
Ukážeme si 3 zp̊usoby, jak spoč́ıtat integrál

I0 =

∫
1

(1 + x2)2
dx

1. Pomoćı substituce

I0 =

∫
1

(1 + x2)2
dx =

∫
1

(1 + x2)

dx

(1 + x2)
=

∣∣∣∣∣∣
x = tan t
t = arctanx

dt = dx
1+x2

∣∣∣∣∣∣ =
∫

1

1 + tan2 t
dt =

∫
1

1 + sin2 t
cos2 t

dt =

=

∫
cos2 t dt =

1

2

∫
(1+cos 2t)dt =

1

2
(t+

1

2
sin 2t) =

1

2
(t+sin t cos t) =

1

2
(t+

tan t

1 + tan2 t
) =

1

2
(arctanx+

x

1 + x2
).

2. Rozkladem v komplexńım oboru (použijeme imaginárńı jednotku i, pro kterou plat́ı i2 = −1)

1

1 + x2
=

i

2
(

1

x+ i
− 1

x− i
)

(
1

1 + x2
)2 = (

i

2
(

1

x+ i
− 1

x− i
))2 = −1

4
(

1

(x+ i)2
+

1

(x− i)2
− 2

x2 + 1
)

I0 =

∫
1

(1 + x2)2
dx =

∫
−1

4
(

1

(x+ i)2
+

1

(x− i)2
− 2

x2 + 1
)dx =

1

4
(

1

x+ i
+

1

x− i
+2arctanx =

1

2
(arctanx+

x

1 + x2
).

3. Pomoćı vneseného parametru:
Vı́me, že ∫

1

1 + x2
dx = arctanx

a pro a > 0 použit́ım substituce dostaneme∫
1

a+ x2
dx =

∣∣∣∣ x =
√
a t

dx =
√
a dt

∣∣∣∣ = a−
1
2

∫
1

1 + t2
dt = a−

1
2 arctan t = a−

1
2 arctan(a−

1
2x).

Nyńı zderivujeme vztah ∫
1

a+ x2
dx = a−

1
2 arctan(a−

1
2x)

podle a a dostaneme

−
∫

1

(a+ x2)2
dx = −1

2
a−

3
2 arctan(a−

1
2x) + a−

1
2
− 1

2xa
− 3

2

1 + a−1x2

a po dosazeńı a = 1 dostaneme (po vynásobeńı −1) opět

I0 =

∫
1

(1 + x2)2
dx =

1

2
(arctanx+

x

1 + x2
).

A nyńı již snadno spoč́ıtáme následuj́ıćı tři integrály:

I1 =

∫
x

(1 + x2)2
dx =

∣∣∣∣ t = 1 + x2

dt = 2xdx

∣∣∣∣ = 1

2

∫
1

t2
dt = −1

2

1

t
= −1

2

1

1 + x2
.

I2 =

∫
x2

(1 + x2)2
dx =

∫
x2 + 1− 1

(1 + x2)2
dx =

∫
(

1

1 + x2
− 1

(1 + x2)2
)dx = arctanx−1

2
(arctanx+

x

1 + x2
) =

1

2
(arctanx− x

1 + x2
).

I3 =

∫
x3

(1 + x2)2
dx =

∣∣∣∣ t = 1 + x2

dt = 2xdx

∣∣∣∣ = 1

2

∫
t− 1

t2
dt =

1

2
(ln t+

1

t
) =

1

2
(ln(1 + x2) +

1

1 + x2
).
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