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This thesis was written at the Department of mathematics, Institute of Chemi-
cal Technology, Prague, in 2005, summarizing my results of the past ten years. It
was defended on May 10, 2006.

For the preparation of this thesis I used exclusively those sources cited in the
list of references.

Prague, January 25, 2006,
corrected May 11, 2006. Pavel Pokorny
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List of symbols

R

R’n

t

T, Lo, L1, T2

Pz, t)

Qm=

v,w,U, VW

SRS

N e~
=
\.E)
<
=
s

the set of all real numbers

the set of all n-tuples of real numbers
real time

points in R"

switching function

half of the switching period T = 2p
identity matrix

involution matrix (satisfying G - G = E)
vector fields (maps from R" to R™)

B . . . a .
matrix of partial derivatives uf, = 5%
T

identity map (i.e. I(z) = z forall z € R")
smooth map from R" to R"

the set of all smooth maps from R" to R"
operators (maps from ¢ to @)

identity operator (i.e. Z (¢) = ¢ forall ¢ € @)
exponential exp 4 = Y 32 "k—’:
logarithm log & = 52, (= 1) (& — T)*/k

BCH series = log(exp U exp V)

terms of order 3 and higher in p

commutator of two operators = UV — VU
commutator of 7 operators = [Ay, [As, [. .., A,]]]
real 2" x 27 matrix

j-th word of order 7, e.g. (w3)g = VUV

real coefficient at ()

j-th commutator of order 7, e.g. (é3)s = [V, U, V]
real coefficient at (¢;);

= 2", number of all possible r-th order words
number of r-th order words in BCH series
number of r-th order commutators in BCH series
flow (solution to ODE with initial condition x)
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vector fields are related by an involution. A map G is called involution if its
second iterate is equal to identity. A linear involution is represented by a matrix
G satisfying

G-G=F

where E is the identity matrix. Two vector fields u, v are G-related if
v(G-z) =G -u(z).

This is a good starting point to investigate systems modeling chemical reactors
with periodic flow reversal, when the reactant gases flow for a certain time interval
from one side and then for another time interval they flow from the opposite side.

Four examples of this type of models were chosen in [KP] for numerical study:

e blinking nodes

e blinking cycles

blinking Lorenz and
e blinking vortices.

Detailed numerical investigation suggests that for small switching time inter-
val p the resulting system can be approximated by the averaged system

dx
i w(z)
where () + v(z)
w(z) = —

In [KPR] this observation was refined in the following way. Taking the av-
erage of the two vector fields is just the first order approximation of an infinite
series approximation. The system of two blinking cycles was chosen to test our
hypothesis. By blinking cycles we mean the following: a 2-dim system given in
polar coordinates (7, @)

% =r(a®—1?)
d¢
@ _q
dt

has a stable limit cycle with radius a and with the center in the origin. Writing the
system in Cartesian coordinates and shifting the center one unit to the right we get

8
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Then we can use the good old Baker—Campbell-Hausdorff formula that gives (for
non-commuting z and y) the solution to

eXp 2 = eXp T expy

for z in the form of an infinite series of commutators of z and y. For commuting
x and y (which is the case for real or complex numbers) we have just

z=x+y

while for non-commuting = and y (which is the case for square matrices or oper-
ators) we have

1[ ] 1([ -1 1) — 1[ ]
z=zx+y+ |7,y + T,T T T,Y, T, Y|+
Y 2 Y 12\ Y Y, T,y 24 YU T, Y

1
+a(—[m,x,x,m,y] - 6[I7I7y1 I::U] - 2[1'7 y7y7mzy]+
+2ly, 7, 2,2, y] + 6y, T, 9, T, y] + [y, ¥, ¥, T, y])+

+ ([, 9y, v 2, 9] + [y, @, @, 2, 2, Y]+

1
2-6!
+6[y, z, z,y,z,y] — 2[y,y, T, T, T, y]) + . . -

Here square brackets denote nested commutator defined by (39) and (44).

This form is not unique and in section 7 we derive detailed relation between
the form of the BCH series in words and in commutators. This relation can be
expressed conveniently by an infinite series of square matrices M,, where each
M, is a r x r matrix of integer numbers. Then we apply our results to derive
identities between commutators. The simplest of them being

[z,y] + [y,z] = 0.

