù ø �Êû 61 0
2 3 2
3 6 2
4 13 2
5 26 2
6 55 4
7 110 4
8 226 8
9 456 15

10 925 26
11 1862 43
12 3761 76

...
...

...

Table 3: This table shows for each order j between 1 and 12 the number
x h 4 ¬ Ðúù of

independent rules (identities) of order j (which is the dimension of the kernel of
the matrix

n ïh
, cf. Table 1) and the maximal length ø �·û 6 of a non-decomposable

rule of order j . The field of ø �Êû 6 for j=� Y
is blank because there are no rules forj®� Y

, the kernel of
n � is just a zero vector.

which corresponds to the identity� >u ¯ �1r WÍ� >u ¯ � ��	 �_�
i.e. c >%A� >'B� >%A� >'=e W c >'B� >%A� >%A� >'@e �_� g
I expected the plus sign instead of the minus sign, in analogy withc >%$� >'=e � c >'B� >%pe ��� g
But the above identity is indeed correct, as can be shown by direct evaluation ofc >%$� >'v� >%$� >'=e � c >%d� c >'v� c >%$� >'®ememe � c >%d� c >'B� >% >' W >' >%peme �� c >%$� >' >% >' W >' >' >% W >% >' >' � >' >% >'=e �� >% >' >% >' W >% >' >' >% W >% >% >' >' � >% >' >% >' W >' >% >' >% � >' >' >% >% � >% >' >' >% W >' >% >' >% �
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�nb�
×ØØØØØØØØ
ØØØØØØØÙ

> %> %> % > %> %> ' > %> '> % > %> '> ' > '> %> % > '> %> ' > '> '> % > '> '> '

ÚÛÛÛÛÛÛÛÛ
ÛÛÛÛÛÛÛ
Ü

g

Ingeneral

�> uh�0��ÒÞ � /�L��nh�0�ß/�> #h�/(45)

where�> uh�0isthe]-thcommutatoroforderj,and�> #h�/istheq-thwordconsist-
ingofjletters.

Toworkwiththematricesnhitisconvenienttoderiverecurrentrelationsfor
them.Therulec> f�> àe�> f> àW> à> f where> fiseither> %or> 'and> àisacommutatorcorrespondingtoarowofthe
matrixnh,impliesthateachrowintheupperhalfofthematrixnh¼�(i.e.arow
correspondingtoacommutatorbeginningwith> %)isadifferenceoftworows:

�arowofmatrixnhcorrespondingtotheoperator> àpaddedbyzeroeson
therightand

�thisrowwithzeroesinsertedtoevenpositions

andthateachrowinthebottomhalfofthematrixnh¼�(i.e.arowcorresponding
toacommutatorbeginningwith> ')isadifferenceoftworows:

�arowofmatrixnhcorrespondingtotheoperator> àpaddedbyzeroeson
theleftand

�thisrowwithzeroesinsertedtooddpositions
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8Identities
Foranyorderjeachvectorinthekernelofthematrixnï hcorrespondstoa
certainidentity.Threevectorsinthekernelofnï �givenin(50)correspondto
threeidentities�> u�����c> %$�> %pe��� �> u+�����> u���b�c> %$�> '®e�c> 'B�> %pe��� and�> u���¯�c> '²�> '@e�_�g Thisisadirectconsequenceoftheskewsymmetryofthecommutator.

Oteoin[20]findssomeoftheseidentitiesbycomparisonoftheBCHseries
computedbyvariousmethods.Ourapproachismoresystematic.Basedonthe
kernelofthematricesnhweareabletogiveboththetotalnumberandtheform
oftheseidentities.

Eachsuchidentitysaysthatacertainlinearcombinationofacertainnumber
(wecallthisnumberthelengthøoftheidentity)ofcommutatorsisequaltozero.
Table3showsthenumberofindependentidentitiesandthemaximallengthofan
non-decomposableidentityfororderjbetweenYandY�.Wesaythatanidentity
isnon-decomposableifnoneofitsproperpartsisanidentityitself.E.g.the
identityc> %$�> '@e�c> 'v�> %�e�Í� isnon-decomposable,whiletheidentity

c> %$�> %�e�c> 'v�> '®e�Í� isdecomposable,becauseitcanbedecomposedintotwoidentities,namely

c> %$�> %pe��� andc> '²�> '@e���g Forhigherorderjitmaybelessobviouswhethertwoformsoftheresultare
equalornot.