Each such identity corresponds to one vector of the kernel of the matrix M,.. These
identities can be used to reduce the number of terms of a given order in the BCH
series. We formulate the problem to find the sparsest form of the BCH series (i.e.
the form that has the least number of terms of a given order). This problem can be
solved by finding the sparsest solution to a given linear under-determined system
of algebraic equations. We give an explicit algorithm to find the sparsest solution
and we present numerical examples for illustration.

In section 13 we generalize our previous results to more than two vector fields.

In section 14 we apply our results to the case of a dynamical system generated
by four vector fields u, v, —u, —v and give a useful interpretation of the commu-
tator [u, v].

10
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3

distinguish between plus (“+”) and minus (*-””) where minus stands for the oppo-
site of plus. This convention is useful when studying systems “zig+zag-zig-zag”,
i.e. systems generated by four vector fields u, v, —u, —v where the third vector
field is equal to the first one when multiplied by minus one and the fourth vector
field is equal to the second one when multiplied by minus one, see chapter 14. Still
another name could be “dynamical systems generated by two or more alternating
vector fields”.

2.1 Motivation

The motivation to investigate zig+zag dynamical systems comes from chemical
engineering, see [27], [28], [23], [24]. There has been an increasing interest in
periodically forced processes in literature recently. Application of forced unsteady
operating conditions seems to be beneficial in several heterogeneous catalyzed
processes ([3], [29] [31], [12]). Experimental studies ([32], [18]) have shown
that some catalytic processes, which were usually operated in stationary regimes,
can be significantly improved (in terms of selectivity, conversion etc.) if they are
forced to operate in periodic regimes. Theoretical and experimental studies have
shown that several processes can be operated auto-thermally avoiding the use of
heat exchanger [15], [16].

2.2 Previous results

In [33] we studied zig+zag dynamical systems, where the two vector fields are
related by a linear involution GG (a map is called involution if its second iteration
is identity) i.e. we studied systems of the form

v(G-z) =G - u(x)

where the matrix G satisfies
G-G=FE

here E is the identity matrix.
For small switching period p the method of averaging was used to approximate
the non-autonomous zig+zag system by an autonomous system
dr _ u(z) +v(2)
dt 2 ’

12

we have

[Steer, Drive] = (—sin(a + 8), cos(a + B), cos(8), 0)T (56)
meaning
& = —sin(a+p)
y = cos(a+p)
& = cos(B)
B = 0.

Note that the angle « gives the orientation of the car (relative to a chosen direc-
tion), the angle 3 gives the orientation of the driving wheel (relative to the car)
and the angle oo+ (3 gives the direction at which the center of the front axle moves
when driving. Then the vector field (56) describes a motion of the car when the
car moves in a direction perpendicular to the direction it would drive; rotating
with a constant angular velocity & = cos(/3); with fixed position § of the driving
wheel. This motion can be called Wriggle (Cesky: vrtét se) defined by

Wriggle = [Steer, Drive].

It is easy to show that
[Wriggle, Steer] = Drive

thus giving nothing new. But
[Wriggle, Drive] = (— sin(a), cos(a), 0,0)7.
This motion can be called Slide, thus
Slide = [Wriggle, Drive]

because the car moves in a direction perpendicular to its axis and does not rotate!
This is the very motion needed to park a car to a space that is just a little longer
than the length of the car (or to come out of such a difficult position).

To give the complete picture we add that

[Slide, Steer] = (0,0,0,0)7,
[Slide, Drive] = sin § (cos v, sin v, 0, 0)7,
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() = u(z(t))
B(t) = u'(x(t)) - ulz(t)

Here u' is the matrix of partial derivatives

7}
Ik 8.’lik

and the dot stands for multiplication of a matrix and a vector
n
(W' - u); =Y uluy.
k=1

We will use multiple primes to denote higher order derivatives e.g.

2
ut = O
Ikl szaxl

Using the chain rule for the derivative of the composition of maps
s:R* -+ R'andz: R — R"

d

@) = '@(?)) - 2(t)

we can find the time derivative of z of any order:

T = u
i = u-u
2 = (W -u)-u
2 = (W -w)u) u

®

(each left hand side is evaluated in ¢ and each right hand side is evaluated in z(t)).
Could we introduce multiplication of vector fields u,v : R® — R" by

w=u-v (10)

14

Figure 4: A driving car with a fixed orientation of the driving wheel. A (the center
of the rear axle) moves on a circle with radius R;, B (the center of the front axle)
moves on a circle with radius Ry, L is the length of the car, « is the orientation of
the car (relative to a chosen direction), 3 is the orientation of the driving wheel of
the car (relative to the axis of the car).