Itwasasurpriseformethatthekernelofthematrixnï ¯containsthevector

�����������Y�������W@Y�������������
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namely,

� n h ¼ � � Ó ß / �
áâââââââââââââââã âââââââââââââââä

� n h � Ó ß / W � n h � Ó ß 5DåUæç for è)�Í� h � q �Í� h , q odd� n h � Ó ß / for è)�Í� h � q �Í� h , q evenW � n h � Ó ß 5DåUæç for è)�Í� h � q � � h , q odd� for è)�Í� h � q � � h , q even� for è � � h � q �_� h , q oddW � n h � Ó Z � Þ ß 5Xé ç Þç for è � � h � q �_� h , q even� n h � Ó Z � Þ ß /(Z � Þ for è � � h � q � � h , q odd� n h � Ó Z � Þ ß /(Z � Þ W � n h � Ó Z � Þ ß 5Xé ç Þç for è � � h � q � � h , q even
(46)

This can be conveniently computed by the following Mathematica code:

m={{1,0},{0,1}};
For[r=2,r<=3,r++,
n=2ˆ(r-1);
m=
Table[PadRight[m[[i]],2n]-Insert[m[[i]],0,Table[{j+1},{j,n}]],{i,n}]
˜Join˜
Table[PadLeft[m[[i]],2n]-Insert[m[[i]],0,Table[{j},{j,n}]],{i,n}];
Print["r=",r," m=",MatrixForm[m]];

];

7.5 Higher order expansion in words
The number

x@|
of words in >* � PlQUS
� E+FHG >% E�FHG >' �

of order j is too large to be listed here even for moderately large j , see Tab. 1. To
give a picture of the series we present the expansion up to order 6 only>* � >*ê� � >*´� � >* b � >* ¯ � >*´ë � >* r·� a � �-ì �
where>*Æ� � >% � >'>*¥� � Y� � >% >' W >' >% �>* b � YY � � >% >% >' W � >% >' >% � >% >' >' � >' >% >% W � >' >% >' � >' >' >% �>* ¯ � Y��� � >% >% >' >' W � >% >' >% >' � � >' >% >' >% W >' >' >% >% �
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plus the general solution of the corresponding homogeneous equation. In other
words we can add any vector from the kernel of the matrix

n ïh
(i.e. a vector

that is mapped to zero) and we get another solution of the linear system. But this
another solution corresponds to the same term in the BCH series.

To illustrate this, let us consider j:�ö� . One possible basis of the kernel ofn ïh
is �1Y � � � � � � � ï � � � � Y � Y � � � ï � � � � � � � � Y � ï g (50)

Then the general solution to (49) isðw � � ×ØØØÙ � ����
Ú1ÛÛÛÜ � ] � ×ØØØÙ Y���

Ú1ÛÛÛÜ � ] � ×ØØØÙ � YY�
Ú1ÛÛÛÜ � ] b ×ØØØÙ ��� Y

Ú1ÛÛÛÜ �
with

] �+� ] �\� ] b 9 � . The corresponding second order term in the BCH series is>*¥� � Y� � >u�� � � � ] � � >u+� � � � ] � ��� >u+� � � � � >u�� � b �?� ] b � >u�� � ¯ �� Y� c >%d� >'®e � ] � c >%$� >%ie � ] � � c >%$� >'®e � c >'B� >%pe �?� ] b c >'v� >'®etg
In this case (for j²�÷� ) it is trivial to see that the new terms add nothing new but
they may change the form of the result. As an example consider] � � � �] � � W Y� �] b � � g
Then we get >*¥� � W Y� c >'²� >%ie
which is equal to the result given above, just in a different form. The form of the
result may be changed in two ways:� one term may be replaced by another, e.g.

c >%A� >'@e may be replaced byW c >'B� >%pe , or� the number of terms may be changed.

We want to find the sparsest solution to (49), i.e. the solution that has the least
possible number of nonzero terms.
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> *¥ë�Y ���1W> %> %> %> %> '��> %> %> %> '> %��> %> %> %> '> 'W�> %> %> '> %> %W W�> %> %> '> %> 'W�> %> %> '> '> %��> %> %> '> '> '��> %> '> %> %> %W W�> %> '> %> %> '��í�> %> '> %> '> %W�> %> '> %> '> 'W�> %> '> '> %> %W W�> %> '> '> %> '��> %> '> '> '> %W> %> '> '> '> 'W> '> %> %> %> %� ��> '> %> %> %> 'W�> '> %> %> '> %W�> '> %> %> '> 'W�> '> %> '> %> %� ����> '> %> '> %> 'W�> '> %> '> '> %��> '> %> '> '> '��> '> '> %> %> %W W�> '> '> %> %> 'W�> '> '> %> '> %W�> '> '> %> '> '��> '> '> '> %> %� ��> '> '> '> %> 'W> '> '> '> '> %� > *r�Y �����1W> %> %> %> %> '> '��> %> %> %> '> %> '��> %> %> %> '> '> 'W�> %> %> '> %> %> 'W W�> %> %> '> %> '> 'W�> %> %> '> '> %> 'W> %> %> '> '> '> '��> %> '> %> %> %> 'W W�> %> '> %> %> '> '����> %> '> %> '> %> '��> %> '> %> '> '> 'W�> %> '> '> %> %> 'W W�> %> '> '> %> '> '��> %> '> '> '> %> 'W�> '> %> %> %> '> %��> '> %> %> '> %> %� ��> '> %> %> '> '> %W�> '> %> '> %> %> %W���> '> %> '> %> '> %��> '> %> '> '> %> %W W�> '> %> '> '> '> %�> '> '> %> %> %> %��> '> '> %> %> '> %��> '> '> %> '> %> %� ��> '> '> %> '> '> %W�> '> '> '> %> %> %W�> '> '> '> %> '> %�> '> '> '> '> %> %�
7.6Higherorderexpansionincommutators
Itisobviousthatthesecondordertermcanbewrittenusingacommutator