The driver can perform two actions: steering (turning the driving wheel) and
driving. Let us denote the vector field describing steering by Steer and the vector
field describing driving by Drive. Then

Steer = (0,0,0,1)T (54)
meaning
i =
=
Q

- o o o

8 =
Using Fig. 4 we find that the center B of the front axle has coordinates
x = Rycos(a+ 3 — g) = Rysin(a + f)
y = Rysin(a+ f — g) = —Rycos(a+ )
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Powers of @ can be used to express time derivatives of 2(t) in (9). Namely

2® (1) = akIz(t)

meaning
al = u
0’ = dal =du=1u'-u
P = au-u=(u-u) u
il = 4l -u) -u=((u'-u) -u) -u

And for t = 0 we get
7®)(0) = a* Iz

We define (in accord with [10], [19] etc.) the exponential of an operator  as
expl = Z o (15)

Note that if 4 is a first order differential operator (corresponding to a vector field
u: R® — R"), then 42 is a second order differential operator, @2 is a third order
differential operator etc. and exp % has not a finite order.

Now we can express the Taylor series (8) by the exponential of the operator @
corresponding to the vector field u on the right hand side of the ODE (7)

otk 1k R R
z(t) = o(t,z0) =Y Efv(’” ©=> Euklfvo = exp(ta)lzo. (16)
k=0 % k=0 -

We stress that the exponential in (16) is a formal series, which is equivalent to
the Taylor series of the solution of the given ODE. The exponential

exp(td)

is not an operator in the sense that when applied to a function it gives another
function defined on a certain subset of R" independent of t. As we will see in the
next example, (16) gives the solution of the ODE which is defined on a certain
interval of ¢ that may depend on the initial condition, which is a common case for
ODE.

16

A.2  Alternative way to find the terms in the BCH series

Reinsch in [25] in order to find the r-th order term in the BCH series uses two
(r+1) x (r + 1) matrices

Mij = 6iy1,5
and
Nij = 0441, 0i
ie.
010 ...
01 0
M =
01
0
and
0 g1 0
0 g9 0
N =
0 o,
0

from the left, then the only nonzero component of the vector moves one posi-
tion up with each multiplication. Multiplication by the matrix M leaves this
nonzero component unchanged, while multiplication by the matrix N multiplies
this nonzero component by one more o;, thus leaving a mark to be used later by
the transformation rule 7.

Then the r-th order term of

z = log(exp(M) exp(NV))

2z = T(log(exp(M) exp(N)))1,r1
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The exponential of the operator ¢4 is

R O (¢4} k
exp(tl) = I;) ( k!)

and this exponential when applied to the identity map I gives in =

(exp(td (Z Z thaktl = o Z(tm

Then the solution can be expressed as

tu)’C

£(t) = (exp(ta)]T) (x) = 2o kﬁ(mo)k

which is exactly the same result as we obtained by standard methods.

The result obtained by operators is equivalent to the result obtained by Tay-
lor series in both its values and its domain of convergence. This example also
demonstrates that we do not have to suppose the existence of a global flow, i.e.
a solution defined for all real ¢. In this example for positive initial condition the
solution exists for ¢ < 1/z, and for negative initial condition the solution exists
for t > 1/z, and for zero initial condition the solution exists for ¢t € R.

The domain of convergence of the Taylor series is a subinterval of the domain
of definition of the solution.

4 Two vector fields

Consider a zig+zag dynamical system generated by two vector fields u, v
&= f(z,1) a7)

where f(x,t) is 2p-periodic in ¢ satisfying

_Jou() if 0<t<op
f(x’t)_{v(x) if p<t<2p (18)

with the initial condition z(0) = o, see Fig. 1.
In the first half of the period, i.e. in time p, the vector field u moves the state
point from the initial condition 2(0) = z to the point

x1 = exp(pt)Izo.