> *¥��Y �c> %$�> '®etg

Itisstillquiteeasytofindthatthethirdorderandthefourthordertermscanbe
writtenusingcommutatorsaswell

> *b�Y Y��c> %A�> %$�> '®eWc> 'v�> %d�> '=e�
> *¯�WY ���c> %d�> '²�> %$�> '®etg

Itisanontrivialfactthatallthetermsof> *�PRQUS-�E�FHG> %E+FHG> '�canbeexpressed
aslinearcombinationsofcommutatorsonly.Sevendifferentproofsofthisfactare
givenin[1],[4],[5],[7],[9],[22],[30].ThemainideaoftheproofbyDjokovic
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thislinearequationhasnotauniquesolution.Thematrixnhissingular,itsrank
islessthanitssize�h,seeTab.1.Butthesolutionexists.Asanillustrationwe
presenttheresultsoforderuptoeighthere

> *¥ë�Y ���1Wc> %$�> %$�> %A�> %A�> '@eW�c> %$�> %A�> 'B�> %$�> '®eW�c> %$�> 'v�> '²�> %A�> '@e� ��c> 'B�> %A�> %A�> %$�> '®e��c> 'B�> %A�> 'v�> %d�> '=e�c> 'B�> '²�> 'v�> %d�> '=e� > *r�Y �����c> %$�> 'B�> 'v�> 'v�> %$�> '®e�c> 'B�> %A�> %A�> %$�> %A�> '®e� ��c> 'B�> %A�> %A�> 'B�> %A�> '=eW�c> 'v�> 'v�> %A�> %A�> %d�> '®e� > *ì�Y ��íñ��c> %$�> %d�> %A�> %$�> %A�> %A�> '@eWÝc> %d�> %A�> %$�> %A�> '²�> %d�> '®eW W�c> %$�> %$�> %A�> 'v�> 'B�> %A�> '®e�Y�c> %$�> %A�> 'v�> %$�> %A�> %A�> '@e� �=òc> %d�> %A�> '²�> %$�> 'v�> %A�> '®eWòc> %d�> %$�> 'B�> 'v�> 'v�> %A�> '@e� �Y�óc> %A�> 'B�> %A�> %A�> 'B�> %$�> '®e��í�c> %A�> '²�> %A�> 'B�> '²�> %A�> '@e� �Ýc> %d�> '²�> 'v�> 'v�> 'B�> %$�> '®eWÝc> 'B�> %A�> %A�> %$�> %A�> %A�> '@eW Wòc> 'v�> %d�> %$�> %$�> 'B�> %A�> '®e��c> 'B�> %A�> %$�> 'v�> 'v�> %A�> '@eW W�c> 'v�> %d�> 'v�> %A�> %$�> %A�> '®eWÝU�c> 'v�> %$�> 'v�> %$�> 'v�> %$�> '®eW WÝc> 'v�> %d�> 'v�> '²�> 'v�> %$�> '=e�Ýc> 'B�> '²�> %A�> %$�> 'v�> %A�> '=eW W�c> 'v�> 'v�> %$�> '²�> 'v�> %$�> '=eWc> '²�> 'B�> '²�> 'v�> 'v�> %$�> '®e� > *î�Y Ý�ó���c> %A�> %d�> 'v�> '²�> 'v�> 'v�> %A�> '®eW�í�c> %A�> 'v�> 'v�> %A�> 'v�> 'v�> %A�> '=e� ��c> %d�> '²�> 'v�> 'v�> 'B�> %$�> %$�> '@eW�c> %A�> 'v�> 'v�> 'v�> '²�> 'v�> %d�> '=eW W�c> 'v�> %d�> %$�> %$�> %d�> %A�> %A�> '®eWôY�c> 'B�> %A�> %A�> 'v�> %A�> %A�> %d�> '®e� ��c> 'B�> %A�> %A�> 'B�> %A�> '²�> %$�> '®eW�c> '²�> %A�> 'B�> %A�> %A�> %$�> %A�> '®eW W��c> 'B�> %A�> 'B�> %A�> %A�> 'v�> %A�> '®e�óc> 'B�> %A�> 'v�> 'B�> %A�> %A�> %$�> '®e� ��c> 'B�> 'v�> %$�> %d�> %A�> %A�> %$�> '=e��óc> '²�> 'B�> %A�> '²�> %d�> %$�> %$�> '®eW W�Uõc> 'B�> 'v�> 'v�> %$�> %A�> %$�> %A�> '®e�g