18

14 Zig+Zag-Zig-Zag System

Consider the dynamical system generated by four vector fields u, v, —u, —v acting
one after the other. Using the result of the previous chapter for m = 4 we have

R 4 13 4
W=3 U+353 3 [U;U]+ 00" =

k=1 j=1k=j+1
=Ui+Up+Us+ Uy + - ([Ul, UQ] + [Uh U3]+
H&ﬁdﬂ@ﬁdﬁ@ﬂd[%ﬂm+0W)

As
Ul = U
UQ = ‘A/
03 = —U
U4 == —V
we have

W=U+V-U-V+[U,V]+[U,-U]+[U,-V]+
H[V, =01+ [V, =V]+[-0,-V]+ 0@*) = [U, V] + O(p*).
This gives an important interpretation of the commutator of two vector fields: it is
a vector field which is tangent to the curve with parametric equation

Ty = 14(p)

of the “zig+zag-zig-zag” system generated by four vector fields, where the third
vector field is the opposite to the first one and the fourth vector field is the opposite
to the second one.

A Appendices

A.1 Proof of the BCH formula

The main idfia of thAe proof by Djokovic in [5] that W can be expressed by com-
mutators of U and V" only is as follows. He denotes

h = log(exp(tU) exp(tV)) = Zh o,y

n=1
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can be written as

z(t) = z(0) + tu(z(0)) + gu'(l(O)) -u(z(0)) + O(t?)

we have (omitting the argument if equal to z:(0))

2
T1 = Ty + pu + %UI'U+O(Z’3)

and similarly for the ODE
& =v(z)
assuming we can write the solution in the form of a Taylor series we have

2
T2 =1+ pu(z1) + %v'(xl) ~v(z1) + O(p?).

Now, we want to express v(z;) and v'(z1) in terms of v(xg) and v'(zp). Using
T — 3o = pu+ O(p?)

we get
v(w1) = v(wo) + v (wo) - pu(wo) + O(?)
and
v'(z1) = v'(z0) + O(p)

thus (omitting the argument if equal to x)

2
xz:x1+p(v+v’-pu)+%v’-v+(’)(p3):

2 2
=xg+pu+%u'-u+p(v+v’~pu)+%v’-v+(’)(p3):

2
:mg+p(u+v)+%(u’-u+2v’-u+v'-v)+(9(p3). (20)

We want (20) to be equal to the solution of the ODE
T =w(z)
for t = 2p, namely

1
Ty = T + 2pw + 5(21))211)' cw+ O(p%).

20

Since
and

we have

1
Wz(w)zi(ﬁﬁlxﬁz—u-v-x)
SO we can write
Wo=tovu—u-vy =ty = -t
’7 2 Tt T T

As a result, for linear systems we can use the BCH series directly for matrices,
but then we have to multiply by —1 each even order term.

12.1 Ambiguity of matrix commutator

This uncomfortable result leads various authors to define the commutator of two
matrices in different ways. While Rossmann in [26] p.14 defines the commutator
of two matrices 4 and V

[uvv]Rossmann =U-v-Vv-. Z/{,
Olver in [19] p.44 defines the same commutator as
[Z’{v V]Olver =V-U-U-Vv.

We follow Rossmann, because this notation is more common in literature.

13 Zig+Zag+Zug Systems

In the preceding chapters we studied dynamical systems generated by two vector
fields u,v : R® — R" acting one after the other in time. In this chapter we
investigate a generalization to the case when there are more than two vector fields.
As the first step in this generalization is the case with three vector fields, we choose
to call them “zig+zag+zug” systems. To be more precise we study dynamical
systems of the form

dx
P = f(=,?) (€2
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i.e. applied to the map
z(t) = exp(td) I zo.

Let us call the composition S
S=sox
ie.
5(t) = s(x(t).

Using the chain rule we can find the derivatives of S:

S = s(x(t)) = Slx(h)
5@ = ’(x(t)) u(z(t)) = aslx(t)
inshort § = U = 481z(t) (23)
S = (s’ ~u) - = 0%8Ix(t)
S® = ((s"-u)-u)-u = 43Izt
in general
S = gks1a(t).
Assuming we can express S(t) in the form of a Taylor series we have
£k
s(z(t Z S<k) Z k—u k§Ixy = exp(ti)sIzy.
k=0
Then consider
s(z(t)) = exp(tt) 8l (24
for a special operator 3
5§ = exp(pd) (25)
and its corresponding map (the flow of the ODE # = v(z))
s =8I = exp(pd)I. (26)
Then after putting (25) and (26) into (24) we have
exp(pd)I(x(t)) = exp(tt) exp(pd)Izg
and
exp(pt) o exp(tt)I = exp(tt) exp(pd)I. 27

This is a key result that allows to treat zig+zag dynamical systems by operators
because we can study composition of flows by investigating “multiplication” of
exponentials of operators.

22

thus L
o 17 1

— 2
V1 - 2p? \/1 e T Vi-dptp

Ty =

for
0<p<2—+3.

The Taylor series of z5 is
11p? 443p*
By =142p+ o + 1700+ — s +0(p%).

Let us now use the BCH series to find x5 and to compare it with the above
result. We first prepare the commutator

[u,v] =" u—vu'-v
of two power functions 2™ and z*

[.Zm,l‘k] — kl,k—ll,m o mzm—lxk — (k _ m)xm+k—1_

Thus
[u, v] = [2?,2°] = 2,
[u7 u, U] = ['7“27 J‘A] = 21'57
[U7U7 U] = [$37 x4] = "L.67
[u, v,u,v] = [¢?,25] = 427
etc.

The shortcut vector field w that moves the same initial condition x( to the
same final point x5 (not necessarily, actually almost never, via the point ) in the
same time ¢ = 2p can be found by the BCH formula, recalling (29)-(31)

1

= _W=

(U+V+ [U V]+—([U UV =[V,U,V])— i[U, V,U,V]+00") =

= u;—v +p[u U]+ ([u u, v] — [v,u,v]) — p—[u,v,u,v]—i—@(ﬁ) =

22 4+ 28 px 2 5 6 p3
= 2x° — - — .
2 1 +24( @) = 43 +O0")
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zu+V+%V-on+U+%U%D+0@ﬂ=

1 1
=1+U+V+§U-U+§V-V+VHU+0@%
and on the right we have

1~

exp(U) exp(V)I = (f—i— U+ iUU)(f—F v+ VV)I +00) =

N =

Ao IS RSN IPNIN LS
= @+U+V+500+ 5V + 0V +00) =
1 1
=I+U+ VAU UtV V4V -U+00").

The presence of the term V' - U in the second order expansion shows that it is
not possible to exchange UandV.

Let us return to our original goal. The first vector field u moves the point in
the state space from the initial condition 2 to the point

z1 = exp(pt) Iz
in time p and then the second vector field v moves the point from 2, to
29 = exp(pt)Ixy = exp(pd)I o exp(p)Izy
in another time p. We want to find the shortcut — the vector field w that brings
the point in the state space from the initial condition z to the final point x5 in the
same time i.e. 2p
%y = exp(2pw)I .
So we have the equation for w
exp(pt)! o exp(pi)l = exp(2pw)I.
Due to the rescaling (32-34) we can write
exp(V)I o exp(U)I = exp(W)I.
Using (35) to the left hand side we get
exp U exp VI = exp WI.

Assuming the operators are applied to the identity map I only we want to solve

exp U exp V= exp W (36)
for W.

24

coefficient (b, ) in front of a commutator ending in ..., V,U. In this way we
reduce the number of unknowns to one half once more to get 2" /4 unknowns.

We can look at the system of linear algebraic equations as of finding the spars-
est linear combination of columns of the matrix to get the right hand side vector.
Thus we can remove any column that is a multiple of another column and we
put the unknown corresponding to the removed column to zero. Unfortunately
we cannot remove a column that is a linear combination of other columns because
then the solution to the new system might have worse sparsity (more nonzero com-
ponents). But we can remove any row (any equation) that is a linear combination
of other rows.

Performing these reductions along with the Gauss elimination the system can
be reduced considerably ending with m rows (equations) and n unknowns. After
this reduction we try to find the sparsest solution.

First, we test whether there is a solution containing only one nonzero compo-
nent. To do this we remove all but one columns of the matrix M. This can be
done in n ways. We try to solve this system in all these n cases. If the rank of
the matrix of coefficients is equal to the rank of the augmented matrix (the matrix
with the right hand side column added) then the system has solution (according to
the Frobenius theorem), if the ranks do not agree, the system has no solution. If
we find a solution we are done.