7.7Non-uniquenessofresultsincommutators
Unliketheresultsfor> *hinwords,theresultsfor> *hincommutatorsarenot
uniquewiththeonlyexceptionofj½�Y.Thisistheconsequenceofthefactthat
therankofthematrixnhthatappearsin(49)islessthanitssize�hforj�Y. Thegeneralsolutionto(49)canbewrittenasasumofaparticularsolution
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j x@y{zty x@|
rank(

n h
)

x@}�zt� � [ j �
1 2 2 2 2 1
2 4 2 1 1 1
3 8 6 2 2 2
4 16 4 3 1 1
5 32 30 6 6 6
6 64 28 9 4 2
7 128 126 18 18 6
8 256 124 30 13 3
9 512 390 56 38 10

10 1024 388 99 31 2
11 2048 2046 186 � 181 6
12 4096 2044 335 � 180 2

...
...

...
...

...
...

Table 1: This table shows for each order j between 1 and 12 the total numberx®y{zDy �_� h of all possible words consisting of j letters (
>% or

>' ), the number
xA|

of
words appearing in the j -th order terms of BCH series, the rank of the matrix

n h
relating the commutators and the words consisting of j letters, the least possible
number

xA}�zt�
of commutators in the j -th order terms of BCH, and the common

denominator
�

(divided by factorial of j ) of the terms of order j of the BCH series.

[5] is given in Appendix. The consequence of this is that
PlQUS
� E+FHG >% E+FHG >' � �>% � >' if and only if

>% and
>' commute. For a short introduction to the Lie theory

see [10].
The formula giving >* � PlQUS
� E+FHG >% E�FHG >' �

in commutators of
>% and

>' is called the Baker – Campbell – Hausdorff formula.
It is named after the British mathematician Henry Frederick Baker (1866-1956),
after the Irish mathematician John Edward Campbell (1862-1924) and after the
German mathematician Felix Hausdorff (1868-1942).

To find the explicit form of the j -th order term in the BCH series as a linear
combination of commutators

� >u h � 0 with coefficients
��w h � 0 (to be found), namely>* h � �ÒÞ�0"L � �tw h � 0 � >u h � 0 (47)
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words commutators� >#�� � � � >% � >u\� � � � c >%pe� >#�� � � � >' � >u\� � � � c >'®e� >#�� � � � >% >% � >u+� � � � c >%A� >%�e� >#�� � � � >% >' � >u+� � � � c >%A� >'@e� >#�� � b � >' >% � >u+� � b � c >'v� >%ie� >#�� � ¯ � >' >' � >u+� � ¯ � c >'v� >'=e� ># b � � � >% >% >% � >u b � � � c >%A� >%d� >%ie� ># b � � � >% >% >' � >u b � � � c >%A� >%d� >'®e� ># b � b � >% >' >% � >u b � b � c >%A� >'B� >%pe� ># b � ¯ � >% >' >' � >u b � ¯ � c >%A� >'B� >'=e� ># b � ë � >' >% >% � >u b � ë � c >'v� >%$� >%pe� ># b �1r � >' >% >' � >u b �1r � c >'v� >%$� >'=e� ># b � ì � >' >' >% � >u b � ì � c >'v� >'²� >%ie� ># b �1î � >' >' >' � >u b �1î � c >'v� >'²� >'@e
...

...

Table 2: This table explains the symbols for words and commutators used in the
text for order j between 1 and 3. To avoid confusion, note that

># is a word, while>* is the BCH series.

supposing we know the coefficients
��s h � / in the linear combinations of the words� ># h � / giving

>* h , namely >* h � � Þ�/�L � �ts h � / � ># h � / (48)

all we need to do is to put (45) into (47) and to compare it with (48). By comparing
coefficients in front of individual words

� ># h � / on the left and on the right we get�ÒÞ�0(L � ��w h � 0 � n h � 0Oß / � �ts h � /
which in matrix form is n�ïh �Uðw h � ðs h (49)

(here � means transpose). This is the linear equation to give the coefficients
��w h � 0

in front of commutators in the BCH series. With the exception of order j±� Y
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