If not, we test whether there is a solution containing two nonzero components.
To do this we remove all but two columns of the matrix M. This can be done in

n

2
ways. In all these cases we again test whether there is a solution using the Frobe-
nius theorem. If so, we are done.

If not, we test whether there is a solution containing three nonzero compo-
nents. To do this we remove all but three columns of the matrix M. This can be

done in
n
3

ways. In all these cases we again test whether there is a solution using the Frobe-
nius theorem. If so, we are done. If not we test whether there is a solution con-
taining 4, then 5, then 6 and so on solutions. This algorithm stops after a finite
(though possibly large) number of steps.
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7 BCH series

Using the series (15) for the exponential of an operator and using the series

logii = fj(—l)“(a —1)%/k 37

k=1

for the logarithm (assuming the series converges in accord with [19], [10] etc.) we
get the solution of (36) for W in the form of the Hausdorff series [2]

W = log(exp U exp V). (38)

In the next section we present a detailed derivation of a few low order terms of
this series.

Reinsch in [25] uses an interesting alternative approach to get the terms in the
Baker—Campbell-Hausdorff series, see Appendix A.2.

7.1 Second order expansion

The second order expansion in p gives
O N
expU=7T+U+ §U2+0(p3)

. ~ . 1~
expV =T+V+ §V2+0(p3).

Denoting . . L
Z =expUexpV —T =
~ ~ 1~ ~ N S ~
:@+U+§UWI+V+5V%—I+O@%=
A N PN 1~ 1A
=U+V+UV+§U2+§V2+(')(;D3)
we have 1 1
Z2=U+V+U0V+ 5024-5\72)24-0(])3) =
=02+ 0V+VU+V2+ 0%
and 1
W =log(expUexp V) = Z — 522 +00() =

26

infinitely many solutions. We can search for the sparsest solution, i.e. the solution
that has the least possible number of nonzero elements.

The sparsest solution of an under-determined system is not only elegant, it is
also practical, because it contains the information in the most compressed way.
This is desirable when we want to store or to transmit the information. This prob-
lem has been discussed intensively recently, see [6] and the references there.

10.1 Finite forms of BCH series

In this section we present two special cases when the BCH series has only a finite
number of terms.
If U and V commute, i.e. if

[U,V]=0

then . . .
W =log(exp UexpV)

has finitely many terms, namely
W=U+V.
This is also the case when U and V are replaced by (complex) numbers.
Another special case of finite form of the BCH series is this one: If

then 1
W= U+V+§[U,f/].
As a consequence we can write

expUexpV = exp(f] + V) exp(%[f], V]) = exp Vexpf]exp[ﬁ, V]

Proof: since [?, V] commutes with both U and V and thus also with (U + V')
(even though U and V' do not commute) we can write

N . a1 PN 1.
expUexpV =exp(U+V + §[U, V]) =exp(U+7V) exp(i[U, V).
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To avoid confusion, if & and © are operators, so is their commutator [, 9]. Then
[@, ©]1 is this operator applied to the identity map from R™ to R™, the result being
another map from R" to R™. Then ([&, 9]I)(z) is this map evaluated in the point z,
the result being a point in R". And finally (([@, 9]I)(z)); is the j-th coordinate of
this point.

Then

’- — I-
w:@[:“;U+p”“4“ UL op). 42)

This agrees with (22) completely. It is always a pleasure to get the same result by
two different ways.

7.3 Commuting vector fields
We say that two vector fields u, v commute if
[u,v] = 0.

This occurs if and only if their corresponding operators %, U commute. In one
dimension it is easy to find all the vector fields that commute with a given vector
field v : R — R. The condition

V' (z)u(z) — u'(z)v(z) =0

is a linear differential equation for the function v(x) that can be solved by separa-
tion of variables to give

v(z) =k u(z) k € R.

Thus a one dimensional vector field commutes with its multiples only. Alterna-
tively, this can be shown by considering, for nonzero f

gv_9f-1[9

(f) - f2
and thus g

[f,9]= fZ(?)’-

Then [f, g] = 0if

and this is for

Basis Vector
]
-

40 40

1 20 40 64
Component.

Figure 2: One possible basis of the kernel of the matrix M. The matrix M7 is
a 64 x 64 matrix. Its rank is 9, so the dimension of the kernel is 55. Each vector
in the kernel has 64 components. Thus there are 55 rows each consisting of 64
squares in this picture. Each row depicts one vector in the basis of the kernel.
Red squares represent positive components while blue squares represent negative
ones. The saturation of the color shows the absolute value of the corresponding
element. Zero components are shown as blank squares (most of the components
are zero).

e Observation 1:
If the order r is odd and between 1 and 11 then the number N,,(r) of words
of order 7 in the BCH series as a function of 7 forms a strictly increasing
sequence 2, 6, 30, 126, 390, 2046.

e Conjecture 1:
If the order r is odd then the number N,,(r) of words of order r in the BCH
series as a function of r forms a strictly increasing sequence.

e Observation 2:
If the order 7 is even and between 4 and 12 then the number N,,(r) of words
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For r = 2 we have

and in the matrix form

U,0] 0
v, Vi 0
[V,U] 0
[V, V] 0
For r = 3 we have
[U,0,0]
[U,0,V]
[0,V,0]
[0,V,V]
V,0,0]
V,0,V]
[V, V., 0
V,V,V]

and in the matrix form

(0,0 0

0,V] = OV-VU
Wv.,0] = VU-0V

V,v] = 0

0 00 uu

1 -10 ov

1 oo || v [T
0 0 4%

=0

= U0V -20VU +VUU
= U0V +20V0 - VUU
=0

=0

= OVV 4200V - VVU
= UVV 200V +VVU
=0

U,U,U] 00 0 0 0 0 00
[U,U,V] 0 1 -2 0 1 0 00
U,V,U] 0 -1 2 0-1 0 00
0. v,vI_[o 0o 0o 0 0o 0 00
v, 0,0] 00 0 0 0 0 00
V,0,V] 0 0 0 -1 0 2 -10
[V,V,U] o o0 o0 1 0 -2 10
VvV 0 0 0 0 0 0 00

30

uvu
uv

4%

4%

T Nrules Lmaz
1 0
2 3 2
3 6 2
4 13 2
5 26 2
6 55 4
7 110 4
8 226 8
9 456 15
10 925 26
11| 1862 43
12 | 3761 76

Table 3: This table shows for each order r between 1 and 12 the number N, ;.5 of
independent rules (identities) of order r (which is the dimension of the kernel of
the matrix MTT , cf. Table 1) and the maximal length L,,,, of a non-decomposable
rule of order . The field of L,,,, for r = 1 is blank because there are no rules for
r = 1, the kernel of M, is just a zero vector.

which corresponds to the identity
(é1)s = (é)10=10
ie. o o
o, v,u,v]—|vV,U,U,V]=0.
I expected the plus sign instead of the minus sign, in analogy with
[U,V]+[V,0]=0.

But the above identity is indeed correct, as can be shown by direct evaluation of
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namely,

(M,);; — (MT)Z-’]';»_I fori <27, 7 <27, jo0dd

(M,); for; <27 5 <27, jeven

- (Mr),-,% fori <27, 7> 2", jodd

0 fori <27 5> 27, jeven

(Mrs1)ig = 0 fori > 27, j <27, odd
_ (Mr)i—zr,i# fori > 2", 5 <27, jeven

(M )i—or j_or fori > 2", j > 2", j odd

(My)izor j_or — (M,)l._w’]# fori > 2", j > 27, j even

(46)

This can be conveniently computed by the following Mathematica code:

m={{1,0},{0,1}};
For[r=2,r<=3,r++,

n=2"(r-1);

m=

Table[PadRight [m[[i]],2n]-Insert[m[[i]],0,Table[{j+1},{j,n}1],{i,n}]
“Join~

Table[PadLeft [m[[i]],2n]-Insert[m[[i]],0,Table[{J}, {J,n}1],{i,n}];
Print["r=",r," m=",MatrixForm[m]];

1i

7.5 Higher order expansion in words
The number N,, of words in
W = log(exp UexpV)

of order r is too large to be listed here even for moderately large r, see Tab. 1. To
give a picture of the series we present the expansion up to order 6 only

W:W1+W2+W3+W4+W5+W6+0(p7)

where

W, = U+V

W, = L@V -V

Wy = SOUV 2000+ 0VV + V00 2007 +VVD0)
W, = OOV - 20VOV + 200V - VVUT)

[N}
>

plus the general solution of the corresponding homogeneous equation. In other
words we can add any vector from the kernel of the matrix M (i.e. a vector
that is mapped to zero) and we get another solution of the linear system. But this
another solution corresponds to the same term in the BCH series.

To illustrate this, let us consider » = 2. One possible basis of the kernel of
MT is

(1,0,0,007, (0,1,1,0)%, (0,0,0,1)T. (50)

Then the general solution to (49) is

-

b2: +k1

= o oo

0
1

+ ko 1 + k3
0

o Owi= O
S OO

with k1, k2, k3 € R. The corresponding second order term in the BCH series is

W, = %(52)2 + k1(C2)1 + Ea((C2)2 + (62)3) + k3(E2)a =

- %[U, V] + k[0, 0] + ks ([0, V] + [V, 0) + ks [V, V.

In this case (for 7 = 2) it is trivial to see that the new terms add nothing new but
they may change the form of the result. As an example consider

kl = 0,
1
ky = 5
k3 = 0.
Then we get
o 1.~ -
Wy = _E[Va U]

which is equal to the result given above, just in a different form. The form of the
result may be changed in two ways:

e one term may be replaced by another, e.g. [U, V] may be replaced by
—[V,U], or

e the number of terms may be changed.

We want to find the sparsest solution to (49), i.e. the solution that has the least
possible number of nonzero terms.
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7| Nt Ny rank(M,) N d/r!
1 2 2 2 2 1
2 4 2 1 1 1
3 8 6 2 2 2
4 16 4 3 1 1
5 32 30 6 6 6
6 64 28 9 4 2
71 128 126 18 18 6
8| 256 124 30 13 3
91 512 390 56 38 10
10 | 1024 388 99 31 2
11 | 2048 2046 186 < 181 6
12 | 4096 2044 335 <180 2

Table 1: This table shows for each order r between 1 and 12 the total number
Nyt = 27 of all possible words consisting of r letters (U or V), the number N, of
words appearing in the r-th order terms of BCH series, the rank of the matrix M,
relating the commutators and the words consisting of r letters, the least possible
number N,,,, of commutators in the r-th order terms of BCH, and the common
denominator d (divided by factorial of 7) of the terms of order r of the BCH series.

[5] is given in Appendix. The consequence of this is that log(exp U exp V)
U +V if and only if U and V commute. For a short introduction to the Lie theory
see [10].

The formula giving

W = log(exp U exp V)

in commutators of U and V is called the Baker — Campbell — Hausdorff formula.
It is named after the British mathematician Henry Frederick Baker (1866-1956),
after the Irish mathematician John Edward Campbell (1862-1924) and after the
German mathematician Felix Hausdorff (1868-1942).

To find the explicit form of the r-th order term in the BCH series as a linear
combination of commutators (¢, ) with coefficients (b, ) (to be found), namely

”
We =37 (0r)k (@) @7
k=1

34

words commutators
(1171)1 = [{ (él)l - [l{]
()2 =V | (@)e=[V]
(2)1 =UU | (&)1 = [U,U]
() =UV | (&)= [U, V]
(2)s =VU | (&)s=[V,U]
(2)s =VV | (&)a=[V,V]
(’(I)3)1:UUU (63)1: [U,U,U]
(’UA)3)2 = UUV (63)2 = [U, U, V]
(3)3 = UVU | (é)3 = [U,V, U]
(03)2 =UVV | (&)o = [0, V,V]
(3)s = VUU | (é)5 = [V, U, U]
(03)s = VUV | (é)s = [V, U, V]
(s)7 = ‘:/‘:/[:] (é3)7 = [‘:/’ ‘:/’ [2]
(Tf}3)8 =VVvV (83)8 = [V, V, ]

Table 2: This table explains the symbols for words and commutators used in the
text for order r between 1 and 3. To avoid confusion, note that 1 is a word, while
W is the BCH series.

supposing we know the coefficients (a,); in the linear combinations of the words
(), giving W,, namely
W, = Z a)j (r); (48)

all we need to do is to put (45) into (47) and to compare it with (48). By comparing
coefficients in front of individual words (<, ); on the left and on the right we get

Z(b (My)r; = (ar);

which in matrix form is

MF b, =a, (49)
(here T' means transpose). This is the linear equation to give the coefficients (b, )
in front of commutators in the BCH series. With the exception of order r = 1

35



